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Five Mathematical 
Processes5

Snapshot  of  a  C lass room
Invest igat ion

Rebecca is a third grader in a colorful, lively, multi-
age classroom. The desks are arranged in groups of
four, although the children typically spend a good
portion of each day working at various learning cen-
ters around the perimeter of the classroom—an art
center, a pet center, and a reading corner with a cozy
rug and comfy pillows. For a good portion of each
school day, Rebecca and her classmates are actively
engaged in hands-on, investigative activities, many
of which grow out of questions that they themselves
bring up.

One day Rebecca was proudly showing her new
size 4 sports shoes to everyone. When she was chat-
ting with Marisa, she noticed that they were ap-
proximately the same height. “You’re just about the
same size as me,” she observed, “What size shoe do
you wear?” “Four,” Marisa responded. “So do I!” said
Rebecca, “I wonder if people who are the same size
have the same shoe size?”

Rebecca and Marisa ran to share this thought
with their teacher. They were very familiar with pos-
ing questions and figuring out how to investigate
them. They were eager to poll their classmates to see
whether their idea about shoes and heights was
right. Rebecca designed a recording sheet by bor-
rowing a class list from the teacher and copying
everyone’s name onto the page. She drew two boxes
next to each name, one for height and the other for
shoe size.

Marisa and Rebecca recruited Tyler to help them
go around the classroom asking people about their
shoe sizes and their heights. Rebecca was the
recorder. It wasn’t hard to figure out shoe sizes be-
cause if a person didn’t know, they just took off their

shoe and looked inside. But very few of the children
knew how tall they were, so most of the boxes for
height had to be left blank.

Rebecca, Marisa, and Tyler sat on the floor by the
reading corner and looked at their data. “Hey, you
know what? I just thought of something.” said Tyler.
“I was thinking about who is big and who is small in
our class, even if we don’t really know exactly how
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Introduct ion

As we have seen in earlier chapters, school mathe-
matics is moving in new directions. In many mathe-
matics classrooms today it is rare for a lesson to
consist primarily of rows of children studiously bent
over worksheets, practicing computations, rules, and
formulas. Instead, it is more common to observe
children first working in small groups while talking
and using tiles or blocks to model a problem, then
moving to their desks to write individually about
what they have discovered, and finally engaging in a
whole class discussion about what has been learned.
The students are encouraged to share their ideas, ob-
servations, and problem-solving processes. They lis-
ten carefully to each other and they challenge and
question each other. “Doing mathematics” means
being actively involved in a wide variety of physical
and mental actions—actions that can be described
by verbs such as exploring, investigating, patterning, ex-
perimenting, modeling, conjecturing, and verifying.

The newest NCTM Standards (NCTM 2000)
highlight this active vision of learning and doing
mathematics by identifying the five “process” stan-
dards listed in Table 5–1 (problem solving, reason-

ing and proof, communication, connections, and
representations).

These process standards share equal billing with
the five “content” standards (number, algebra,
geometry, measurement, and data). The NCTM Stan-
dards make it very clear that “doing mathematics”
means engaging in these fundamental processes.
This chapter provides a brief introduction to these
five important processes for doing mathematics,
with special attention to problem solving as a foun-
dation on which the entire mathematics curriculum
can be organized.

THE FIVE MATHEMATICAL
PROCESSES

Problem Solving
What comes to mind when you think of problem
solving? Some people think of challenging situa-
tions they may have encountered in real life, such
as when their car got stuck in a snow bank, but
they were able to get it out by putting floor mats
under the wheels to provide greater traction. When
you think of problem solving in the mathematics

big they are. Some of the biggest kids in the class
have shoe sizes that are smaller than some of the
smaller kids. Something doesn’t make sense here!”

“Who do you mean?” asked Marisa.
“Well, Sammy is one of the biggest kids, but he

only wears size 3.” Jenna wears size 4, but she’s
smaller than Sammy,” said Tyler.

“Maybe boys’ and girls’ shoes come in different
sizes,” Rebecca mused.

Even Mrs. Lester didn’t know for sure if that was
true, but this idea led Rebecca, Marisa, and Tyler to
try comparing the heights and shoe sizes of girls and
boys separately.

Marisa made a new recording sheet. She wrote
boys’ names on the left and girls’ names on the right
and put shoe sizes next to the names. She and Re-
becca looked on the list for two girls or two boys
with the same shoe sizes. She planned to asked them
to stand back to back to see whether they were the
same height. The students had decided that they
didn’t have to bother with finding a way to measure
heights because they could just compare people di-
rectly. (Note that they were now investigating the
new statement—if you have the same shoe size,
then you are the same height—rather than the con-

verse—if you’re the same height, you have the same
shoe size—which they had started out with.

Chip and Frank had the same shoe size on the
chart, so Rebecca drew arrows to connect those two
names. But when Chip and Frank stood back to
back, they were not the same size. Rebecca decided
to note this by scribbling over the arrow connecting
their names. Rebecca also connected Gavin’s and
Jake’s names with a scribbly line because they were
different heights, even though they wore the same
size shoes. She used smooth lines to mark pairs of
students who matched both in shoe size and in
height (for example, Dolly and Linda).

Rebecca, Marisa, and Tyler were doing mathemat-
ics. They were involved in observing apparent pat-
terns and regularities, formulating conjectures,
gathering data, talking with their peers and with their
teacher about their ideas, and inventing ways to rep-
resent their findings. Their work involved the funda-
mental mathematical processes that this chapter is all
about: problem solving, reasoning and proof, com-
munication, connections, and representations.

(This Shapshot of a Lesson is adapted from a true story in
Mathematics in the Making by Heidi Mills, Timothy O’Keefe,
and David Whitin, 1996). 



classroom, you may think of similarly challenging
situations involving numbers or shapes or patterns.
For example, a state may need to figure out how
many distinct license plates can be produced if each
must be printed with a unique identifier consisting
of exactly six characters. Maybe the characters may
be chosen only from among the ten numeric digits
(0–9) and twenty-five of the twenty-six letters of the

alphabet (with the letter o excluded because it can
be confused with the numeral zero). How many dif-
ferent license plates are possible? That’s a problem!

Alternatively, when you think of mathematical
problem solving you may conjure up images of the
“story problems” that often came at the end of each
chapter of the mathematics text when you were in
elementary school. After you had learned to per-
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Table 5–1 • Process standards for school mathematics

Problem Solving

Reasoning and Proof

Communication

Connections

Representations

Instructional programs from prekindergarten through grade 12 should
enable students to:

• build new mathematical knowledge through problem solving

• solve problems that arise in mathematics and in other contexts

• apply and adapt a variety of appropriate strategies to solve problems

• monitor and reflect on the process of mathematical problem solving

Instructional programs from prekindergarten through grade 12 should
enable students to:

• recognize reasoning and proof as fundamental aspects of mathematics

• make and investigate mathematical conjectures

• develop and evaluate mathematical arguments and proofs

• select and use various types of reasoning and methods of proof

Instructional programs from prekindergarten through grade 12 should
enable students to:

• organize and consolidate their mathematical thinking through
communication

• communicate their mathematical thinking coherently and clearly to
peers, teachers, and others

• analyze and evaluate the mathematical thinking and strategies of others

• use the language of mathematics to express mathematical ideas precisely

Instructional programs from prekindergarten through grade 12 should
enable students to:

• recognize and use connections among mathematical ideas

• understand how mathematical ideas interconnect and build on one
another to produce a coherent whole

• recognize and apply mathematics in contexts outside of mathematics

Instructional programs from prekindergarten through grade 12 should
enable students to:

• create and use representations to organize, record, and communicate
mathematical ideas

• select, apply, and translate among mathematical representations to solve
problems

• use representations to model and interpret physical, social, and
mathematical phenomena

From Principles and Standards for School Mathematics (2000), pp. 52, 56, 60, 64, 67. 



form certain computations (say, multiplication of
fractions), your text may have provided problems in
context that used those very same skills. In many
cases, these may not have been genuine “problems”
because the techniques to use had been clearly out-
lined in the preceding pages. Problem solving, as en-
visioned by the NCTM Standards, is much more
than just finding answers to lists of exercises. By
general agreement, a problem is a situation in which
a person wants something and does not know im-
mediately what to do to get it. Problem solving is
the foundation of all mathematical activity. As such,
problem solving should play a prominent role in the
elementary school mathematics curriculum.

Let’s consider another problem, actually a game
that you can play with one or more opponents. You’ll
need two dice, twelve small chips or tiles or markers
each, and a piece of paper on which to make a game
board for each person (see In the Classroom 5–1).

Place your chips on the game board, putting as
many or as few as you like on each of the twelve
numbered spaces. (For example, you might choose
to put all your chips on your favorite number, 4, or
one chip on each space, or two chips on each of the
even spaces and leave all the odd spaces empty. It’s
your decision.) Roll the dice. Say you get 3 and 5.
Find the sum (3 + 5 = 8). If you have any chips on
the 8 space, you may remove one of them. When
anyone rolls, everyone plays, so your opponents
also should be removing a chip from the 8 space on
their boards, if they can. Roll the dice again and sum
the results. The goal of the game is to be the first per-
son to remove all your chips from your board. Try
the game a couple of times before reading on.

Here’s the problem: find a good strategy for plac-
ing your chips at the start of this game, so that you
are likely to be able to clear your board as quickly as
possible. Which squares are good to avoid? Are there
certain sums that rarely (or never) came up when
you rolled the pair of dice? Why? Which squares are
good to put chips on? Are there certain sums that
came up rather often? Why? Can you explain why
some sums are more likely than others? A fourth-
grade class played this game several times, worked
on the problem of finding a useful game strategy,
talked about what they discovered, and then wrote
about their findings. See Figure 5–1 for what some of
the children wrote.

In a classroom where mathematics is taught
through problem solving, students given the chal-
lenge of the dice game might already have had pre-
vious experiences with making organized lists or
making tables. Nevertheless, their teacher would not
have provided them with advice about exactly how
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Objective: Using a dice game to investigate
experimental and theoretical probabilities and to
develop logical reasoning skills.

Materials: Twelve counters or chips for each
player, one pair of dice for each four players.

Rules of the Game

Up to four players can play together with one pair of
dice. Each player has his/her own game board. You
begin by placing all twelve of your counters on your
game board. The game board has twelve spaces
numbered 1–12. You may place as many counters as
you choose (from 0 to 12) on each space. You may
leave spaces blank, and you may put one or more
than one counter on any space.

Players take turns rolling the dice. The first player
rolls the two dice and finds their sum. (For example,
if 2 and 3 are rolled, the sum is 5.) Each player may
remove one counter from his or her 5 space. Even if
there is more than one counter on that space, only
one may be removed. If there are no counters on
that space, no counters may be removed from any
space. The next player rolls the two dice and finds
their sum (for example, 4 + 4 = 8). Each player now
removes one counter from his/her 8 space, and so
on. The goal of the game is to empty your board.
The first player with no counters left on his/her
board is the winner.

Analyzing the Game

When you have played several times, talk with each
other about these questions:

• Which sums were rolled most often?
• Which sums were never rolled, or not rolled very

often?
• Why do you think some sums came up more

often than others?
• Can you prove which sums are most likely to occur?
• What do you think is a good strategy for placing

your counters on the game board? Why?

Writing about the Game

Write advice to a friend who is new to the game. Tell
him or her your favorite strategy for placing coun-
ters on the game board, and explain why you be-
lieve this strategy is a good one.

Rolling the Dice Game Board

1 2 3 4 5 6

7 8 9 10 11 12

In The Classroom 5–1

Rolling the Dice



to solve the problem if he or she wanted this to be a
true problem-solving challenge. A reasonable ap-
proach is to begin experimenting by playing a few
games. It is helpful to keep a list of the sums ob-
tained when the dice are rolled. If you don’t keep a
list, it may be hard to be sure which sums came up
more often than others. Haphazard experimen-
tation is not likely to produce a good, well-justified
solution. Solving this problem requires students to
think logically and to make some important deci-
sions, particularly about how to keep track in a sys-
tematic way of the sums that come up. (Perhaps
even better is keeping track of the pairs of dice that
lead to those sums; writing down 5 + 2 = 7 is more
informative than just writing 7, since 7 could be ob-
tained in a number of different ways.)

When you roll two dice, you are much more
likely to roll a sum of 7 than a sum of 3, since there
are only two ways to get 3 (1 + 2 and 2 + 1), but there

are many more ways to get 7. A skill such as making
an organized list or a table can be useful in a wide
variety of problem situations. As this problem helps
develop general problem-solving expertise, it also
deepens students’ understanding of probability
(helping them to recognize that we can compare the
likelihood of rolling various sums by seeing how
many ways those sums can be formed). The proba-
bility of rolling a 7 is actually 6⁄36, whereas the prob-
ability of rolling a 3 is only 2⁄36 (refer to Figure 5–2 to
see two ways of representing the 36 different possi-
ble sums: 1 + 1, 1 + 2, . . . all the way up to 6 + 6).
Students who work on this problem are learning
about probability through problem solving.

What kinds of problems are appropriate for ele-
mentary school students? In the early grades, most
school mathematics problems are related in some
way to the children’s own experiences because their
world is relatively circumscribed and children relate
best to concrete situations. By upper elementary,
however, the universe of problem contexts should
diversify. Increasingly, problems can grow out of
situations in the world at large or from the investiga-
tion of mathematical ideas. Mathematics instruc-
tion in the upper grades can take advantage of the
increasing sophistication of students and their grow-
ing knowledge of such topics as probability, statis-
tics, and geometry. Upper elementary students can
deal with messier and more complex problems than
primary children can, not only because they are
more capable and confident in working with mathe-
matical ideas than younger children but also be-
cause they can use technology to alleviate much of
the drudgery that—until very recently—often con-
strained school mathematics to considering prob-
lems with “nice numbers.” Computers, calculators,
and electronic data gathering devices such as
calculator-based laboratories (CBLs) and calculator-
based rangers (CBRs) provide simple methods for
gathering and analyzing data that in years past
might have been considered too much trouble to
deal with. Similarly, classroom Internet connections
make it possible for students to look up facts and fig-
ures quickly and easily for use in posing and solving
a wide variety of real-world problems. Graphing cal-
culators and easy-to-use computer software enable
students to move effortlessly between different rep-
resentations of problem data and to compute with
large quantities of data and with messy numbers,
both large and small, with relative ease. As a result,
problems in the elementary school can and should
be responsive to student questions and interests.
(Note: Later sections in this chapter deal with issues
of how to use problems in teaching mathematics and
how to assess students’ problem-solving work.)
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What I learned was that when playing with two dice your 
best odds are with seven. And when you see a pattern, go 
with it sometimes, not all the time.

If you bett on something you allways bett on a seven. Never 
on a one, tow, three, four, five, six, eight, nine, ten, elven, or 
trelv.

That number seven is the best number to beat on not to 
[two] or twelve if you go to a cuceno [casino] you should no 
[know] that. 

Figure 5–1 • Fourth-grade students’ writing about
playing the dice game



Reasoning and Proof
From their very earliest experiences with mathemat-
ical challenges and problems, children should un-
derstand that they are expected to supply reasons
for their arguments. The question “Why do you
think so?” should be commonplace in the class-
room. Teachers should not be the only ones asking,
“Why?” Asking why comes naturally to small chil-
dren. They should be encouraged to sustain their
natural curiosity for justification as they share their
mathematical ideas with each other. When children
observe a pattern (for example, whenever you add
two odd numbers, the answer is even), they should
be encouraged to ask why. One second grader drew
some pictures (see Figure 5–3) and then explained
his reasoning as follows: “All the even numbers are
just rectangles. But all the odd numbers are rectan-
gles with ‘chimneys.’ If you put two with chimneys
together, the new one doesn’t have a chimney. So
two odds makes an even.” If students are consis-
tently expected to explore, question, conjecture,
and justify their ideas, they learn that mathematics
should make sense, rather than believing that math-
ematics is a set of arbitrary rules and formulas.

Russell (1999) identifies four important points
about active mathematics reasoning in elementary

school classrooms: (1) reasoning is about making
generalizations, (2) reasoning leads to a web of gen-
eralizations, (3) reasoning leads to mathematical
memory built on relationships, (4) learning through
reasoning requires making mistakes and learning
from them.

Reasoning Is about Making Generalizations
Mathematics is about much more than just finding
answers to specific problems or computations. In-
deed, in today’s world we have machines that can
do much of the computational drudgery for us. Rea-
soning mathematically involves observing patterns,
thinking about the patterns, and justifying why
they should be true in more than just individual in-
stances. A very simple example of mathematical rea-
soning was illustrated when a kindergartner, proud
of his new-found ability to think about big num-
bers, eagerly challenged his mother by asking, “Do
you know how much 2 trillion plus 3 trillion is? It’s
5 trillion!” There was no doubt that this boy had
never seen a trillion of anything, nor was he able to
write numbers in the trillions. But he was familiar
with the pattern in smaller cases (2 apples + 3 apples =
5 apples, 2 hundred + 3 hundred = 5 hundred), so he
was able to generalize to adding trillions.
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Figure 5–2 • Two tables showing possible outcomes for rolling two dice

6+1

5+1 5+2 6+2

4+1 4+2 4+3 5+3 6+3

3+1 3+2 3+3 3+4 4+4 5+4 6+4

2+1 2+2 2+3 2+4 2+5 3+5 4+5 5+5 6+5

1+1 1+2 1+3 1+4 1+5 1+6 2+6 3+6 4+6 5+6 6+6

Sums 2 3 4 5 6 7 8 9 10 11 12

+ 1 2 3 4 5 6

1 2 3 4 5 6 7

2 3 4 5 6 7 8

3 4 5 6 7 8 9

4 5 6 7 8 9 10

5 6 7 8 9 10 11

6 7 8 9 10 11 12



Another example of making generalizations is of-
fered by Russell (1999). She reports the story of a
third grader named Katie who was working with a
partner to find factor pairs for 120. The students be-
lieved at first that 3 × 42 might be such a factor pair
(a result obtained by incorrectly counting squares on
a rectangular array on graph paper). However, Katie
reasoned that answer must be incorrect because she
remembered that 6 × 20 was a valid factor pair for
120, and from previous experience in finding factor
pairs, she had figured out that if you halved one fac-
tor, you should double the other factor to keep the
product the same. This is a very powerful and useful
generalization. Using this line of reasoning, Katie re-
ported that the correct factor pair must be 3 × 40, not
3 × 42. When children go beyond specific instances
of mathematical ideas to consider general cases, they
are reasoning mathematically.

Reasoning Leads to a Web of Generalizations.
A second point about mathematical reasoning is
that it “leads to an interconnected web of mathe-
matical knowledge within a mathematical domain”
(Russell 1999, p. 1). Students should expect newly
encountered mathematical ideas to fit with ideas
they have already learned. A student has much

more mathematical power if he or she has many
ways to think about a number or fact or assertion. A
student might understand as early as the first grade
that “three quarters” is between “one half dollar”
and “one dollar,” but he has a much more extensive
understanding of the fact that one half is between
three quarters and one when he also understands
this relationship in terms of fractions (1⁄2, 

3⁄4, 1), in
terms of equivalent fractions (2⁄4, 

3⁄4, 
4⁄4), in terms of

decimals (.5, .75, and 1.00), and by visualizing
pieces of a pie or portions of a collection of trading
cards. When students incorrectly claim that .25
must be larger than .5 because 25 is more than 5,
they probably have not developed a robust web of
connections for such ideas. They are unable to rea-
son about the other meanings they may know for
these two numbers, and they are thereby unable to
recognize the contradiction in their thinking.

Reasoning Leads to Mathematical Memory
Built on Relationships A third point about math-
ematical reasoning is that the development of a web
of mathematical understandings is the foundation of
what Russell calls mathematical memory (or mathe-
matical sense), a capability that provides the basis for
insight into mathematical problems. For example,
consider the problem of finding the sum of the first
100 counting numbers: 1 + 2 + 3 + . . . + 100. Some-
time in your years of studying mathematics, you
probably encountered a formula that would allow
you to calculate the sum of any arithmetic series (a
list of numbers where the difference between con-
secutive numbers is always the same—here, the dif-
ference is always just one). If you are like most
people, you have long since forgotten that formula
because it is not something that you use every day.
On the other hand, if you have ever seen a geometric
illustration of that formula, your web of mathemati-
cal understanding may be strong enough to help you
reconstruct the formula with very little trouble.

Picture the sum from 1 to 100 as a set of stairs.
Picture another identical set of stairs. Turn the sec-
ond set of stairs upside down on the first, and you
will have a rectangle (100 wide, 101 high). (See Fig-
ure 5–4 for a picture of a related, simpler problem: a
10 by 11 rectangle built from two staircases from 1
to 10.) It’s easy to find the area of the 100 by 101 rec-
tangle (100 × 101 = 10100). The sum you want is half
of this (100 × 101 divided by 2, or 5050) because the
rectangle is made of two staircases instead of just the
one original staircase.

Using the same idea, you can figure out how to
find the sum, S, from 1 to any number, n. It’s just S =
n(n + 1)/2. A similar line of reasoning can be used to
find the sums for various other arithmetic series
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Even NumbersOdd Numbers

Figure 5–3 • Pictures of odds and evens



(such as 1 + 3 + 5 + . . . 175 or 12 + 15 + 18 + . . . 639).
In other words, if you can connect the idea of sum-
ming numbers in a series with the geometric illus-
tration of the dual staircases, you’ll never need to
worry about forgetting the formula for the sum of
an arithmetic series again.

Learning through Reasoning Requires Mak-
ing Mistakes and Learning from Them A final,
very important point about mathematical reasoning
is that one of the best ways to develop deeper rea-
soning ability is to study flawed or incorrect reason-
ing. There will be many times that your students
think they’ve figured something out, but their rea-
soning just isn’t quite right. That’s just human na-
ture. For example, a student might observe that you
can make the problem 29 + 95 easier to do mentally
by adding 29 and 100, then subtracting 5 (obtaining
the correct sum, 124). Can this same shortcut be
used to make the problem 29 × 95 easier to do men-
tally (that is, can you multiply 29 times 100, and
then subtract 5)? It turns out that just isn’t correct!
Why? Rather than just tell your students that this
doesn’t work, it would be much better to help them
investigate why the shortcut works for addition and
why it does not work for multiplication. Some pos-
sible approaches would be to try adding and multi-
plying a wide variety of examples to try to figure out

what is going on. Or it might help to represent the
problems geometrically (using a 29 by 95 array to
represent the multiplication and comparing it with
a 29 by 100 array may offer some insights—see Fig-
ure 5–5).

Your role as a teacher will be to encourage stu-
dents to constantly examine their own thinking and
the thinking of others, and to help them uncover
and understand flawed reasoning when it occurs.

Communication
Because language is a powerful tool for organizing
thinking about mathematical ideas, it is extremely
important for students to have many experiences
with talking and writing about mathematics, de-
scribing and explaining their ideas. Conversely, it is
also important that students are often on the receiv-
ing end of communications: hearing about, reading
about, and listening to the descriptions and explana-
tions of others. Two-way communication about
mathematical ideas helps students identify, clarify,
organize, articulate, and extend their thinking. Have
you ever noticed how struggling to explain an idea
helped you figure out what you really were thinking?
Reflection and communication are intertwined. To
share ideas with others through talking or writing,
we are forced to think more deeply about those ideas.
And in thinking about our ideas we often deepen our
understanding and, consequently, are able to com-
municate even more clearly. Communication is ob-
viously a process rather than an end in itself.

Students should be encouraged to communicate
their mathematical thinking in a variety of modes:
for example, through pictures, gestures, graphs,
charts, and symbols, as well as through words (both
spoken and written). Figures 5–3, 5–4, and 5–5
clearly illustrate the power of visuals in communi-
cating about mathematics. Such nonverbal commu-
nication is often very useful in promoting learning.

Especially at first, students’ efforts at verbal com-
munication about mathematical ideas may be idio-
syncratic (they may use symbols and expressions
that they have made up on their own). Over time,
with more experience and practice, students learn to
use conventional and more precise language to ex-
press their ideas. Indeed, mathematics as a language
has a vocabulary, syntax, and symbolism all its own.
Sometimes words or phrases used in everyday con-
versation may be used in mathematics with differ-
ent, more precise, meanings. The symbolism of
mathematics (particularly equations and graphs)
often helps clarify concepts and promote under-
standing. Throughout their elementary school
years, students should have daily opportunities for
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Figure 5–4 • A 10 × 11 rectangle built from two
staircases from 1 to 10



communicating about mathematical ideas. Gradu-
ally, they should be expected to incorporate more
precise mathematical terms in their explanations.

Making writing a regular part of the mathemat-
ics curriculum provides students with opportunities
to review, reiterate, and consolidate their thinking
about mathematical ideas. One of simplest yet most
effective modes of writing about mathematics is
open-ended writing as follow-up to a lesson. In re-
sponse to the prompt “What did you learn today?”,
even young children can describe their activities
and their understanding in a variety of ways. Wilde
(1991) shares writing about a fraction lesson by Vila-
vanh, a fifth grader who needed extra help in math:

When you do fractions you have to think what
number is higher or lower than can equal a whole
pizza. When you are splitting a pizza you have to
think how many pieces will each person get. When
you have a number like this—1⁄2, 

1⁄8—the number
that is higher has to give eight pieces to a person.
You’ll only have a little piece. The person who gets
1⁄2 gets a bigger piece, gets a lot, because 1⁄2 is bigger
than 1⁄8.

Vilavanh apparently is beginning to understand
that a fraction with a larger denominator represents
division into more pieces, and thus the pieces will
be smaller. Teachers can use students’ writing diag-
nostically. When the writing, of many students in a
group or class reveal similar confusions or miscon-
ceptions, the teacher can more appropriately plan
future lessons.

Mathematics journals can be used to prompt stu-
dents to write about mathematics. The regularity of
writing in a journal can help students monitor their
own understanding of mathematical concepts. Stu-
dents can be encouraged to write about such ques-
tions as “What am I puzzled about?” and “what
mistakes do I make and why?” When teachers take
time to respond to student journals on a regular
basis, however briefly, the journals can become a
regular chain of communication between student
and teacher.

Other forms of writing in math class include
having students write their own word problems,
having them describe their solutions to problem-
solving activities, having them describe a procedure
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29 × 100

29 × 95

Figure 5–5 • Visualizing 29 × 95 and 29 × 100



or process, and writing about connections between
and among ideas. Young children can be encour-
aged to use their own invented spelling, and all stu-
dents can benefit by accompanying words with
pictures and symbols so they can express themselves
as fully and completely as possible.

Some useful references on writing and commu-
nication in mathematics classes include Azzolino
(1990), Ciochine and Polivka (1997), Countryman
(1992), Ford (1990), Van Zoerts and Enyart (1998),
and Wilde (1991).

Connections
Although mathematics is often represented—partic-
ularly in textbooks—as a list of topics or a collection
of skills, this is a very shallow view. Mathematics is
actually a very well-integrated domain of study. The
ideas of school mathematics are richly connected. It
is important for the elementary school curriculum
to provide children with ongoing opportunities to
experience and appreciate the connectedness of the
subject.

At least three types of connections are important
in learning mathematics. First, ideas within mathe-
matics itself are richly connected with one another.
Students who learn about fractions, decimals, and
percentages in isolation from one another miss an
important opportunity to see the connections
among these ideas. For example, in Figure 5–6, we
can see why 1⁄4, .25, and 2 tenths + 5 hundredths, are
actually all names for the same quantity.

A second important type of connection is be-
tween the symbols and procedures of mathematics
and the conceptual ideas that the symbolism repre-
sents. For example, why do we refer to 32 as “3
squared”? 32 is 3 × 3, or 9. A drawing of 9 dots,
arranged in a 3-by-3 array forms a square. Similarly,
any array of x-by-x dots would form a square; thus
we have come to read x2 as “x squared.”

When we find the area of any geometric figure,
we generally report it in square units (square feet,
square centimeters, square miles, etc.). Why? Be-
cause measuring area is actually just measuring how
many “squares” it would take to cover a surface. If
the squares are one inch on each side, then we are
measuring in square inches. In fact, we can write
“in.2” instead of “square inches” for the same rea-
son. So here we see connections between number
theory (the “square numbers”: 4, 9, 16, 25, etc., as
shown in Figure 5–7), algebraic language (x squared),
and measurement (square inches).

A third type of connection is between mathemat-
ics and the real world (or mathematics and other
school subjects). Classroom instruction should pro-

vide many opportunities for children to experience
how mathematics is used in domains such as sci-
ence, business, home economics, social studies, and
art. Applications of mathematics can be highlighted
through integrated or thematic curricula, through
mathematics lessons motivated by problem situa-
tions or by situations in children’s literature, and
through consistently engaging students in real-
world problems as they occur in the classroom. (For
example, our class has 24 students. Today 4 desks
are empty. Everyone who is here today wants to buy
the school lunch. How many orders for lunch should
be sent to the office?) As they encounter problems
from real-world contexts where mathematics is a
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significant part of the solution, students come to
recognize and value the utility and relevance of the
subject.

Representations
When most people think of mathematics, they may
think of numbers such as 2, 29, or 5280. Or they
may think of numeric or symbolic expressions such
as 5 × 2, (a + b)(a – b), or 5798 ÷ 13 or equations such
as x2 + y2 = r2 or 2x + 7 = 13. Alternatively, they may
think of tables of numbers or graphs or geometric
figures. All are commonly used representations for
mathematical ideas. Interestingly, it often is possi-
ble to use a variety of these very different represen-
tations to illustrate the very same mathematical
ideas. Different representations for an idea can lead
us to different ways of understanding and using that
idea. This is the power of representation.

The school mathematics curriculum has tra-
ditionally involved children in learning about a
wide variety of representations for mathematical
ideas. However, different representations were often
learned in isolation, one from the other (for example,
students might have learned about fractions in one
chapter and decimals in another but not have been
provided with enough opportunities to connect
these two very different representations for the same
numbers). It is important to challenge and encour-
age students to connect and to compare and contrast
the utility and power of different representations.

Principles and Standards (NCTM 2000) discusses
three major goals for representation as a process in

school mathematics: (1) creating and using represen-
tations to organize, record, and communicate mathe-
matical ideas, (2) selecting, applying, and translating
among representations to solve problems, and
(3) using representations to model and interpret
physical, social, and mathematical phenomena.

Creating and Using Representations In the
snapshot that opened this chapter we see children
developing their own idiosyncratic representations
for organizing, recording, and communicating data
about the heights and shoe sizes of their classmates.
When they discovered that their initial recording
sheet wasn’t very helpful in showing how heights
and shoe sizes were related (or not related) and
didn’t help with sorting out boy–girl differences,
they devised a new representation. It is important
for young children to have repeated opportunities
both to invent their own ways of recording and
communicating mathematical ideas and to work
with conventional representations. The mathe-
matical symbols and representations that we use
every day (base ten notation, equations, coordinate
graphs, etc.) have been polished and refined over
many centuries. When students come to under-
stand them in deep ways, they are provided with a
set of tools that expands their capacity to think
mathematically.

Selecting, Applying, and Translating Among
Representations As mentioned earlier, mathe-
matical ideas can often be represented in very differ-
ent ways, and each of those representations may be
appropriate for very different purposes. For exam-
ple, a student who can think flexibly about numbers
is probably able to think about the number 24 in
many different ways: 2 tens and 4 ones, 1 ten and 14
ones, a little less than 25, double 12, the perimeter
of a square with side 6, the area of rectangles with
sides 2 × 12 or 4 × 6, etc. Depending on the problem
at hand, some of these representations may be more
useful than others. Technology now offers students
many opportunities for experiences with translating
among representations. For example, data analysis
software can help students easily compare and con-
trast a bar graph, a histogram, a circle graph, a box-
and-whisker plot, or a line plot for the set of data. It
is important that students consider the kinds of data
and questions for which each of these representa-
tions is appropriate.

Using Representations to Model and Inter-
pret Phenomena Much of what we do in mathe-
matics is to simplify problems, stripping away
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context and excess information to reduce them to
symbols or representations that we can work with
more easily. This is mathematical modeling. For ex-
ample, to solve the following word problem, we
might reduce it to a picture or to a table of numbers:

Alice is stacking soup cans for display on a shelf at
the end of a supermarket aisle. She wants the dis-
play to look like a pyramid. On the top row she
wants to put just one can, on the next-to-top row,
3 cans, on the next row down 5 cans, and so on.
Alice decides the display can be 6 rows high. How
many cans should she put on the bottom row?

Once you’ve made a picture or a table of numbers,
the fact that the problem is about stacking soup
cans is no longer really important. You’ve modeled
the problem and used the power of mathematics to
solve it. Similarly, when students ask, when solving
word problems, “Do I add or do I subtract?” they are
asking for advice about modeling the situation at
hand. It is important to encourage students not to
move too quickly and unthinkingly from real-world
situations to abstract models. The best answer to the
question about adding or subtracting is to ask,
“What’s going on in the problem?” “Can you draw
a picture or can you act it out to help you decide
which operation to use?” It is also important to
check back at the end of solving a problem to ensure
that the solution obtained from the mathematical
model actually fits the contextualized situation. A
classic example is a problem where students are
asked to determine how many buses will be neces-
sary to transport a school on a field trip. The prob-
lem tells how many students need to be transported
and how many can fit in each bus. Many students
correctly pick out the numbers in the problem and
divide, but then offer nonsensical answers such as
31⁄4 or 3.25. They have forgotten to check back with
the context of the problem, to see that a more sensi-
ble answer would be 4 buses or perhaps 3 buses and
a minivan.

In sum, representations are ways of thinking
about ideas. Individuals develop their own idiosyn-
cratic ways of thinking, but mathematics itself offers
a broad repertoire of conventional representations
that are helpful in problem solving and in commu-
nicating about mathematical ideas. One of the most
important goals of mathematics instruction should
be to help students build bridges from their own
ways of thinking to the conventional, so that they
come to understand, value, and use these powerful
mathematical tools.

TEACHING MATHEMATICS VIA
PROBLEM SOLVING
In our earlier discussion about problem solving as
one of the five fundamental processes for school
mathematics, we discussed the general nature of
problem solving and briefly considered the types of
problems that may be appropriate for elementary
school students. In the remainder of this chapter,
we provide more specific advice about how problem
solving can serve as a foundation for all your math-
ematics teaching because it involves students in
work with all the fundamental processes of doing
mathematics (reasoning, communicating, connect-
ing, and representing).

Problem solving is a way of teaching. This means
it involves more than the presentation of word prob-
lems; it involves the way we encourage children to
approach mathematical learning. A situation is
posed, as in a word problem, and then there is a
search for a resolution, very often using some of the
same processes or procedures as are used in solving a
word problem. But the situation that is posed often
has a mathematical basis beyond the application of
some procedures. The problem may be posed by stu-
dents, or it may be initiated by the teacher. In either
case, using problems as a jumping-off point for
mathematics instruction involves the teacher in pos-
ing questions that provoke student thought and also
in encouraging students to pose their own questions.
Using problem-solving as a foundation for mathe-
matics instruction requires students to engage in a
search for a reasonable solution or solutions.

One group of researchers proposes that

students should be allowed to make the subject
problematic . . . allowing students to wonder why
things are, to inquire, to search for solutions, and to
resolve incongruities. It means that both curriculum
and instruction should begin with problems, dilem-
mas, and questions for students. (Hiebert et al. 1996)

Franke and Carey (1997) are among those who have
begun the process of documenting the changes in
children’s perceptions about mathematics when they
are taught in an environment reflecting the spirit
of the NCTM Standards. They write about students
who have been involved in the Cognitively Guided
Instruction (CGI) program. In the CGI model of in-
struction, the teacher poses a rich mathematical task.
Students take time to work individually or in small
groups to solve the problem, and then share their ap-
proaches with each other. Students are encouraged to
listen carefully to each other and to question each
other about processes and strategies. The teacher’s

Teaching Mathematics via Problem Solving • 87



role is to choose appropriate tasks and to orchestrate
the classroom discourse, using what he or she knows
about the students’ developmental level. A key as-
pect of CGI is the teacher’s ability to analyze the chil-
dren’s thinking and to guide classroom problem
solving accordingly. The CGI first graders studied by
Franke and Carey (1997) “perceived of mathematics
as a problem-solving endeavor in which many differ-
ent strategies are considered viable and communicat-
ing mathematical thinking is an integral part of the
task” (p. 8). In a study of another problem-centered
mathematics program, after two years in the pro-
gram third graders scored significantly higher on
standardized measures of computational proficiency
and conceptual understanding and held stronger be-
liefs about the importance of finding their own or
different ways to solve problems than those in “text-
book classes” (Wood and Sellers 1996).

It seems to be generally accepted that Japanese
students do quite well on conceptual mathematics
questions and problem-solving items in international
assessments. Therefore, it is interesting to learn what
sorts of problem solving are typical in Japanese ele-
mentary classrooms. Sawada (1999) describes a typi-
cal grade 5 Japanese lesson in which the teacher poses
a single contextualized problem that the students
spend more than 35 minutes working. Although the
teacher functions as a guide with a definite agenda,
student contributions to the follow-up class discus-
sion are used to structure both the content of the les-
son and its flow. Similarly, in the United States today,
problem solving as a way of teaching is merging
with problem solving as only a curriculum compo-
nent. Problem solving has been the focus of numer-
ous books, collections of materials, and research
studies, but many questions continue to be raised
about the nature and scope of problem solving:

• What is a problem and what does problem solv-
ing mean?

• How can problem solving be taught effectively?

• What problem-solving strategies should be
taught?

• How can problem solving be evaluated?

The remainder of this chapter addresses these 
questions.

WHAT IS A PROBLEM AND WHAT
IS PROBLEM SOLVING?
A problem involves a situation in which a person
wants something and does not know immediately
what to do to get it. If a problem is so easy that chil-

dren know how to obtain the answer or know the
answer immediately, there is really no problem at all.

To gain skill in solving problems, one must have
many experiences in doing so. Research indicates
that children who are given many problems to solve
score higher on problem-solving tests than children
who are given few. This finding has led many text-
books and teachers to offer a problem-solving pro-
gram that simply presents problems—and nothing
more.

Unfortunately, children have often been ex-
pected to learn how to solve word problems merely
by solving them, with virtually no guidance or dis-
cussion of how to do it. Thus, a typical page in a
children’s textbook (after students have been taught
how to add large numbers) might begin with exer-
cises such as the following:

Next would appear “story problems” such as the fol-
lowing:

(A) 7809 people watched television on Monday.

9060 people watched on Tuesday.

9924 people watched on Wednesday.

How many people watched in the three days?

Whether story problems such as these really are
problems for most children is debatable.

In effect, these “problems” are exercises with
words around them. The biggest difficulty lies in
doing the computation. The choice of what compu-
tation to perform is obvious. Do what you have
been doing most recently. If the past week’s work has
been on addition, solve the problems by adding; if
the topic has been division, then find two numbers
in the word problem and divide. The problems gen-
erally provide practice on content just taught, with
the mathematics placed in a more-or-less real-world
setting. It is little wonder that children taught in
this way flounder on tests, where problems are not
conveniently grouped by operation.

Consider, as an alternative, the following prob-
lem—and try it yourself:

(B) Begin with the digits:

1 2 3 4 5 6 7 8 9

Use each of them at least once, and form three
four-digit numbers with the sum of 9636.

3194
5346

+ 8877

5479
3477

+ 6399

6754
8968

+ 7629
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To obtain a solution (or solutions), the children
will have the desired practice in addition—but they
will have to try many possibilities. They will be aided
in reaching a solution if they apply some mathemat-
ical ideas. For instance, knowing that the sum of
three odd numbers is odd will lead them to avoid
placing 1, 3, and 5 all in the ones place. The children
have the prerequisites for solving the problem, but
the solution is not immediately apparent. They may
have to guess and check a number of possibilities.

The decision to add the three numbers in prob-
lem (A) presents little if any challenge to most chil-
dren in terms of determining what to do. The
problem is merely a computational exercise that
provides practice with addition. The children know
what to do because the pattern has been set by the
examples before it. With problem (B), however, they
will probably have to try several alternatives. Inter-
est in obtaining a solution or solutions and accep-
tance of the challenge of trying to do something
you have not done before (but believe you can do)
are key aspects of problem solving.

Whether a problem is truly a problem or merely
an exercise depends on the person faced with it. For
example, tying a shoelace is no longer a problem for
you, but it is for a three-year-old. What is a problem
for Ann now may not be a problem for her in three
weeks, or it may not be a problem now for Ar-
mando. Problems that you select for children must
truly be seen as problems.

Many teachers are prone to select only problems
that can be solved immediately, which often means
the problems are too easy for children. Children
form the idea that problems should be solved readily,
so a problem where the route to solution is not im-
mediately apparent is viewed as “impossible.” Find-
ing the right level of challenge for students is not
easy, but you can do it by trying out a range of prob-
lems, providing time, and then encouraging students
to explore many ways around the obstacles initially
posed. Don’t underestimate their abilities. Weinberg
(1996) comments on her fear that a problem was too
difficult for her second-grade class and how amazed
she was by their strategies for solving the problem.

A distinction is sometimes made between rou-
tine and nonroutine problems. Routine problems can
be solved by application of a mathematical proce-
dure in much the same way as it was learned. Many
textbook word problems are routine problems. Non-
routine problems often require more thought because
the choice of mathematical procedures to solve
them is not as obvious.

Results from national assessments have shown
that the majority of students have difficulty with
problems that require some analysis or thinking.

Students are generally successful in solving routine
one-step problems like those found in most text-
books. They have great difficulty, however, in solv-
ing multistep or nonroutine problems, particularly
those that involve application of more than one sin-
gle arithmetic operation. The 1992 National Assess-
ment of Educational Progress included some
non-multiple-choice items where students had to
construct their own answers and provide rationale
for their responses. Students at all grades tended to
have difficulties with these problem-solving items
(Kouba et al. 1997).

Results from the sixth assessment indicate that
students at all three grade levels (4, 8, and 12) per-
formed well on addition and subtraction word prob-
lems set in familiar contexts and involving only one
step or calculation (Kenney and Silver 1997). Eighth-
(and twelfth-) grade students did well on multiplica-
tion and division problems involving one step as
long as one of the factors was a whole number. Diffi-
culties arose when fourth-grade students applied an
incorrect strategy of “when in doubt, add,” and
when some students at all three grade levels but es-
pecially grade four attempted to solve multistep
problems as though they involved a single step.

Unfortunately, in many mathematical programs,
problem solving has been limited to finding the an-
swers to word problems in textbooks. Mathematical
problem solving involves more. Whenever children
are faced with providing a solution to a task they
have not mastered, they are solving a problem.

HOW CAN PROBLEM SOLVING 
BE TAUGHT EFFECTIVELY?
Because problem solving is difficult to teach and to
learn, researchers have devoted much attention to it
over the years. Their work has focused on character-
istics of those children who are successful or unsuc-
cessful at solving problems, on characteristics of
problems, and on teaching strategies and classroom
conditions that may help children to be more suc-
cessful at problem solving. On the basis of this re-
search, some broad generalizations can be made
(Hembree and Marsh 1993; Kroll & Miller 1993; Suy-
dam 1982).

• Young children enter school able to solve many
problems. Instruction should build on what chil-
dren already know.

• Students can begin solving problems in the earli-
est grades. Engaging students in problem solving
should not be postponed until after they have
“mastered” computational skills.
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• Problem-solving strategies can be specifically
taught, and when they are, not only are they
used more but students also achieve correct solu-
tions more frequently.

• No one strategy is optimal for solving all prob-
lems. Some strategies are used more frequently
than others, with various strategies being used at
different stages of the problem-solving process.

• Teaching a variety of strategies (in addition to
providing an overall plan for how to go about
problem solving) provides children with a reper-
toire from which they can draw as they meet a
wide variety of problems. They should be en-
couraged to solve different problems with the
same strategy and to discuss why some strategies
are appropriate for certain problems.

• Students need to be faced with problems in
which the way to solve them is not apparent,
and they need to be encouraged to test many al-
ternative approaches.

• Children’s problem-solving achievements are re-
lated to their developmental level. Thus, they
need problems at appropriate levels of difficulty.

Major factors that contribute to students’ difficulties
with problem solving in the middle grades are
knowledge, beliefs and affects, control, and socio-
cultural factors (Kroll and Miller 1993). At all levels,
teachers should be aware of the importance of each
of these areas in problem-solving instruction.

Knowledge Students need experiences through-
out their school years that encourage them to con-
nect their thinking about problems at hand to
problems they have solved in the past. Students
need to learn to recognize problems that are struc-
turally similar (schema knowledge) and to choose
appropriately among approaches for solving them,
rather than to rely on surface problem features in
deciding how to attack problems. For example, the
use of key words in problem-solving instruction (for
example, in all means to add, how many left means to
subtract) is counterproductive because it relies on a
problem’s surface features only. Students should
choose a solution approach based on a clear under-
standing of a problem.

Beliefs and Affects Students’ success in solving
problems is often strongly linked to their attitudes,
confidence, and beliefs about self as a problem
solver. It is important for teachers to show students
that they believe all students can be good problem

solvers, and it is also important for them to encour-
age students to develop their own strategies for and
approaches to problem solving. Teachers who be-
lieve there is only one way to solve a problem pre-
vent students from truly experiencing what it means
to be a problem solver and to do mathematics.

Control It is extremely important for students to
learn to monitor their own thinking about problem
solving. Research indicates that good problem
solvers often spend a considerable amount of time
up front, making sure they understand a problem,
and at the end, looking back to see what they did,
how their solution might be modified or improved,
and thinking about how this problem is similar and
different from other problems they have seen. By
contrast, weaker problem solvers tend to be impul-
sive, jumping right into trying to solve (often
crunching numbers with little regard for what they
mean), without stopping to think about what ap-
proach might be most productive. Teachers can help
students monitor their thinking and develop better
control mechanisms by structuring opportunities
where students are encouraged to engage in reflec-
tion on their own thinking processes.

Sociocultural Factors The atmosphere of the
classroom should encourage students to use and fur-
ther develop problem-solving strategies developed
naturally through experiences outside the class-
room. Furthermore, the classroom climate itself
(with its opportunities for discussion, collaboration,
sharing, and encouragement among students) plays
an important role in helping students develop as
problem solvers.

In other words, a strong problem-solving pro-
gram builds on the natural, informal methods that
the child has when entering school. Many of the
best problem-solving situations come from every-
day happenings. “How many more chairs will we
need if we’re having five visitors and two children
are absent?” or “How many cookies will we need if
everyone is to have two?” may be of concern to a
group of first graders. “Who has the higher batting
average, Benny or Marianne?” or “What’s the prob-
ability of our class winning the race?” may be urgent
questions for a group of fifth graders.

A problem-solving approach should pervade the
mathematics curriculum. Teachers need to use prob-
lem situations to introduce new topics, as a con-
tinuing thread throughout instruction, and as a
culmination to ascertain whether children can
apply what they have learned. To teach problem
solving effectively, teachers need to consider the
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time involved, planning aids, needed resources, the
role of technology, and how to manage the class.

Time
Effective teaching of problem solving demands time.
Attention must be focused on the relationships in
the problem and on the thinking processes involved
in reaching a solution. Thus, students must have
time to digest, or mull over, a problem thoroughly—
time to understand the task, time to explore avenues
of solution, time to think about the solution. More-
over, teachers need to encourage students to extend
the amount of time they are willing to work on a
problem before giving up. It takes more time to
tackle a problem that you do not know how to solve
than to complete an exercise where you know how
to proceed. (Consider problems (A) and (B) on page
88. How long did it take you to solve each?)

Some time for problem solving is already included
as part of the mathematics program. Additional time
can be gained by organizing instructional activities so
that some of the time allotted for practicing compu-
tational and other skills is directed toward problem
solving. This approach is logical, since students use
such skills and thus practice them as they solve many
problems.

Planning
Instructional activities and time must be planned
and coordinated so that students have the chance to
tackle numerous problems, to learn a variety of prob-
lem-solving strategies, and to analyze, write about,
and discuss their methods of attack. You will proba-
bly use a textbook when you teach mathematics; you
need to consider how to use it most effectively to
help you teach problem solving. For instance, you
might identify your objectives for using problem-
solving materials in the textbook, examine the entire
book for problems to use, regroup textbook materials
to suit your objectives, use the textbook to develop
questions to ask about problem solving, extend text-
book problems with materials you develop yourself,
and make use of “challenge problems” (found in
many textbooks) with all children.

As you plan, consider including problems with
the following characteristics:

• Problems that contain superfluous or insuffi-
cient information:

(C) A bag contains 2 dozen cookies for 99¢. Becca
bought 3 bags. How many cookies did she get?

(D) Andy would like to be as tall as his uncle, who is
6 feet 4 inches. How much more must Andy grow?

• Problems that involve estimation:

(E) Anita has 75¢. Does she have enough money to
buy a candy bar costing 35¢ and a notebook cost-
ing 49¢?

• Problems that require students to make choices
about the degree of accuracy required:

(F) Kurt is helping his father build a pen for his rab-
bit. He finds three pieces of lumber in the garage
that they can use for the frame. One piece is 8 feet
long; the other two are each 7 feet long. What is
the largest size rectangular pen that they can build?

• Problems that involve practical applications of
mathematics to consumer or business situations.

(G) Which is the better buy, a 6-ounce jar of jelly for
$1.79 or a 9-ounce jar for $2.79?

• Problems that require students to conceptualize
very large or very small numbers:

(H) Have you lived one million hours?

• Problems that are based on students’ interests or
events in their environment or can be personal-
ized by adding their names:

(I) Some of you play soccer every Tuesday. If today
were Wednesday, January 21st, on what date
would you play next?

• Problems that involve logic, reasoning, testing of
conjectures, and reasonableness of information:

(J) Three children guessed how many jelly beans
were in a jar. Their guesses were 80, 75, and 76.
One child missed by 1. Another missed by 4. The
other child guessed right. How many jelly beans
were in the jar?

• Problems that are multistep or require the use of
more than one strategy to attain a solution:

(K) Ellie had 10.00 in her pocket. A ticket to the
movie is $5.50. The theater offers a popcorn and
drink special for $3.79. If Ellie buys the popcorn
and drink, does she have enough money for a
$1.45 candy bar too?

• Problems that require decision making as a result
of the outcome (perhaps there are many
answers—or no answers):

(L) Is a traffic light needed in front of the school?

In addition, you should choose sometimes to
pose problems that are open ended. Such problems
have no one “correct” answer, but rather an answer
that depends on the approach taken. Each solution
is, however, expected to be reasonable. Such prob-
lems are especially appropriate for cooperative group
work and should be followed with a class discussion
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in which the mathematical ideas and planning skills
are explored and students get a chance to clarify
their thinking and validate their decisions. Consider
the following open-ended problems:

(M) You have just been given $50, and you have
decided to plan a special outing for your family.
Where will you go? Plan a schedule for the day.
What time will you get to your destination? What
time will you leave? How long will you stay? What
will you do? Will $50 be enough money to cover all
activities? If not, how much more money will you
need?

(N) Your group has decided to plan a track-and-
field competition. What events would be fun? What
equipment will you need? Where and when should
different events be held so that they will not inter-
fere with each other? Develop a map and time
schedule for the competition. How will you col-
lect and display data from the events to determine
winners?

It is important to recognize that open-ended prob-
lems such as (M) and (N) are much more effective
when reasonable constraints are specified to ensure
that the level of mathematics in the problems re-
mains high. For example, you could improve prob-
lem (M) considerably by specifying that students
must state the size of their family (three, four, or five
people) and by requiring them to list lunch costs for
that family from their choice of restaurant menus
that you provide. You might also offer a choice of
transportation options (for example, car or bus). For
the car, you could provide (or students could re-
search) information about gas costs per gallon, the
car’s gas efficiency, and the distance to various at-
tractions. For the bus option, you might provide in-
formation about individual and group costs of
tickets to the same destinations. If you do not in-
clude constraints such as these in an open-ended
problem such as (M), students are likely to spend
most of their time simply debating where to go and
what to do, with very little time spent estimating or
computing how to spend their $50. The unfortunate
result can be a fun activity with very little mathe-
matics involved. By contrast, providing reasonable
and interesting constraints can turn an open-ended
problem into a much more realistic challenge.

Problems (O) and (P) are a different sort of open-
ended problem from (M) and (N). The numeric an-
swer is not at all difficult to determine in these
problems (and everyone should get the same an-
swer). The challenge is to see how many different
and interesting ways there are to find that answer.

(O) Squares are made by using matchsticks as
shown in the picture. When the number of squares
is eight, how many match sticks are used?

(P) How many marbles are in the picture? Find the
answer in as many different ways as you can.*

Resources
Although many textbooks include a range of prob-
lems, if your textbook does not provide sufficient
challenges you may find it helpful to acquire addi-
tional problems to stimulate and challenge your stu-
dents. Fortunately, there are many sources of
problems. The list of references at the end of this
chapter includes several such sources. In addition,
you can do the following:

• Collect problems from newspapers, magazines,
Web sites, and so on.

• Write problems yourself (possibly using ideas
from newspapers or from events in your com-
munity). (For example, see Silbey (1999) for a de-
scription of a broad assortment of problems
drawn from a single newspaper circular describ-
ing activities related to Washington, D.C.’s an-
nual cherry-blossom festival.)

• Use situations that arise spontaneously, particu-
larly questions children raise (“If a bank robber
stole a million dollars, how heavy and bulky
would it be? Could he run down the street with
it in his pocket? In a shopping bag?”).

• Attend problem-solving sessions at professional
meetings.

• Share problems with other teachers.
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• Have children write problems to share with each
other (Kliman and Richard 1992; Silverman et al.
1992).

• Make videotapes to bring real-life problem situa-
tions into the classroom (Kelly and Wiebe 1993,
Cognition and Technology Group 1993).

It is never too soon to start a problem file, with
problems grouped or categorized so you can locate
them readily. File them by mathematical content,
by strategies, by how you are going to use the file.
Laminating the cards permits them to be used over
and over by students for individual or small-group
problem solving.

Technology
Ever since calculators dropped in price and it became
feasible to use them throughout the school program,
their potential for increasing problem-solving profi-
ciency has been recognized. Many problems can
now deal with more realistic numbers rather than
merely with numbers that come out even. Calcula-
tors also help us to shift attention from computation
to problem solving. However, research has indicated
that use of calculators will not necessarily improve
problem-solving achievement (Suydam 1982). The
student must still be able to determine how to solve a
problem before he or she can use a calculator to at-
tain the solution.

Research also indicates that children tend to use
more and different strategies when they use calcula-
tors (Wheatley 1980). The main reason is that the
time once spent on performing calculations can be
spent on extending the use of problem-solving
strategies. More problems also can be considered
when calculations are no longer as burdensome.
Consider using calculators whenever they:

• Extend a child’s ability to solve problems

• Eliminate tedious computations and decrease anx-
iety about inability to do computations correctly

• Allow time to devote extended attention to a
problem or to consider more problems

• Allow consideration of more complex problems
or of problems with realistic data

• Provide motivation and confidence that a prob-
lem can be solved

Computers also can be an important problem-
solving tool. As with calculators, computers allow
for the processing of problems with realistic data.
But computers also can be used to present problems
of different types—for instance, problems involving
graphics and graphing.

Many fine software programs provide a variety of
problem-solving experiences. Some, such as What
Do You Do with a Broken Calculator? involve com-
putation. Others, such as The Factory and The Super
Factory, address spatial visualization. Still others,
such as Math Shop, provide direct experiences with
problem solving. The Cruncher teaches spreadsheet
skills for solving such real-life problems as how
many weeks of allowance equal a new CD player.

Logo and BASIC, still available to students in
some schools, also can provide rich problem-solv-
ing experiences. These languages encourage stu-
dents to think about what will happen, try it and see
what happens, and then try something else. Other
tools, such as the Geometer’s Sketchpad provide op-
portunities to create geometric figures, make con-
jectures, and explore relationships. In recent years,
the World Wide Web has become an extremely rich
resource for mathematics education. On the Web,
teachers and students can find a wealth of challeng-
ing and interesting mathematics problems, search
for data for real-world problem-solving investiga-
tions, and seek answers to mathematical queries
and conundrums. 

Class Management
When you teach problem solving, you will find it
useful at times to teach the whole class, to divide the
class into small groups, or to have children work in-
dividually or with one other child. Large-group ac-
tivities are effective for presenting and developing a
new problem-solving strategy and for examining a
variety of strategies for solving the same problem.
You can focus children’s attention on a problem’s
components, pose questions to help them use one
strategy or find one solution, lead them to use other
strategies or find other solutions, and encourage
them to generalize from the problem to other prob-
lems. Individuals may suffer, however, because the
faster students will tend to come up with answers
before others have had a chance to consider the
problem carefully. Moreover, what may be a prob-
lem to some students may appear trivial or impossi-
bly difficult to others. Discussions about problem
solving are feasible with large groups, but the
process of solving problems should be practiced in
small groups as well as individually.

Small-group instruction makes it possible to
group students by problem-solving ability and inter-
ests. They have the opportunity to work coopera-
tively at an appropriate level of difficulty in this
type of group.

Their anxiety level is lowered as they all work to-
gether, discussing problems, sharing ideas, debating
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alternatives, and verifying solutions. In small groups,
students can generally solve more problems than
when working alone, although the groups may take
longer on each problem. Research indicates that
when groups discuss problem meanings and solution
paths, they achieve better results than when they are
told how to solve the problem (Suydam and Weaver
1981). Groups are clearly a means of promoting com-
munication about mathematics.

When pairing children to work together, you
may want to pair children of comparable abilities or
of slightly different abilities so that one child can
help the other. Both children can end up learning
from a peer-teaching situation.

Some problem solving should be done individu-
ally so that children can progress at their own pace
and use the strategies with which they are comfort-
able. You will also want to have in the classroom
sources of problems to which individual children
can turn in their free time: a bulletin board, a prob-
lem corner, or a file of problems.

Problem Posing
Another way to help students with problem solving
is to encourage them to write, share, and solve their
own problems. Through problem-posing experi-
ences, students become better aware of the structure
of problems, develop critical thinking and reason-
ing abilities, and learn to express their ideas clearly.

It is often helpful to begin problem posing by
having students modify familiar problems. For ex-
ample, third-grade students may have read the story
The Doorbell Rang (Hutchins 1986) and considered
problems such as “If Mama baked 12 cookies, how
many cookies can each child have if there are 2 chil-
dren (or 4 or 6 or 12 children)?”

The problem can be rewritten in various ways.
One very simple modification is to change the num-
bers. Some changes in number leave the difficulty
level of the problem essentially unchanged (18
cookies, 6 children). Other changes may make an
important difference in the problem solution (12
cookies shared by 8 children or 12 cookies shared by
5 children). Another interesting way to reformulate
a problem is to exchange the known and unknown
information. For example, “Mama baked a lot of
cookies, and each child got 3. How many cookies
did Mama bake, if there were two children (or 4 or 6
or 12 children)?” Alternatively, we might consider a
more open-ended problem: “If we want to be able to
share 18 cookies fairly with different groups of chil-
dren, without breaking any cookies, what different
sizes can the groups be?”

Moses et al. (1990) suggest four principles for
helping students as they learn to pose problems:

1. Focus students’ attention on the various kinds of
information in problems: the kinds of informa-
tion a problem may give us (the known), the kind
of information we are supposed to find (the un-
known), and the kinds of restrictions that are placed
on the answer. Encourage students to ask “what
if” questions. For example, what if we make the
known information different? What if we switch
what is known in the problem and what is un-
known? What if we change the restrictions?

2. Begin with mathematical topics or concepts that
are familiar.

3. Encourage students to use ambiguity (what they
are not sure about or what they want to know) as
they work toward composing new questions and
problems.

4. Teach students about the idea of domain (the
numbers we are allowed to use in a particular
problem). Extending or restricting the domain of
a problem is an interesting way to change it. For
example, the problem “name three numbers
whose product is 24” is very different depending
upon whether we consider a domain of all whole
numbers, only even whole numbers, all integers
(both positive and negative), or perhaps even
fractions and decimals.

The teacher plays a key role in establishing a class-
room environment where thinking deeply about
problems and how the problems can be changed or
rewritten is encouraged. The teacher can model an
inquiring mind by frequently asking “What if?”
when problems are discussed and by encouraging
conjecturing and problem reformulation.

Another very useful problem-posing activity is
having students write their own problems (rather
than modify problems already at hand). This is gen-
erally best done after students have had consider-
able experience with posing problems that are
modifications of familiar problems. When asking
students to compose problems on their own, it is
often important for the teacher to specify certain
goals or constraints for the task. Otherwise, the as-
signment may become nothing more than an exer-
cise in creativity (students may write fantastic
stories with no discernible mathematics content or
pose problems that are so convoluted or compli-
cated that no solution is possible). For example, stu-
dents might be assigned to write a word problem
that matches a given mathematical number sen-
tence or figure:

• Write a word problem for 250 ÷ 5 = 50.

• Write a comparison word problem for 12 – 8 = 4.
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• Write a multiplication word problem for the tree
diagram (for example, two kinds of ice cream
and three possible toppings for each gives six dif-
ferent types of sundaes).

Other effective problem-posing prompts can be pro-
vided by situations or data offered in magazine ad-
vertisements, newspaper articles, world records, sales
flyers, and so on. A sixth-grade teacher challenged
her students to write and illustrate problems that in-
volved multiplication or division and that included
extraneous information. Here is a problem written
by one of her students (from Kroll and Miller 1993,
p. 67).

Students need help with learning to write prob-
lems. Lessons of this sort can easily be integrated with
language arts instruction. A writing workshop ap-
proach may be used, consisting of stages such as:
brainstorming and prewriting, writing, several
rounds of peer critique followed by rewriting, and, fi-
nally, editing and publication. Student problems may
be “published” on bulletin boards, on cards (to be
made available for other students to solve), or in a
class “book” of problems. The sixth-grade teacher
mentioned earlier obtained a small classroom grant
to produce enough copies of her class’s illustrated
book of problems to distribute one to each sixth-
grade class in the school district. Her students
proudly went on a field trip, which took them from
school to school delivering their books to sixth-grade
classrooms, where they shared problem-solving expe-
riences with other students their own age. A third-
grade teacher in another state engaged her students
in taking “the mathematician’s chair” as they chal-
lenged their peers with mathematics problem-solving
situations they had authored themselves (Hildebrand

et al. 1999). She assessed their written work using a 4-
point rubric that considered three aspects of each
problem they authored: problem attributes, problem
structure, and use of language conventions.

WHAT PROBLEM-SOLVING
STRATEGIES SHOULD BE TAUGHT?
You cannot consider problem solving in mathemat-
ics education without finding numerous references
to the contribution of George Polya (1973). He pro-
posed a four-stage model of problem solving:

1. Understand the problem.

2. Devise a plan for solving it.

3. Carry out your plan.

4. Look back to examine the solution obtained.

This model forms the basis for the problem-solving
approach used in most elementary school mathe-
matics textbooks. Such an approach, which focuses
on teaching students to see, plan, do, and check,
can help them see problem solving as a process con-
sisting of several interrelated actions. Students have
a guide to help them attack a problem because ac-
tions are suggested that will lead them to the goal.

However, Polya’s model can also be misleading if
taken at face value. Except for simple problems, it is
rarely possible to take the steps in sequence. Students
who believe they can proceed one step at a time may
find themselves as confused as if they had no model.
Moreover, the steps are not discrete; nor is it always
necessary to take each step. As students try to under-
stand a problem, they may move unnoticed into the
planning stage. Or, once they understand the prob-
lem, they may see a route to a solution without any
planning. Moreover, the stages do not always aid in
finding a solution. Many children become trapped
in an endless process of read, think, reread—and
reread—and reread—until they give up.

Specific strategies are needed to help children
move through the model (Polya himself delineates
many of these). Many textbooks provide lists of the
strategies presented at various grade levels. These
strategies are tools for solving problems, whereas
the four-stage model provides a guideline for how a
problem solver may move through the process of
solving a problem.

In this section, we will describe and give exam-
ples of a number of problem-solving strategies (see
Table 5–2).

The discussion here is not exhaustive, but it pro-
vides a useful set of strategies that can be applied in
a wide variety of problem settings.

At midnight, the wind over Jamaica started to increase as 
Hurricane Lucas came closer. Every 10 minutes from then 
on, the wind doubled, and five trees were pulled from the 
ground. At 12:30, the wind speed was 120 miles per hour. 
At what speed was the wind blowing at 12:00 midnight?
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A teacher needs a plan for introducing the strate-
gies; it is not feasible to focus on them all in a given
year. Children need time to gain confidence in ap-
plying each. A plan also will ensure that students are
exposed to the range of strategies you want them to
learn, and that they have the opportunity to practice
them at an appropriate level. Thus you may decide to
introduce “act it out” and “make a drawing” in grade
1, “look for a pattern” and “solve a simpler or similar
problem” in grade 2, and so on. No one sequence is
best. In successive grade levels, children will practice
and use the strategies they have already learned. Of
course, students should not be limited to using the
strategies that you have already discussed with the
class. They should always be encouraged to use their
own ideas in approaching novel situations. If you see
a student successfully using a strategy that you
haven’t yet talked about in class, you might encour-
age her to share her ideas with the rest of the class,
and you might help the children identify a label for
that new strategy so it can be referred again in future
class discussions. For example, Jessica might discover
that solving a simpler, parallel problem is a good way
to get started on problems that involve large num-
bers or numbers that seem hard to think about. In a
follow-up whole-class discussion, you might suggest
naming this “Jessica’s simpler strategy” and you
might begin future problem-solving discussions by
asking whether Jessica’s simpler strategy might be
useful in attacking the problem at hand.

Textbooks also outline the scope and sequence
for any strategies included in the series. Use this out-
line to compare the scope of your textbook’s pro-
gram with what you want to implement. Then you
can devise a plan, if necessary, for extending chil-
dren’s learning beyond what the textbook covers.

The discussion that follows includes a number of
illustrative problems, covering a range of mathemat-
ical topics and grade levels, that could be used to
develop each problem-solving strategy. Usually a

problem also can be solved with another strategy; it
is rare that a problem can be solved only with one
strategy. For this reason, a repertoire of strategies is
useful. (On the other hand, not all strategies can be
used effectively to solve a given problem.) Often
more than one strategy must be used to solve a prob-
lem. For example, students may begin to use the
identify-all-possibilities strategy but find there are so
many possibilities that they also need to use the
make-a-table strategy to keep track of them. By be-
coming familiar with possible strategies, a student
acquires a repertoire that can be drawn on to attack a
problem, and making a start is often the most diffi-
cult point. Moreover, when one strategy fails, the
child has others to turn to, thus enhancing his or her
confidence that a path to a solution can be found.

As you read, do stop and try to solve the
problems!

Act It Out
This strategy helps children visualize what is in-
volved in the problem. They actually go through the
actions, either themselves or by manipulating ob-
jects. This physical action makes the relationships
among problem components clearer in their minds.

When teaching children how to use the act-it-
out strategy, it is important to stress that other ob-
jects may be used in place of the real thing.
Obviously, real money is not needed when a prob-
lem involves coins—only something labeled “25¢”
or whatever. Because children are adept at pretend-
ing, they probably will suggest substitute objects
themselves. Make sure they focus their attention on
the actions rather than on the objects per se.

Many simple real-life problems can be posed as
you develop the act-it-out strategy in the early
grades:

(1) Six children are standing at the teacher’s desk.
Five children join them. How many children are at
the teacher’s desk then?

The value of acting it out becomes clearer, however,
when the problems are more challenging:

(2) Twelve people met at a public park for a nature
walk. Before they set off to look for birds, they all in-
troduced themselves and each person shook hands
with each of the other people. How many hand-
shakes were exchanged?

(3) A man buys a horse for $60, sells it for $70, buys
it back for $80, and sells it for $90. How much does
the man make or lose in the horse-trading business?

(4) Gum balls cost 5¢ each. There are gum balls of
5 different colors in the machine. You can’t see
them because it’s dark. What would be the least
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Table 5–2 • A list of useful problem-solving
strategies

Act it out
Make a drawing or diagram
Look for a pattern
Construct a table
Change your point of view
Identify all possibilities
Guess and check
Work backward
Write an open sentence
Solve a simpler or similar problem
Change your point of view 



number of pennies you’d have to spend to be sure
of getting at least 3 gum balls of the same color?

(5) I counted 7 cycle riders and 19 cycle wheels go
past my house this morning. How many bicycles
and how many tricycles passed?

Make a Drawing or Diagram
Probably within the past week or so you have used
the drawing strategy to help solve a real-life prob-
lem. Perhaps you had to find someone’s house from
a complicated set of directions, so you drew a sketch
of the route. Or maybe you were rearranging a room
and drew a diagram of how the furniture was to be
placed. This strategy provides a way of depicting the
information in a problem to make the relationships
apparent (Kelly 1999).

When teaching this strategy, stress to the chil-
dren that there is no need to draw detailed pictures.
Encourage them to draw only what is essential to
tell about the problem. For example, the appearance
of the bus, the pattern of the upholstery, the pres-
ence of racks above the seats, and similar details are
irrelevant in drawing a picture that will help to solve
the bus problem:

(6) A bus has 10 rows of seats. There are 4 seats in
each row. How many seats are there on the bus?

(7) You enter an elevator on the main floor. You go
up 6 floors, down 3 floors, up 9 floors, down 7
floors, up 8 floors, down 2 floors, down 5 more
floors. Then you get off the elevator. On what floor
are you?

(8) How much carpet would we need to cover our
classroom floor?

(9) A snail is at the bottom of a jar that is 15 cm
high. Each day the snail can crawl up 5 cm, but
each night he slides back down 3 cm. How many
days will it take the snail to reach the top of the jar?

(10) It takes 3 minutes to saw through a log. How
long will it take to saw the log into 4 pieces?

(11) A patch of lily pads doubles its size each day
after it starts growing in a pond. If a pond was com-
pletely covered just today, what part of it was cov-
ered in lily pads five days ago? 

At times you can reverse this strategy by present-
ing a picture for which the children have to make up
a problem:

(12)

Look for a Pattern
In many early learning activities, children are asked
to identify a pattern in pictures or numbers. When
pattern recognition is used to solve problems, it in-
volves a more active search. Often students will con-
struct a table, then use it to look for a pattern.

(13) Triangle dot numbers are so named because
the number of dots can be used to form a triangle
with an equal number of dots on each side:

What triangle dot number has 7 dots on a side? Ten
dots on a side? What about 195 dots on a side? Is
57 a triangle dot number?

(14) How long would it take to spread a rumor in
a town of 90000 people if each person who
heard the rumor told it to 3 new people every 15
minutes?

(15) Little Island has a population of 1000 people.
The population doubles every 30 years. What will
the population be in 30 years? 60 years? 300 years?
When will the population be over a million? Over a
billion?

(16) An explorer found some strange markings on
a cave wall. Can you find and complete the pattern
between the numbers in the first row and the num-
bers in the second row?

Construct a Table
Organizing data into a table helps children to dis-
cover a pattern and to identify information that is
missing. It is an efficient way to classify and order
large amounts of information or data, and it pro-
vides a record so that children need not retrace non-
productive paths or do computations repeatedly to
answer new questions.

(17) Can you make change for a quarter using only
9 coins? Only 17? Only 8? How many ways can you
make change for a quarter?

(18) About how many direct ancestors have you
had in the last 400 years?

3 6

Austin Bloomington1210 miles

60 miles
per hour

50 miles
per hour
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(19) A carpenter makes only 3-legged stools and 4-
legged tables. At the end of one day he had used
31 legs. How many stools and how many tables did
he make?

(20) Ann, Jan, and Nan all like pizza. One likes her
pizza plain. One likes pizza with mushrooms. One
likes pizza with anchovies. Which kind of pizza does
each girl like? Here are three clues:

1. Ann doesn’t know the girl who likes her pizza
plain.

2. Jan’s favorite kind of pizza is cheaper than pizza
with mushrooms.

3. The one who likes mushrooms is Ann’s cousin.

(21) Your teacher agrees to let you have 1 minute
of recess on the first day of school, 2 minutes on the
second day, 4 minutes on the third day, and so on.
How long will your recess be at the end of 2 weeks?

Notice that the mathematical idea involved in
problem (21) can be stated in terms of other situa-
tions. Such reformulation can alter the difficulty level
of the problem. It can also give children practice in
recognizing similarities in problem structure—an
ability that appears to be closely allied to good prob-
lem-solving skills. Here is one alternative to that
problem:

(22) Suppose someone offers you a job for 15 days.
They offer you your choice of how you will be paid.
You can start for 1¢ a day and double the new
amount every day. Or you can start for $1 and add
$1 to the new amount every day. Which would you
choose? Why?

Textbooks frequently teach part of the table-
constructing strategy. They have students read a
table or complete a table that is already structured. It
is important for students to learn to read a table, and
thus problems such as this one are presented:

(23) Here is a bus schedule. What time does the bus
from New York arrive? (Ask other questions about
arrival, departure, and traveling times.)

It is also vital that children learn how to construct a
table. They need to determine for themselves what
its form should be (for example, how many columns
are needed), what the columns or rows should be la-
beled, and so on. For this purpose, you can present
problems that require children to collect informa-
tion and then organize it into a table in order to re-
port it. A spreadsheet can be quite helpful with this
task.

(24) Make a table that shows how many cars pass
through the traffic lights at each intersection by the
school.

Identify All Possibilities
This strategy is sometimes used with “look for a pat-
tern” and “construct a table.” Children don’t always
have to actually examine all possibilities—rather,
they have to account for all in some systematic way.
They may be able to organize the possibilities into
categories and then dismiss some classes of possibil-
ities before beginning a systematic search of the re-
maining ones. Sometimes, however, they do need to
actually check all possibilities.

(25) In how many different ways can a bus driver
get from Albany to Bakersville? The driver always
moves toward Bakersville.

Albany

Bakersville

(26) In how many ways can you add 8 odd num-
bers to get a sum of 20? (You may use a number
more than once.)

(27) Ask a friend to think of a number between 1
and 10. Find out what number it is by asking him or
her no more than five questions that can be an-
swered only by yes or no. How many questions
would you need to ask to find any number between
1 and 20? Between 1 and 100?

(28) If each letter is a code for a digit, what is the
following addition problem? Use 1, 2, 3, 6, 7, 9,
and 0.

SUN
+ FUN

SWIM
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(29) You need 17 lb. of fertilizer. How many bags of
each size do you buy to obtain at least 17 lb. at the
lowest cost?

Guess and Check
For years, children have been discouraged from
guessing. They have been told, “You’re only guess-
ing,” in a derisive tone. But guessing is a viable strat-
egy when they are encouraged to incorporate what
they know into their guesses, rather than making
“blind” or “wild” guesses.

An educated guess is based on careful attention
to pertinent aspects of the problem, plus knowledge
from previous related experiences. There is some
reason to expect to be “in the ballpark.” Then the
child must check to be sure. It is also very important
to recognize that the guess-and-check strategy in-
volves making repeated guesses, and using what has
been learned from earlier guesses to make each subse-
quent guess better and better. Too often, children just
check a guess and, upon finding that it is wrong,
make another guess that may be even more off the
mark. It is essential to help children learn how to re-
fine their guesses efficiently. Consider the following
problem:

(30) Suppose it costs 20¢ to mail a postcard and
33¢ for a letter. Bill wrote to 12 friends and spent
$3.57 for postage. How many letters and how
many postcards did he send?

We might begin by making a guess of 6 letters and 6
postcards. On checking, we find that results in
postage of $3.18. It is important not to just make an-
other guess randomly. $3.18 is not enough postage
(because Bill spent $3.57), so we need to guess more
letters. Maybe we guess 8 letters and 4 postcards.
That produces postage of $3.44—almost enough.
When we try 9 letters and 3 postcards, we discover
the solution.

(31) If two whole numbers have a sum of 18 and a
product of 45, what are the numbers?

(32) Place the numbers 1 through 9 in the cells so
that the sum in each direction is 15.

(33) Margie hit the dartboard with 4 darts. Each dart
hit a different number. Her total score was 25. Which
numbers might she have hit to make that score?

(34) Use the numbers 1 through 6 to fill the 6 cir-
cles. You may use each number only once. Each
side of the triangle must add up to 9.

Work Backward
Some problems are posed in such a way that children
are given the final conditions of an action and are
asked about something that occurred earlier. In other
problems, children may be able to determine the end-
point and work backward (many mazes are like that).

(35) Complete the following addition table:

(36) Sue baked some cookies. She put half of them
away for the next day. Then she divided the re-
maining cookies evenly among her three sisters so
each got 4. How many cookies did she bake?

12 11 15

31

66

2

5

5 9

13

14

7

1 8
10

9

7

15
26

4
12

5

3

18

$3.98
$2. .79
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Write an Open Sentence
The open-sentence (or equation) strategy is often
taught in textbooks; in some, in fact, it is the only
strategy taught. Research indicates that it is useful
(Suydam and Weaver 1981) but not so useful that it
should be taught exclusively. True, once you can
write an open sentence, you probably can solve the
problem, but writing the sentence in the first place
may be difficult. Thus some problems cannot be
solved easily with this strategy, and sometimes
other problem-solving strategies may be needed first
to clarify the problem. In particular, children must
be able to perceive a relationship between given and
sought information in order to write the sentence.
Also, children need to learn that more than one sen-
tence may be formed to solve some problems.

(37) An ant travels 33 cm in walking completely
around the edge of a rectangle. If the rectangle is
twice as long as it is wide, how long is each side?

(38) Two thirds of a number is 24 and one half of
the number is 18. What is the number?

Solve a Simpler or Similar Problem
Some problems are made difficult by large numbers
or complicated patterns, so the way to solve them is
unclear. For such a problem, making an analogous
but simpler problem may aid in ascertaining how to
solve it. Thus, for the following problem, you might
have second or third graders first consider what they
would do if Cassie had 3¢ and Kai had 5¢:

(39) Cassie saved $3.56. Kai saved $5.27. How
much more money has Kai saved?

(40) We get 32.7 miles per gallon of gas in our van.
If our van’s tank holds 14 gallons and we fill it up,
how far can we go without filling up again?

(41) Tickets to the college football game cost
$15.95 for bleacher seats in the end zone and
$25.95 for seats on the home sidelines. Last week
2340 people sat in the endzone bleachers and
6020 people sat on the home sidelines. How much
money was collected from the sale of endzone
bleacher seat tickets?

You may need to encourage students to break some
problems down into manageable parts. When prob-
lems require a series of actions, children often fail to
recognize the need to answer one question before
another can be answered. They need help in identi-
fying the questions that must be answered.

Many kinds of problems are interrelated. Know-
ing how to solve one problem usually means that
children can solve another problem that is some-
what similar. The insight and understanding that

permit them to solve more complicated problems
are built through solving easier problems, where re-
lationships are easier to see and possibilities for solv-
ing can be readily considered. Momentarily,
children can set aside the original problem to work
on a simpler one; if that problem can be solved,
then the procedure used can be applied to the more
complicated problem.

(42) Place the numbers 1 to 19 into the 19 circles
so that any three numbers in a row will give the
same sum.

Students might tackle this problem by first trying
simpler problems such as placing the numbers 1 to
5 or 1 to 7 or 1 to 9 in a similar pattern of circles.

Often, children need to restate a problem, expressing
it in their own words. Sometimes this repetition will
indicate points at which they do not understand the
problem, and you can then help them to clarify it. At
other times, the rephrasing will help them to ascer-
tain what the problem means or requires, so that

100 • Chapter 5 / Five Mathematical Processes



they see a possible path of solution. Rephrasing can
be a way of getting rid of unimportant words or of
changing to words that are more easily understood.
Try rewording each of the following problems so that
children will understand the terms.

(43) Find 3 different integers such that the sum of
their reciprocals is an integer.

(44) I bought some items at the store. All were the
same price. I bought as many items as the number
of cents in the cost of each item. My bill was $2.25.
How many items did I buy?

Change Your Point of View
Often, this strategy is used after several others have
been tried without success. When children begin to
work on most problems, they tend to adopt a partic-
ular point of view or make certain assumptions.
Often they quickly form a plan of attack and imple-
ment it to determine whether it produces a plausible
solution. If the plan is unsuccessful, they tend to re-
turn to the problem with the same point of view to
ascertain a new plan of attack. But there may be
some faulty logic that led them to adopt that point
of view. They need to try to redefine the problem in
a completely different way. Encourage them to ask
themselves such questions as, “What precisely does
the problem say and not say? What am I assuming
that may or may not be implied?”

Problem (20), the pizza problem, is one version
of a set of logic problems that are useful in present-
ing this strategy. Following are some other problems
that most students will rather quickly attack in a
particular way. Only when it is apparent that an in-
correct answer has been obtained (or no answer) will
they see the value of looking at the problem from
another point of view.

(45) How many squares are there on a checker-
board? (Note: The answer is more than 64.)

(46) Without lifting your pencil from the paper,
draw four straight line segments through the 9
dots.

(The key to solving this problem is recognizing that
the lines you draw are allowed to extend beyond
the edges of the rectangle formed by the dots.)

(47) A state with 750 schools is about to begin a
“single elimination” basketball tournament—one
loss and you’re out. How many games must be
played to determine a champion? (Note: Here it
may be helpful to think about how many games
each individual team plays in the tournament,
rather than to focus on counting games played by
pairs of teams.)

THE IMPORTANCE OF 
LOOKING BACK
Some of the best learning about problem solving may
occur after the solution has been attained. It is im-
portant to think about how a problem was solved. In
fact, research indicates that time spent discussing and
reconsidering their thinking may be more important
than any other strategy in helping children become
better problem solvers (Kroll and Miller 1993; Suy-
dam and Weaver 1981). Thus, this step, which should
be included regularly in instructional planning, may
focus on one or more helpful strategies.

Generalize
The generalization strategy is used to extend the so-
lution to broader and more far-reaching situations.
Analyzing the structural features of a problem rather
than focusing only on details often results in insights
more significant than the answer to the specific situ-
ation posed in the problem. This sort of thinking
about generalizations is very important in develop-
ing students’ mathematical reasoning abilities. 

According to research (Suydam 1987), being able
to see similarities across problems is one of the char-
acteristics of good problem solvers.

(48) First solve: A boy selling fruit has only three
weights and a double-pan balance. But with them
he can weigh any whole number of pounds from 1
to 13 pounds. What weights does he have? Then
consider: Should he buy a fourth weight? How
many additional weighings could be made with the
four weights?
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(49) When five consecutive numbers are added to-
gether their sum is 155. Find the numbers. How
can this problem be symbolized so that other totals
could be considered?

Getting children to focus on the relationships
involved in a problem and then generalizing can
sometimes be accomplished by giving children
problems without numbers:

(50) A store sells Ping-Pong balls by the box. For
the amount of money Maria has, she can buy a cer-
tain number of boxes. What price does she pay per
ball?

Check the Solution
Checking has long been advocated as a way to help
children pinpoint their errors—provided they do
not simply make the solution and the check agree.
One way of checking is going through the proce-
dures again. Another is verifying the reasonableness
of the answer. Is it a plausible answer to the question
posed in the problem? Estimating the answer before
obtaining the solution will aid in this verification
process.

Find Another Way to Solve It
Most problems can be solved with many different
strategies. Use of each strategy adds to an under-
standing of the problem. You have probably felt un-
comfortable with the classification of some of the
problems in this chapter under one or another strat-
egy. But even for each of the problems where you felt
the classification was satisfactory, there is probably
another way each could be solved. (Try it and see!)

Find Another Solution
Too often, children are given problems for which
there seems to be one and only one correct solution.
Many textbook problems are like that. In real-life
situations, however, two or more answers may be ac-
ceptable (depending, sometimes, on the circum-
stances or the assumptions) or only one answer may
be obtained via very different approaches. You prob-
ably noticed that some of the problems given here
have several solutions. For many others, such as the
following, each person tackling the problem will
have a different answer:

(51) Find out how many days (or minutes) old you
are.

Study the Solution Process
This strategy aims to help the child put the problem
into perspective: the thinking used at each stage, the

facts that were uncovered, the strategies that were
employed, and the actions that were productive and
nonproductive. Again, giving a problem without
numbers helps children to focus on the process they
follow, as well as the relationships in the problem, as
they describe how they would go about finding the
answer. Different students can also be asked to share
with the group the varying ways in which they pro-
ceeded to reach the same solution. Having children
write about how they solved a problem also adds to
their understanding of the problem-solving process.

USING PROBLEM-SOLVING
OPPORTUNITIES
This chapter has presented a variety of problems.
Many of the problems have involved students in
mathematical reasoning and communication. We
have noted the possible use of nonverbal problems,
embodied in different representations such as pic-
tures or materials. Real-world problems arise in a va-
riety of modes, offering many opportunities for
making connections. Make use of problems posed
spontaneously by children or by situations in which
you find yourself. Bring in games that present good
problem-solving situations, games that will present
children with the opportunity to use many different
strategies. Have children work cooperatively in
small groups. And be aware that personalizing prob-
lems—for instance, by substituting the names of
children in your class—can help many children to
accept problems that otherwise would seem remote
or uninteresting.

Throughout your instruction, you need to en-
courage enjoyment in solving problems. You have
helped children achieve this sense of enjoyment in
part when they begin to believe that they can solve
a problem. They need an atmosphere in which they
feel both free and secure. Your positive attitude to-
ward problem solving will stimulate a similar atti-
tude on the part of the children.

HOW CAN PROBLEM SOLVING 
BE ASSESSED?
It is more difficult to assess children’s problem-
solving skills than many other skills in the mathe-
matics curriculum. We are interested in knowing
whether students can:

• Formulate problems

• Apply a variety of strategies to solve problems

• Solve problems

• Verify and interpret results

• Generalize solutions
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To assess problem solving, we need to go beyond the
open-ended or multiple-choice format of a paper-
and-pencil test. Chapter 4 describes the assessment
process, and many of the points to follow are also
discussed in Chapter 4. We present them briefly
here as well, because it is so important that assess-
ment be considered a vital component of teaching
children to be problem solvers.

It takes a long time to develop problem-solving
skills. Therefore, assessment is a long-term process
that can not be accomplished solely with short-term
measures. It needs to be continuous over the entire
school mathematics program (Charles et al. 1987).

Assessment of problem solving should be based
on your goals, using techniques consistent with
those goals. If the mathematics program encom-
passes the ability to solve both routine and nonrou-
tine problems, then assessment measures must
include both types of problems. If the program in-
cludes emphasis on the process of problem solving,
then assessment measures must incorporate ways of
evaluating children’s use of the process.

As you plan each lesson, consider how you will
determine whether or not its objectives have been
attained. Paper-and-pencil measures have a place in
this type of evaluation. But consider, also, such pro-
cedures as these:

• Presenting students with a problem-solving situ-
ation and observing how they meet it

• Interviewing students

• Having students describe to a group how they
solved a problem

• Having one student teach another how to solve
a problem

You will need to assess as you go along because you
will want to ascertain children’s understanding and
difficulties with understanding, for guidance in de-
veloping the next lesson. Remember that problem
solving cannot be learned in any one lesson. The
process must develop and thus be assessed over time.

Observations
As children work individually or in small groups, you
can move about the room, observing them as they
work, listening as they talk among themselves, mak-
ing notes, questioning, offering suggestions. Focus on
how each goes about the task of solving a problem.
You might want to consider the following points:

• Is there evidence of careful reading of the
problem?

• Do individual children seem to have some means
of beginning to attack a problem?

• Do they apply an appropriate strategy, or do they
simply try to use the last procedure you taught?

• Do they have another strategy to try if the first
one fails?

• How consistent and persistent are they in apply-
ing a strategy?

• Are careless errors being made, and if so, when
and why?

• How long are they willing to keep trying to solve
a problem?

• How well are they concentrating on the task?

• How quickly do they ask for help?

• What strategies does each child use most fre-
quently?

• Do they use manipulative materials? How?

• What do their behaviors and the expressions
on their faces indicate about their interest and
involvement?

Then make a brief note—an anecdotal record—that
describes the situation and the behaviors you have
observed.

Interviews
An interview is an attempt to remove the limita-
tions of writing—your own limitations in develop-
ing a written test item and the child’s in developing
a written answer. An interview lets you delve further
into how a student goes about solving a problem.
You can follow the child’s thought patterns as he or
she describes what is done and why.

Basically, you need to present the student with a
problem; let the student find a solution and describe
what he or she is doing; and question the student,
eliciting specific details on what he or she is doing
and why. Make notes as the student works and talks.
Sometimes it is helpful to have an exact record of
the replies.

You may want to have a student use a tape
recorder when working alone. Or have a group of
students discuss various ways of solving a problem.
You can play the tape back later and analyze stu-
dents’ thinking more carefully and from a different
perspective than if you are involved in the interview.

Inventories and Checklists
An inventory can be used to check on what a stu-
dent knows about problem-solving strategies. You
might give students one or several problems and ask
them to solve each with a specified strategy or to
solve each using two or three specified strategies.
Your aim is to find out whether or not the student
can apply each strategy—not what the answer to the
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problem is. You can also record your observations
on a checklist, which then serves as an inventory.

Paper-and-Pencil Tests
You will also want to use written tests to assess chil-
dren’s ability to solve problems. Make sure that
those you develop follow the guidelines of your
problem-solving program—that is, select good prob-
lems that are interesting and challenging, allow suf-
ficient time for the process, and so on. Of particular
interest are paper-and-pencil tests that assess the
stages of problem solving (see Schoen and Oehmke
1980; Charles et al. 1987).

Evaluation should be an ongoing component of
the problem-solving program. You use it not just to
assess where students are, but also to help you plan
what to do next. If children do not use a strategy
you have taught, you need to consider why, and
then try again. If they try to use a strategy, you have
evidence on how well they use it and whether they
need more practice. Do not let evaluation become
just a recording process. It is a way of helping you
solve the problem of how to teach problem solving
more effectively!

A Glance  at  Where  
We’ve  Been

Learning and doing mathematics involves engaging
in five key processes: problem solving, reasoning
and proof, communication, connections, and repre-
sentations. These processes are inextricably linked
to the mathematics content that students learn
(number, algebra, geometry, data, and measure-
ment). Through the key mathematical processes,
students engage actively in making sense of the
mathematics they are learning.

Problem solving should pervade the mathemat-
ics curriculum. Children need many experiences
with problems that they do not immediately know
how to solve. Moreover, they should be taught to
use a variety of problem-solving strategies, provid-
ing them with a repertoire from which they can
draw. You will need to provide not only a large re-
source of good problems but also enough time for
problem solving. Your instruction must coordinate
textbook materials with the use of calculators and
other technology, as well as large-group, small-
group, and individual work.

An overall strategy for approaching problems is
desirable (understand, plan, carry out, look back),
plus specific strategies that give children ways to
begin to attack a problem. This chapter has described

such strategies, provided sample problems, and dis-
cussed the assessment of problem solving by means
of observations, interviews, inventories, and tests.

Things  to  Do:  
F rom What  You’ve  Read

1. What are the five key mathematical processes de-
scribed in this chapter? For each process, briefly
describe how the classroom snapshot story that
opens this chapter shows children engaging in
that process.

2. Make a list of as many different representations
for the number 75 as you can think of. Compare
your list with the lists of others. You might use
equivalent expressions, models, words, pictures,
and so on. It is a sign of flexibility in thinking to
be able to represent numbers and other mathe-
matical ideas in many different ways.

3. What are the three distinct types of connections
that are important in school mathematics? Give
two examples of each type of connection.

4. Describe why Polya’s four-step plan is inadequate
for helping students become good problem
solvers. Why is it useful?

5. Discuss: We don’t teach textbook word problems
any more because no one has to solve that kind of
problem.

6. Identify levels (such as primary or intermediate)
for problems presented in the chapter.

7. Identify problems in the chapter for which calcu-
lators would be useful. Are there problems for
which having a calculator available would take
away all of the challenge? (These are important
considerations when you are choosing problems
for your class and deciding when students may
and may not use calculators in their problem-
solving efforts.)

8. Answer true or false, then defend your answer: Be-
fore solving a problem, pupils should be required
to draw a picture of it.

9. Solve problems (5), (11), and (38) using two differ-
ent strategies for each.

10. Why isn’t finding the answer the final step in solv-
ing a problem?

Things  to  Do:
Going Beyond Thi s  Book

field Additional activities, suggestions, and
questions are provided in Teaching Elementary
Mathematics: A Resource for Field Experiences.
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1. Read Counting on Frank (Clement 1991). Write a
lesson plan where this book would be read aloud
to Grade 4–6 students as a motivator for some sort
of problem-solving lesson.

2. field Assessing Problem-Solving Strategies. Choose
a problem from this chapter and pose it to two
children. Identify the strategies each child uses,
use the analytic scoring scale in Figure 4–10 to
score their work, and write an evaluation of their
efforts.

3. Start a file with problems from this chapter and
add other problems, especially nonroutine ones.
Many math education Web sites offer long lists of
interesting problems. Categorize the problems in
the way you find most useful.

4. Make up problems using newspaper or magazine
articles or data from reference books (for example,
Guiness Book of Records) or Web sites. Add the prob-
lems to your file.

5. field Mathematical Processes in the Classroom.
Observe an elementary school classroom while
children are engaged in a math lesson or investi-
gation. Make a list of instances in which the chil-
dren show evidence of using one or more of the
five mathematical processes. Tell what the chil-
dren were doing or saying and what tasks were in-
volved. What role did the teacher play?

6. Search textbooks for a particular grade level. Find
at least one problem that could be solved by using
the following strategies: Make a drawing or dia-
gram, act it out, and solve a simpler or similar
problem.

7. Choose a content topic for a particular grade level
(for example, number, geometry, data). Make up
at least one interesting problem for that topic that
can be solved by each of these strategies: Look for
a pattern, make a drawing or diagram, and con-
struct a table.

8. Plan a bulletin board focused on problem solving.

9. Obtain catalogs from software companies; select
promising software to promote problem solving.

10. Check a textbook for a list of the problem-solving
strategies taught. Write an evaluation of it.

11. field What Is “Doing Math”? Talk to one or more
elementary teachers about their vision of what it
means to “do mathematics.” Ask whether they
connect math to other areas of their curriculum
and, if so, how. Write a reflection about how
teachers’ views of mathematics fit (or do not fit)
with a view involving the five mathematical
processes discussed in this chapter.

12. Read O’Brien and Moss (1999). Choose your own
context and problems similar to those used by
these authors with fifth graders (problems with
consistent data and with inconsistent data). If
possible, try these problems with students of a
similar age and analyze how they approach them.
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