Chapter O

0.1

Algebra and Trigonometry Review

Elementary Geometry Formulas  |0.6] Systems of Equations
Algebraof Fractions 0.7 Trigonometry Refresher
Algebra of Exponents

Algebra of Polynomials
Conic Sections 0.9 Mathematical Induction

0.8 Word Problems

SHLL Ll @
o M w NP

ELEMENTARY GEOMETRY FORMULAS ... ..

Time and again in calculus you will need formulas and techniques from elementary
geometry; for your reference we will summarize the most important of these results.
You should memorize these formulas, although most you probably already know.

0.1.1 | Plane GeOMBIIY ...ttt e e e e e e

RA@

. Rectangle with base = b, height =

Area A = bh
Perimeter p = 2b+ 2h




2 Chapter 0 Algebra and Trigonometry Review

li. Paralelogram with base = b, height = h
Area A=Dbh

li. Trapezoid with bases = a, b, height = h
Area A= 3(a+b)h

iv. Triangle with base = b, height = h
Area A= 3bh

v. Circlewithradius=r

Area A= nr?
Circumference C = 2xr

0.1.2 | Solid Geometry

I. Rectangular box with length = a, width = b, height = h

Volume V = abh
Surfacearea S = 2ab 4+ 2ah + 2bh

ii. Cube with side length = a (special case of i)

Volume V = a3
Surfacearea S = 6a?

lii. Right circular cylinder with radius = r, height = h

Volume V = wr2h
Surfacearea S= 2nr2+ 2nrh



Section 0.1 Elementary Geometry Formulas 3

Iv. Right circular cone with radius = r, height h
Volume V = $rr2h
v. Spherewith radius=r

Volume V = %nr:”
Surfacearea S = 4rr?

0.1.3 | Pythagorean Theorem ... e

Suppose A isaright triangle with hypotenuse = h and remaining sides = a, b.
Then
a2 4+ b2 — h2

The importance of this result cannot be overstatatioccurs over and over again in
calculus. You should constantly be on the lookout for this relationship, especialy in
applied problems of a geometric nature.

0.1.4 | Similar Triangles . ...

Suppose A1 and Ao aresimilar triangles (i.e., the three angles of A4 arethe same
as the three angles of A») with corresponding side lengths a1, b1, ¢c1 and az, by, ¢
respectively. Then the corresponding sides are proportional, i.e.,

aa b1 o
a N by N C2

Theimportance of thisresult also cannot be overstated; however, unlikethe Pythagorean
theorem, for which people tend to develop a sharp eye, in applied problems similar

triangle relationships are quite commonly overlooked.
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Example
A 4-foot high fenceis 3 feet away from the side of a building.

A ladder is propped up on the fence with its foot on the ground and its top against
the building side. Express the height h of the top of the ladder as afunction of x, the
distance of the foot of the ladder from the fence.

There are two similar triangles to be used:

X+3

Thus

ALGEBRA OF FRACTIONS ... o e

Many beginning cal culus students are unsure of, or are hesitant in using, the algebraic
rules governing fractions. Proficiency in the use of these rulesis crucial for success
in calculus.

0.2.1 | MUltiplication ... e

Multiplying fractions together is very easy. Simply multiply together the two numer-
ators and then the two denominators:

(6) (@) =5 0

: : C o : :
As a special case, consider afraction g multiplied by an arbitrary number x. Since

<(@)=-0)@ -1

X
X = Iwehave



Section 0.2 Algebra of Fractions 5

: - C : :
so x just multiplies the numerator of g Seldom do people have trouble with multi-
plication of fractions.

Example 1
Combine

(57) (53)

into one fraction.

3+ X 3-x\  B+x@B-x) 9-—x?
<x )'<1+x>_ X(1+X)  x4+x2

0.2.2 | AdAitiON o

Thisis more complicated than multiplication. Consider first the addition of two frac-
tions with the same denominator. The ruleis: add the numeratorstogether, i.e.,

a b a+b
H+H_T (0.2

(This makes sense: two-fifths of a pie plus one-fifth gf api % equals three-fifths of a
pie.) For fractions with different denominators, say — and — we must first alter the
fractions to have acommon denominatosay h = bd. We do this by multiplication:

vs - ()

a d b C
= (5) (a) * (5) (3)
ad bc
bd " bd
ad + bc
bd

We have thus derived the basic addition formula:

§+E_ad+bc
b d  bd

Theformulais easily remembered as “ cross multiplication:”

(0.3)
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%"’Q gives the numerator ad +bc

%:%D gives the denominator bd

IDANGER: | Notice that

a ¢ a+c
— + — doesNOT equal + "

b d b+ d

Memorizerule (0.3) asthough your lifedependsonit.... ‘causein calculusit does.
As a special case, consider a fraction g added to an arbitrary number x. Rule (0.3)

: : - X .
still applies by writing x = T l.e.,

X+c_x+c_xd+c
d 1 d d
Example 2
. h+3 h . .
Combine 1 h + 1h Into one fraction.
h+3+ h B (h+3)(1+h)+ (1—-h)h
1-h 1+h (1—h)1+h)
_ h®+4h4+3+h—h?
N 1 — h?
B 5h +3
~ 1—h2
Example 3

. X+2h . .
Combine + + 2 into one fraction.

X —h
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x+2h_’_2 B x+2h+2
X —h ~ x—-h 1
_ (X+2h) +2(x — h)
B X —h
B 3X
~ x—nh

In (0.3) we used the denominator h = bd becauseit wasacommon denom-
inator for botha/b and c/d ; however, in many situations, a smaller common de-
nominator will exist, and computations will be greatly simplified if it isused in
conjunction with (0.2). The following is a good example.

Example 4
Combine
3 — 2x? X+ 1
473(x + 3)3(x — 1)? T 223(x +3)3(x — 1)

We could use (0.3) with common denominator
h=82x+3°%x—1)3..

but that would be very silly when we notice that the first denominator is merely 2(x —
1) times the second. We can, instead, give both fractions a common denominator by

multiplying the second fraction by %&:B , aSwe now show:

3 — 2x2 N X+ 1 2(x — 1)
483(x +3)3(x — 12 ' 223(x +3)3(x—1) 2(x—1)

3—2x?2 N 2(X + 1)(x — 1)
4723(x + 3)3(x — 12 4z3(x + 3)3(x — 1)2
(3—2x2) + (2x2 - 2)

473(x + 3)3(x — 1)2
1

473(x 4 3)3(x — 1)?
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0.2.3 | SUDLraCtioN ...

If you know how to add fractions then you know how to subtract them; the “trick” is
cy..  —C

to convert — <a> into — asfollows:

d
a ¢ a N —C
b d b d
_ad+b(-c) ad-bc
- bd "~ bd
Thus our subtraction formula:
a ¢ ad-Dbc
b d  bd 04
Example 5
Combine X—y Xty into one fraction.
X+y X-—Y

X=y X+y X=YX-y) - X+Y)X+Y)

X+y X-=Yy X+y)X—Y)
L (E—2Xy +YP) — (X2 2Xy + YD)
- X2 — y2
—4xy 4xy

X2 _y2  y2_x2

0.2.4 1 DIVISION .t e

Hereisthe big pitfall. People are often very careless with division of fractions, and
consequently make horrendous errorsin calculus problems. Go over theserulescare-
fully.

Consider the division of g by g The“trick” isto remember that

c d c
- —=—=1.
d ¢ «cd
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Thus

_ pe _ ad
1 bc
Our basic division formulaisthus
(%) ad
/cy — bc (0.5)
()
Theformulais easily remembered by “swinging arcs.”
a a
%> gives the numerator ad %‘> gives the denominator bc
d d

The formula can also be remembered by “invert the denominator, then multiply,”
e,
a c _ad ad

b d b c bc
All fraction divisions can be handled by rule (0.5); however, it is easy to be care-
lessin applying the formulain “less obvious’ situations. For example, people tend to
confuse the two expressions

. (r ,

unequal
expressions

Z_(%)_g_cgd
R oY T b
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Theseformulas are common enough to be highlighted; keep in mind, however, that
they are still just subcases of rule (0.5):

(?) _ 4
3 =dh (0.6)
a a 1
|e,ﬁfdzﬁ'a
@‘3:% (0.7)
I.e a'h—ad
"7 d T h
Example 6

(n+ 1)(x — H+?

n
nx — 1"

n—1

Simplify the expression

(n+ 1)(x — H+1

n _ (n=D1(n+DH(x— "+
n(x — " N n2(x — 1N
n—1
_ (M -D(x-1
— >
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@) a 07 - a ad
06 @~ =— R,
d dh ()
EXER CISES .. e

12 4 6x+1+x—1
"3 X "x—1 x+1
2
1 _c
2.3(a+1)—|—a_ , __h_z +2
(Ll) "h+1 h
X+
3. 1
3 + 1 1
4_L+1 8X+1 X
(5) on
3
5 3x2 X+ 2 X+1 10
5. + + 9. Solvefor Xx: * — =
3(a+D2(x—1)2 (@a+1)23x -1 X—3 x+3
2xX — 12 4x 4+ 3 X -1
1. 3. 5.
3x 3X + 3 3@+ 1)2(x — 1)2
2 4x + 1
2.aJr-5 4.x+
3a—3 X+1
6.
x+1 x=1 _ (X + 12+ (x — 1)?
x—1 x4+1  (xX=D1D(x+12
B X2 12X+ 14 x2—2x+1
B x2 -1
2x2 + 2

X2 —1
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7.
—2 —2
("h_ 2 (m—)hﬂLZ(thl) —2+2h+2
ht1"h = (h+Dh os (h+Dh
2h 2
~ (h+Dh h+1
8.
Lot ()
h o4 h ~ X(X+ Dh
1
B _x(x+1)
9.
x+l_ 10 _ 1
X—3 X+3
X+ DX+ 3) —10(x — 3) _ 4
X —3)(X+3) 0.4
X?+4x+3-10x+30 _
x2 -9 7
X2 —6x+33 = x2-9
—6Xx+42 = 0
X 7

ALGEBRA OF EXPONENTS ... o e
The rules governing exponents are crucial for calculus and its applications, and yet
many cal culus students are unsure of them. What followsis abrief description of the
algebraof exponents. The examples and exerciseswhich we present are similar to the
more difficult problems you will seein calculus.

Supposeaisany positivereal number, andr isany rational number,i.e.,r = m/n,
the quotient of two integers m and n, where n = 0. We wish to recall the definition
of a', read “a raised to ther -th power.” We do thisin the following stages:



Section 0.3 Algebra of Exponents 13

0.3.1 | What You Should Already KNOW ... e
Suppose n is a positive integer. Then a" issimply n copies of a multiplied together,
e,

n

a'=a-a-...-a-a

n copies of a

Examples:

3\ 33 9
28-2.2.2=8 () =2.2==,
4 4 4 16

Also recall that any number raised to the “zero-th” power isdefinedto be 1, i.e,,

ad = 1.
Examples:
0
P=1 =1 (}) =1

You are probably also comfortable with the “n-th root” of a positive number a: it is
that positive real number al/"(also written J/a) which, when raised to the n-th power,
givesback a, i.e.,

@/")" =a
In particular:

(al/ 2)2 = a, (al/ 3)3 —a.

Asan example, 81/3 isthat positive nmber which, when raised to the 3rd power, gives
8. Since 23 = 8, then 2 is the number we are looking for, i.e., 81/3 = 2.

0.3.2 | What You Might Have Forgotten ... ... ... . e

We are ready for the major definition: what isa™ ", where m and n are any two pos-
itive integers? Well, we know how to define the n-th root of a (from previous para-
graph) and we know how to raise any number to the m-th power; thus the expression
(/™)™ makes sense. Thisis our definition for a™", i.e,,
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BISSINARIOINE  Supposea isany positivereal number, and m, n areany positive
integers. Then

am/n _ (al/n>m

Examples of this definition are
82/3 _ (81/3)2 _2_y4
3
23/2 — (21/2) =V2.v2.V2=2V2
3/4 1/473 3
1 1 1 1
)" =[] =14
This definition alows us to raise any positive real number a (the “base’) to any

non-negative rational power r = m/n (the “exponent”). To allow negative rational
powers we use the familar “invert the base’ rule:

r
a'=(1) =4 (0.8)
As examples of thisrule,
g-2/3 21 _1
82/3 4
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0.3.3| Rules of Exponent Algebra ........ ...
IMEMORIZE CAREFULLY!|

Addition and subtraction of exponents

r
ats—alaSanda S = o — !
aS aS—r

(0.9)

Examples:

21—H' — 2(2)I’

qien _ A2 2

yilg qr
Multiplication and division of exponents

aI‘S — (ar)s — (as)r
and (0.10)
ar/s — (al/S)r — (al‘)l/S

Examples:
22[‘ — (22)r — 4!’
—r 1
—r/3 _ (ql/3 _ o _ =
8P =(8%) =27 =2
Multiplication and division of bases

r
(ab)’ = a'bf and (2)" = % (0.11)

Examples:

(da)l/2 = 4112312 _ 2 /3

(a—2> N G R

8 8/3 4
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NON-FORMULAS
Addition and subtraction of bases

(@a+b)f =?and (a—h)" =72 (0.12)

Thereare NO simple formulasin these cases. For instance, (a+b)" doesNOT equal
a" +b". This represents a very common error, so be carefiibhere are a number of
observations to be made here.

1. Memorizing these rules is not difficult if you keep in mind the integer exponent
case. For example, suppose you need to simplify (C*’J*l)r_1 but cannot recall if

the rule for (a")® isa"S or a" +S. Then check the formulas in a simple case, say
witha=3,r =2,ands= 3:

3
@)P°=(3)"=9 =729 | coyaL
as_2I_g 79[ 2

ar-l—s — 32+3 — 35 — 243
This should pretty quickly make you remember (a")° = a"S. Thus

(3r+1)r_1 _ gD -1 _ g2l

2. Although a" has only been defined for a a positive real number, in some cases
a' does make sense when a is negative. For example, (—2)3 = —8, and thus
(—8)1/3 = —2. On the other hand, (—8)1/2 is not defined (unless we allow our-
selves to use complex numbers). In general, a™ ™ will be defined for negative a
If nisan odd integer, but not if nisan eveninteger. For these reasons (and others)
rules 0.9, 0.10, 0.11 are not always valid for negative bases and must be handled
with care! Asan example, when a is negative (say a = —2) itis NOT true that

(az)l/2 = a2¥/2 = a; instead (az)l/2 = — a. See Examples 5 and 6 below.
3. A mgjor goal of calculusisto define a" for r any real number, not just forr a

rational number. Thisisdonein Chapter 7 of thetext. It isthen amazing but true
that all therules 0.8, 0.9, 0.10, 0.11 remain valid.

4. Rule (0.8) is quite useful in alowing us to eliminate negative exponentsin frac-
tions. Observe its use in the following simplification:

X+23x =23  (x—23(x% — 4?2
x>—4=2 08  (x+23
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where the terms with negative exponents have “ switched” between the numerator
and denominator

L (x—23((x — 2)(x + 2))?
a (X + 2)3

(by factoring (x2 — 4))
L (x=23(x — 2%(x + 2)2
0.11 (X + 2)3

_ (x=2°(x+2)?

0.9 (X + 2)3

(by combining the two (x — 2) terms)
(X —2)°
T (X+2)

(by cancelling (x 4 2)2 from both the numerator and the denominator)

n-th Roots An important special case of exponents occurs whenr = 1/nforn a
positive integer. In that case we often will use the notation

al/" = Va,
and refer to J/a asthe n-th root of a. (When n = 2 we simply write,/a in place
of Ja.)
From its definition the basic formulas

(Va)"=Vah=a (0.13)

easily follow for any positive real number a.
All therules 0.8, 0.9, 0.10, 0.11 are of coursevalid for J/a; it is, however, instruc-

tive to write 0.11 down in the n-th root notation:
Yab= YaYband j/2 = % (0.14)

It isalso useful to emphasize again the lack of any “0.12 rules,” i.e., thereare NO
simple formulas for

Ja+bor<a—b

Don’t dream anything up for these expressions!
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0.3.4 | Numerous EXamples . ...

Example 1
X(X + D3 — (x + 1)#/3
x2 -1

Simplify

Using4/3 =1+ (1/3), 0.9 alows usto rewrite our expression as
XX+ D3 — x+ Dx+ DY x+ DY3x - (x+ 1)
x2—1 - X+ 1D(x—1)
by factoring (x 4+ 1)1/3 from both termsin the numerator
(x+ D3(-1)
0.9 (x + DI3(x + 1)2/3(x — 1)

sincel/3+2/3=1,
1
T X+ 12Bx - 1)
by cancelling (x + 1)1/3 from both the numerator and the denominator.

Example 2
(x —2)"13 4 (x —2)%/3
x—1

Simplify

Thisisafairly common type of expression. Asin the previous example we have the
same base raised to different fractional powers. In general the way to proceed is to
factor out the lowest fractional power—in this case (x — 2) ~1/3—from both termsin
the numerator:

x—2"+x-222 x-27V3 4+ x-27V3x - 2)?!

x—1 0.9 Xx—1
since2/3=-1/3+1

. 2)_1/3[1 + (X —2)]
x—1
by factoring (x — 2)~1/3 from both termsin the numerator

1 x—1\ 1
T x=23 \x-1) " Ix—-2

= (
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Example 3

Simplify v/8a(x — h)4 + 2a?h¥/x — h.

The trick in this type of an expression is to “pull” as much out of the cube root as
possible. We start by examining the first term:

Yo 6y _ V4 — 93336 (v _ h4
\/8a(x h) 034\5\/;,/@ h)

_ 2a8/3(x — hy4/3
0.13

= 2a%(x — h)¥/x —h

since4/3=1+1/3,
Thus our full expression becomes
\3/8a6(x —h)4+22%hIx —h = 2a%(x — h)¥/x — h+ 2ahJx — h
= 2a%YX = h[((x — h)) + h]
by factoring 2a2¥/x — h from both terms,

— 2a%xJ/X — h
Example 4
Remove all square roots from the denominator of
h
VX +h—x

We must rationalize the denominator. Thisisdoneby using avariant of the difference
of squares law:

(Ve —Vd)(WVe+Vd) = (VO - (Vd)?

= c—d
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(Theterms \/c+ +/d and ./c — /d are called algebraic conjugates of each other.)
In the case at hand we have

h B h VX+h+ X
VXFh—yX  x+h-Xx ¢Y¥_+vr
h(v/X +h + /X)
- (X +h) —x
_ h(IX+h+ %)
h
= X+ h+ X

NOTE: This same technique can be used to rationalize the numerator of afraction.
You are asked to do thisin Exercise 6.

Example 5
Isit always true that va2 = a?

Answer. No. The equation istrue only when a is positive. In general the correct for-

mulais
va? = |a

(Recall that the absolute value of a, written |a|, is defined to be the distance of a
to zero, or intuitively, the“positive’ part of a, e.q., |3.2] = 3.2, |—4| = 4). Many
calculus errors are made by forgetting these absol ute value signs!

Example 6
Determine all x values for which

JX—12=1

From the previous example we know our equation is equivalent to
IX—1 =1

Thusx —1=1orx—1= —1. Hencex = 0or 2.
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SumMmMaAry Of RUIES ..

Supposea > Oand b > 0. Then:

1
08 a ' =—
ar
a 1
09 atS=agaSanda’ S= — =
aS aS—r

0.10 a'sS = (ar)s _ (as)r anda'/s = (al/S)r _ (ar)l/s

I _ AR/ E ' — a_r

0.11 (ab)! =a'b' and (b) = o
013 (va)"=aand Va" =a

0.14 Jab = {‘/EQ/Eand\/?: va

: b~ b

EXERCISES ... i

Simplify each of the following expressions. These are complicated, so don’t get dis-
couraged if each one takes some time to solve!

1 [(x+ 1)~ V6] — (x + 1)1/2

) Xx+h\"?%  x+h

“\x—h Y2 _ h2
23\ 2

()" 3

a—1

(8a3b—1/2x)2/3
a3 (b2)M° (4a—4x1/3)1/?
. Ja+b+J/a—-b
Jatb-—+Ja—-b

VX+h+3—x+3
' h

(Rationalize the denominator)

6 (Rationalize the numerator)
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(with some intermediate steps provided)
1. x+1) V2 x4+ V2

X
= x4+ Y [1-(x+1]=—
) (x—h)2/3 X+ h
“\x+h (X + h)1/3(x — h)1/3
_ 12/3-1/3
x—h S—H

T (X + h)2/3+L/3-1

2.3/2  2.1/2
34 34

a—1

= —a — | = —a
3 (a—l) 3

4a2b—1/3y2/3

2-342,2-1
_2a : 1X3 Gzéﬁ
b§+§ b
Ja+b+Ja—-b Jatb++a—b
Ja+tb—-+va-b Jat+b+va—-b

_(@a+b+2/a2-b?+@—-b) a+yaZ-b?

(@a+b)—(a—b b
5 VX+h+3-VXx+3 x+h+3+Vx+3
' h VX+h4+34+x+3
X+h+3) —(XxX+3 1

B h(VX+h+3+ /X +3) :«/x+h+3+«/x—|—3
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ALGEBRA OF POLYNOMIALS . ... e

Most cal culus students are comfortable with the multiplication of simple expressions,
eg.,

0.4.1| Multiplication

(a+b) (c+d)=ac +ad+bc+hbd
|\

For multiplication of longer expressions a person can always resort, if confused,
to “long multiplication,” aswe now illustrate.

Example 1

Multiply 3x + 4y — 1 by x — 2y + 2.

A “long multiplication” would be written out as follows

3r+4y—1

x—2y+2
6x + 8y _ 2 « first expression
multiplied by 2

—6xy — 8y? + 2y « first expression
multiplied by —2y
322 + 4xy —x «— first expression

, , multiplied by x
3r —2xy — 8y + 5x + 10y — 2 « adding the previous
three lines gives
the answer.

The procedure is just that of ordinary multiplication of numbers; the only differ-
ence isin the placement of “like terms’ underneath each other to aid in the final ad-
dition.

Certain combinations of terms appear so often that you are well-advised to mem-
orize them:

(@a+ba-h) = a?—b?
(@a+b)2 = a+ 2ab+ b?
(@a+b)3 = a®+ 3a%b+ 3ab?+ b3
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The second and third of these equations are special cases of the binomial formula:

@+b" = a"+ <:>a”‘1b + (g)a“‘zb2 4.

--+( " )azb”‘2+< " >ab”‘1—|—b”
n—2 n—1

The symbol (;;) isread “n choose k” and is defined by

n\ n!
(k) ~ kI(n = k)!

where m! (read “m factorial”) is defined to be
o=1

m=1.2-3...-(m-=1) -mform=1,2,3, ...

[m]
Example 2
Expand (x 4+ 2)* by the binomial formula.
4 4 4
X+ 2% = x4+(1)x3-21+(2>x2-22+(3)x1-23+24
— x*+4.x3.246-x2.44+4.x-8+16
I T L SURE. IR
-y T a T
— x4+ 8x3 + 24x% + 32x + 16.
[m]

0.4.2] DIVISION .ttt e e

Thedivision of one algebraic expression by another frequently gives peopledifficulty.
However, thetechnique of “long division” isquiteimportant andissimilar to the usual
“long division” of decimal numbers.

Example 3
Dividex3 + x2+ x —3by x — 1.
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We'll go through this division very slowly to see precisely what is happening. We
start by arranging the divisor (x — 1) and the dividend (x3 + x2 + x — 3) in the usual
way

Xx—1[x3+x2+x—3
Notice that both terms are written with the powers of x in descending order (i.e.,
X3+ x2 4 x — 3, not X + x3 — 3+ x2).
1. Take the first term (x) in the divisor and divide it into the first term (x3) in the

dividend:; the result is x2, which we write above the x3 as shown

X2

X—1 [x34+x2+x—3

Now multiply the divisor (x — 1) by x2, place the result (x3 — x2) under the
dividend (with correct positioning of powers of x), and subtract

«2
X—1 [x34+%x2+x—3
x3 — x2
2x2 +x — 3

2. The bottom term so obtained will be referred to as the “new dividend.” We op-
erate on it just aswe did on the original dividend: dividethe x in the divisor into
the 2x2 of the new dividend, and place the resulting 2x above the division sign as

shown;
X2 + 2%
X—1 [x3+%x2+x—3
x3 — x2
2x% 4+ x — 3

Then multiply the divisor (x — 1) by 2x, place the result (2x2 — 2x) under the
new dividend, and subtract

X2 4 2x
X—1 [x34+x2+x—3
x3 — x?2
2x2 +x — 3
2x2 — 2x

33X —3
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3. Thebottom line so obtained isan “even newer dividend”! and we' re sureyou can
guesswhat todowithit! Butif you' restill not sure: dividethe x inthedivisor into
the 3x of the “even newer dividend,” and place the resulting 3 above the division
sign. Then multiply thedivisor (x—1) by 3, and subtract theresult from the* even
newer dividend”

X2 + 2% +3
X—1 [x34+%x2+x—3
x3 — x2
2%2 +x — 3
2x2 — 2x
33X —3
33X —3

0

In this example we were lucky: we obtained a zero remainder in our subtraction,
and thus our division is done. The result isthat x3 + x2 + x — 3, when divided by
X — 1, yieldsx2 + 2x + 3, i.e,, x — 1 divides x3 + x2 + x — 3“evenly” and

x3 4+ x24+x—3
Xx—1

:x2+2x+3

Example 4

Divide x3 + 2x2 + 3x + 2 by x2 + 1.

Again we set up the divisor and dividend with the terms in decreasing powers of x.

x2+1[x3+2x2+3x + 2

i. Divide x2into x2 to get x; multiply x2 + 1 by x and (with correct positioning of
powers of x) subtract the result from the dividend:

X
X241 | x34+2x24+3x +2
x3 + X

2X2 4+ 2% + 2
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Divide x2 into 2x2 to obtain 2; multiply x2+ 1 by 2 and subtract the result of the
“new dividend.”
X+ 2
X2+1 [x3+2x2+3x+2
x3 + X
2X2 4+ 2x 4+ 2
2x? +2
+2X

Ahh. .. now we have a mgjor difference from Example 3. We cannot obtain a
positive power of x by dividing x2 into 2x. Thus our division is finished, but we
did not end up with a zero remainder—we have a remainder of 2x (i.e, x2 + 1
does not divide x3 + 2x2 + 3x + 2 “evenly”). To see what we do with it, consider
an ordinary division:

16

7[115

70

45

42

3

Thisyields

115 3

— =16 i

7 + 7
We treat our remainder term in the same way as in this numerical example, i.e.,
our division computation yields
X3+ 2X2+3x+2 2X

=X+2+
X2+ 1 X2+ 1

To check the accuracy of this answer combine the terms on the right-hand side of
the equation (Rule (0.3), Companion Section 0.2) to obtain

2X (X 4 2)(X2 + 1) + 2x
x+2+x2+1 = 211
(X3 + 2X2 + X + 2) + 2
B X241
X3 4 2x2 + 3X + 2

X2+ 1
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The last fraction is what we started with, and so our answer checks out as correct.

Example 5

Divide2t? —t +t3byt +1

Without the running commentary the solution would look like this

t24+t—2
t+1[t3+2t2 ¢
34 t2
t2 —t
t2 4+t
—2t
—2t -2
+2
Thus
322 -t
t+1 UHt-2+

0.4.3] Polynomials ...
A polynomial in x is simply an addition of non-negative integer powers of x multi-
plied by constants. Six examples of polynomials are

X215x—3 /2x4+5 x3

N
X
|
NI

x84 2 3
Three examples of non-polynomials are
X2+ X (X = xY2isanon-integer power ofx),
3+1/x  (1/x = x~lisanegative power ofx),
x3 +sinx (sinx isnot a powerof X)

The general expression for any polynomial in x is

n—1

p(X) = anx" +ap_1x"""+ - +ax +ag
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where an, an_1. .. , a1 and ag are simply constants, called the coefficientsof p(x).
Polynomials are the most elementary functions of asingle variable; one major goal of
calculusis to “approximate” other functions by polynomials (Taylor series, as done
in Chapter 11).

The degreeof apolynomial isthe highest power of x which it contains. For exam-
ple, x4 — 1isof degree 4, while v/3is of degree 0. Polynomials of low degrees have
special names

degree form name

0 a constant
linear term

1 ax+b aga a7_té Ot)
uadratic term

2 ax?+ bx + ¢ . (g #to)
cubic term

3 |ax®+bx?4+cx+d @0

The multiplication of two polynomials will alwaysyield a polynomial. For example,

(ax + b)(cx + d) = acx? + (ad + bc)x + bd,

(x2—x)(3x3—x2—|—1)=3x5—4x4—|—x3+x2—x

Such computationsare easily carried out by “long multiplication” asdiscussed ear-
lier; however, for most calculus applications, the reverse procedure of factoring is
much more important.

0.4.4] Factoring

Tofactor apolynomial meansto break it downinto aproduct of polynomialsof smaller
degree. Examples of factored polynomials are as follows:

224 x—1 = 2x—-1D(xX+1)
X2 —2 = (X=+2)(x+ 2

17 , 5
2x3 — 3x2 — X 2= (X=X - D(x+2/3)

x3—1=(x—1)(x2+x+l)
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Factoring a polynomial is not always a pleasant or easy operation, but it isimpor-
tant. We will thus study the procedure in some depth, first for quadratic terms, and
then for general polynomials.

0.4.5] Factoring QuadratiC TeIMS . ... e et

Sometimes the factorization of a quadratic term can be arrived at “by inspection,” as
the following example illustrates.

Example 6

Factor the quadratic term 2x2 + x — 6.

If we assume that 2x2 + x — 6 factorsinto linear termswith integer coefficients, then
we would have

2x2—|—x—6=(2x+a)(x-|—b)

where 2x and x are necessary to obtain the 2x2 term, and a and b are two integers
which need to be determined. Multiplying out the right-hand side of this equation
shows

2x% + X — 6 = 2x% + (a + 2b)X + ab

and thuswe must choosea and b so that ab = —6and a+2b = 1. Thefirst condition
gives you asmall number of (integer) possibilitiesto test, i.e., those pairs of integers
whose product is the constant term —6:

al|l 1/-1| 2|-2,-6| 6|-3| 3
b|-6| 6/-3| 3| 1|-1| 2|-2

However, only a = —3, b = 2 satisfy the second condition, i.e., a+ 2b = 1. Thus
2x2 4+ x — 6= (2x — 3)(X + 2).

[m]

Factorization of polynomialsisrelated to the roots of polynomials: anumberr is
aroot of p(x) if p(r) = 0. If aquadratic term can be factored as follows:

p(x) =ax?+bx+c=ax —ry) (X —ro) (0.15)

then quiteclearly p(r1) = p(ro) = 0, sothatrq andro arerootsof p(x). Surprisingly,
the converse of this statement is also true: if r; and ro are the roots of ax? + bx + c,
then Equation (0.15) must hold true. Thus, factoring a quadratic termis equivalent
to finding itsroots. Thisis fortunately made easy by the:
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The Quadratic Formula

Therootsrq and ro of the quadratic term
ax? + bx + c @a#0
are equal to

—b+ +/b? — 4ac
2a '

Thus our two rootsrq and ro are given by
—b + Vb2 — 4ac —b — Vb2 — 4ac
= andro =
2a 2a
and, when combined with Equation (0.15), show that any quadratic term can be fac-

tored as follows:
—b+\/b2—4ac)< —b—\/b2—4ac>
2a 2a

ax2+bx+c=a(x— X —

r

If you take amoment and multiply out the right-hand side of thisequation, you will
indeed obtain ax2 + bx + ¢ as claimed (this actually proves both Equation (0.15) and
the quadratic formula).

Example 7
Factor the quadratic term 3x2 — 5x + 1.

According to the quadratic formula, the roots are

5++25-12 5++/13
6 6

Thus

1 — V1
3x2—5x+1=3<x—5+6\/—3> (x—5 6\/—3>
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You can always check a factorization by multiplying the terms out to see if you
obtain what you started with. In this example a check would go as follows:

(o225 (-2 - o) ey )
", 10 6 25—12]

= 3| X°— —X+

I 6 36
[ 5 1
= 3| x> —Ix+=
N 3}
= 3x?—5x+1
as desired. [m]
Example 8
Factor the quadratic term x2 — 2x + 2.
Therootsare
2+v4—-8 .
— 5 =141,

wherei isthe “imaginary” number /—1.

Thusx? —2x+2 = (X—1—1i)(Xx—1+1i). Whilethisisaperfectly correct factor-
ization using complex numbers (i.e., numbers containing i), it is not a factorization
using only real numbers. Since in elementary calculus we do not wish to deal with
complex numbers, aquadratic such as x2 — 2x + 2 which does not factor into real lin-
ear terms will be called an irreducible quadratic term. We will not use the complex
factorization of such aterm. [m]

0.4.6] Factoring General Polynomials ............ i e

It is atheorem of algebrathat any polynomial can be factored into real linear and ir-
reducible quadratic terms. It is, however, entirely another matter to actually deter-
minewhat thesefactorsare! (Thisisnot an uncommon situation in mathematics. Fre-
quently, we can prove that something exists, but we do not have an effective, surefire
way to compute what that “something” is.) Generaly the factorization (when com-
putable!) is done in stages. a given polynomial is factored into the product of two
lower degree polynomials, each of whichisthen further factored. . ., etc.,. .. until you
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can go no farther. Many times the start of such a procedure is “by inspection,” i.e.,
there are certain commonly occurring factorizationswhich aperson should remember.
The most important of these are as follows:

a?—b2=(a—bh)y@@a+h) (0.16)
a3 — b3 = (a—b)(@2+ ab + b?) (0.17)
a®+b3=(@+h)@2-ab+b? (0.18)

Example 9
Factor the cubic term 8x3 — 27.

You should recognize this term as a difference of cubes, i.e,,
8x3 — 27 = (2x)° - 3
Thus 0.17 appliesto give
8x3 — 27 = (2x — 3)(4x% + 6x + 9)

Sincethe quadratic formulashowsthat the quadratic term 4x2+6x+9isirreducible—
I.e., it has complex roots because

Vb2 — 4ac = /36 — 144 = /—108 = i+/108

—we have obtained as complete a factorization as is possible. [m]

Example 10
Factor the 5! degree polynomial x° — 16x.

If apolynomial in x has no constant term, then you have onefactor for free(!), namely
“X". Thus

x(x4 — 16)
= x((x?)2 - 4%

x° — 16X

adifference of squares!,

= x(x2 — 4 (x> + &)
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by 0.16,
= X(X — 2)(X + 2)(X2 + 4)

[m]

Equations (0.16), (0.17), (0.18), are ssimply specific cases of the following general
rules:
For any positive integer n,
a"-b"=@-b)(a"t+a"%+...+ab" 2+ p" 1) (0.19)
For any odd positive integer m,
a"+bM=(@+b)(am™t-a"?b4...—apbM 24 pM1) (0.20)

Memorizing these rules is probably not necessary, but at |east knowing that (a — b)
isalways afactor of a" — b" and (a + b) isaways afactor of a™ 4 b™ (m odd) can
be useful.

When faced with afactoring problem to which (0.16)-(0.20) do not apply (acom-
mon occurrence. . . ), one generally attempts to use the following result:

The Factor Theorem

The linear term x — r isafactor of apolynomial p(x)
if and only if r isaroot of p(x),i.e., p(r) = 0.

Thisis very much like the quadratic situation which we discussed earlier. How-
ever... unlike the quadratic case, there is no simple formula which gives the roots
of apolynomial of degree greater than 2. We are thus again reduced to “inspection”
methods for finding roots for polynomials.

Example 11
Factor the 3rd degree polynomial x3 — 5x2 + 6x — 2.

If you try some small integer values for x you will find that x = 1isaroot of p(x)
and hence x — 1 isafactor (we will give below a good method for “guessing” at the
roots of a polynomial). The other factor is now obtained by long division:
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X2 — 4X + 2
X —1|x3 —5x2 4+ 6x — 2
x3 — x2
—4X% 4+ 6x — 2
—4x2 + 4x
2X — 2

Thus x3 —5x2+6x — 2 = (x — 1)(x2 — 4x + 2). Theroots of the quadratic factor
are now found to be

A+ J16—8
5 =242

Thus x3 — 5x2 + 6x — 2
=X -DX—-2-vV2(x-2+2)

Finding the exact roots of an arbitrary polynomial can oftentimes be impossible;
numerical approximationsviaacomputer or hand calculator arethen called for. How-
ever, many situations are helped along by the following result:

The Rational Root Test

Suppose p(x) = anX" + an_1x" 1 + .- +ax + ag isapolyno-
mial with integer coefficients, andr = p/q isarationa number
where p/q is expressed in lowest terms. Thenr = p/q can bea
root of p(x) only if p divides the constant term ag and g divides
the “leading coefficient” ap.

Notice that thisonly says“r = p/q canbearoot!” it doesnotsay “r = p/gisa
root!”

Example 12
Factor the 3rd degree polynomial 3x3 — 8x12 + x + 2.

Suppose this polynomia hasarational rootr = p/q; then p and q are integers such
that p divides2 and q divides 3, i.e., the possibilities are

p=41+2, q==+1,+£3
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Hence there are atotal of eight possible rational roots:
+1, +2, +£1/3, +2/3

By plugging these into the polynomial wefind that only r = 2/3 actually isaroot.
Thus x — 2/3 isafactor, and long division produces

3x3 — 8X2 4+ X + 2 = 3(X — 2/3) (X% — 2x — 1)
The roots of the quadratic factor are now found to be 1 + /2. Thus

3x3—8x2+x+2=3(x—2/3)(x—1—f2) (x—l+«/§>

Completing the SQUArE ... e e e

With quadratic terms (especially irreducible terms) it is often important to complete
the square Here is how this works on a quadratic term whose x2 coefficient is 1.

b\2 [/Db\?
x2+bx+C=x2+bx+(§) —(§> +c

~-
*k

* add in and subtract out the square of one half the x-coefficient:
b\? b?
= -] ——+c¢C
(x+ 2) a_
Example 13

Complete the square in x2 + 3x + 4.

3\? [3\?
X2 4+3x+4 = x2+3x+(—> —(—) +4

Example 14
Complete the squarein 3x2 — 2x + 1.
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If the x2 coefficient is not 1, then first factor this coefficient out of the whole expres-

sion.
X2 —2x+1 = 3:x2—§x+%]
= 3 x2—§x+(—%
-3 (x-3) "+

[m]

Although the usefulness of this operation may not be immediately apparent, its
value liesin “eliminating” the x term (i.e., X to the first power). See, for example,
Section 9.4 in Anton. Also seeits usein Section 0.5 (Conic Sections) of The Com-

panion.

EXERCISES
1. Multiply the following expressions.

(a) <%x + 4y> (%x —3y+ 1)
(b) 2x+a)(ax — 1)(2x — a)
(©) (2x + 1)*

2. Divide the following expressions.

2x3 — x% — 3x + 14
X+ 2
X3+ £
2x — 1
© x4+ x3+1
X2 —2
3. Factor the following polynomials.

(8 3x2 + 11x — 4

(@

(b)
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(b) 2x2 +2x — 1

(€) 2x?+2x + 1

(d) x* — 8x

() 2x3 —4x%2+3x—1

(f) 10x* + 41x3 + 12x% — 7x — 2

4. Complete the square in 3(a), 3(b), 3(c).

1(a) $x%+ §x — 12y2 + 4y
(b) 4ax® — 4x2 — ax + a2
(c) 16x* + 32x3 + 24x%2 + 8x + 1
2(a) 2x2 —5x + 7
() 3x°+ Ix+ 1+ 51
2 2X+9
(© 2x*+x+ 4+ 25
3@ Bx—1(x+4
(b) 2(x+3 - $v3) (x + 3+ 33)
(c) 2x2 + 2x + 1 (irreducible quadratic term)
(d) X(x — 2) (X2 + 2x + 4)
(€ (x —1) (2x2 — 2x + 1)
(f) Method:

(2X 4+ 1)(5x — 2) (x+2—

\/§> (X—I—Z-i—\/:_’))

The only possible rational roots for the original polynomial are

1 2 1 1
+2, +1, +1, +2, +1 +1

Running down through the list in the order given will findr = —% as the

first of these numbers which isaroot. Hence x + % will be afactor, but for
conveniencewe use 2x + 1. (If ax + b isafactor of agiven polynomia p(x),

then any constant multiple of ax + bisal
yields

5x3 + 18x2 —

so afactor of p(x). Long division

3X — 2.
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Continuing through our list of possible roots will also yieldr + % as aroot.
Hence x — % will be afactor, but again for convenience we use 5x — 2. Long
division yields x2 + 4x + 1, to which the quadratic formula applies, giving
our final answer.

11\2 169

4 =) _ ==

a)3(x+6) B
1\?%? 3
b) 2 -) ==
) (x+2) >
1N\?% 1
C) 2 — —
) <x+2> +2

CONIC SECTIONS .. e

In this section we review the most basic properties of the four conic section curves:
the circle, ellipse, parabolaand hyperbola. They are known as conic sections because
they can all be obtained by dlicing aconewith aplane. Picturesof such slicesaregiven
in Anton’s Figure 12.4.1. A much more detailed and sophisticated study of conic sec-
tionsis undertaken in Chapter 12 of Anton.

ThEe Parabola . ..o e e e e

First consider the simplest equation of a conic section:

y = X
Its graph is an upward-turning parabola with vertex at (0, 0). Multiplying x2 by a
non-zero constant o will only change the flatness or steepness of the curve and, inthe
case of negative «, will make the curve turn downward.
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(o + h,yo + k)

Then the following are equivalent statements:

I. (Xo, Yo) liesonthe curve A

i. yo = f(Xo)

li. (Yo+ k) —k= f((xg+h)—h)

IV. (Xo+ h, yo+ k) liesonthe curve B

Thus curve B is obtained by moving curve A to the right by h units and up by k
units, as the translation principles claim.

Example 1

Sketch the graph of y — 1 = 3(x — 2)2.

We have only to trandate thegraph of y = %xz upby k = 1andtotherightby h = 2

units.

Example 2

\

Sketch the graph of y = —2x2 — 4x.
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We must first put the equation into the standard form (0.22); this requires completing
the sguare (see Section 0.4.7 of The Companion).

y = —2(x*+2x)
= —2(x2+2x+1—1)
= —2(x+1)%+2
Thusy — 2 = —2(x + 1)2, so we must translate the graph of y = —2x2 up by

k = 2 units and to the left by h = 1 unit (or, if you prefer, to theright by h = —1
unit).

R4 y
1 (_172)
y—2=-2 Jc-i—l

As Example 2 illustrates, any equation of the form
y=ax’+bx+c, a#0

isthe equation of an upward or downward turning parabola, and can be put intheform
(0.22) by completing the square. To get rightward or leftward turning parabolas we
simply reverse theroles of x and y, as the next example shows.

Example 3

Sketch the graph of x — y2 + 2y = 1.

Rearranging terms we obtain
x=y*—2y+1=(y—1?

an equation whose graph is the trandation upward by k = 1 unit of the graph of x =
y2. Thisisarightward turning parabola.
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Group the x terms together and the y terms together:
(x2—2x) + (y2+y+1) =0
Then complete the square in each:
1 1
)-g+1 =0

(x2—2x+1)—1+(y2+y+z1 2

5 1\ 1
xX—-—D"—-1+ y—I—E _Z+1 =0

()
X=D"+ Y+ = =
2
1

We thus have acircle of radiusr = % centered on the point (1, —§).

1
4

LY

0.5.3] The EllIPSE ..o e e
An ellipsel centered on (0, 0) has an equation of the form

2 2
S+ =1 (0.25)
where a and b are positive numbers. The constants a and b are the length of the semi-

major and semi-minor axes (the larger number representing the semi-major axis). The
four “extreme points,” (+a, 0) and (0, =b), are the vertices of the ellipse.

LY

For simplicity of development, the use of a and b for the ellipse differ slightly from that of Anton’s Section 12.4. In our
usage, a denotes the term dividing the x term; in Anton, a always denotes the larger of the constants a and b.
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The trandation principles then tell us

2 12
L= D s S| (0.26)

is the equation of an ellipse centered on (h, k) and with a, b > 0 the lengths of the
semi-major and semi-minor axes. (Seethefigure above.) If a = b, then our élipseis
acirclewithradiusr = a.

Example 5

Sketch the graph of x2 + 4x + 2y? — 4y — 2 = 0.

Completing the squares (Companion Section 0.4.7) in both x and y yields

X+2?% (y—-1?
s 4

Thuswe have an dllipse centered on (—2, 1), with the semi-major and semi-minor
axes of lengths 24/2 and 2 (since we have obtained Equation (0.26) with a = 2+/2
and b = 2). See Figure a).

a) \ b)

(X+2)°2+2(y—12%2=8, or 1

The Hyperbola ... ...
Hyperbolas are the most interesting (and the most complicated) of the conic sections.
For starters let’s recall the hyperbolas centered on (0, 0) which are given by
2 2
% — % =1 (0.27)
where a and b are positive numbers. Notice the minus sign!

It iseasy to seethat the x-intercept pointsare (+a, 0); these are called the vertices
of the hyperbola. There are no y-intercepts. Moreover, solving for y interms of x we
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obtain
2 2
y _ X 4
b2 a2
y X2
Z =4 /—=-1
b a2
%2

Thus, when x becomeslarge, the*1” intheradical sign becomesinsignificant when
compared with x2/a2. Therefore, for large values of x we obtain

~ 1 [ 4P
Y= 2 Ta
Thelinesy = igx are the asymptotes of the hyperbola; as x getslarge the hyperbola
Is approximated very well by these lines (i.e., the hyperbola approaches these lines
but never quite touches them). A handy way to remember the asymptote formulasis
to take the hyperbola equation, replace the “1” with a“0”, and solve for y:

2 2 2 2
Xs oy _ X<y
?—Ezllschangedto?—ﬁzo
Solving for y yields?
—:I:bx
y==3

the correct asymptote equations.

Example 6
2

2
Sketch the graph o XZ _

— =1
9

Inthiscasea = 2 and b = 3. Thusthe vertices are (+2, 0), and the asymptotes are
thelines
2 2
X ye o o 3
Z_E_O’ |.e.,y_:|:2x.

Note that the asymptotes lie along the diagonals of the rectangle with verticesx = +a and y = +b.
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2_£:1
9

m|8

The hyperbolas given by (0.27) all turn outward to the left and right; to obtain
hyperbolas turning upward and downward we need to switch the roles of x and y by
considering equations of the form

Y X1 (0.28)

AR L
—
SH e~
7’ -T ~ N
Lo o .
P = .
e SN— ~
f \
4 \
f \
, Y N
.

Notice the minus sign!
Here there are no x-intercepts, while the y-intercepts (the vertices) are (0, +a).

2
The asymptotes are given by changing the “1” to a“0”, so é v 0, which
yields
= :I:Ex
=%
Example 7

Sketch the graph of y2 — 4x2 = 2.
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We first must place the equation into the standard form (0.28). To do so divide by 2
to obtain

2

y 2

L _ox2-1

5 — 2
which is equivaent to

X

2 1\

(3

by fraction rule (0.7). Thusa = v2andb = /1/2 = +/2/2, giving vertices

(0, £4/2) and asymptotic lines

Asdone previoudly for the parabola, circle and ellipse, we use the translation prin-
ciplesto find the equations of hyperbolas with centers other than (0, 0):

1) SR | (0.29)

a2
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isthe equation of a*“ left-right” hyperbola centered on (h, k) with vertices (h £+ a, k)
and asymptotes
x—h? (y—k?
a2 b2

=0, i.e,
b
—k=+—(x—=h);
y a(X )i

2 2
QX _ G g (0.30)

isthe equation of an “ up-down” hyperbola centered on (h, k) with vertices (h, k+a)
and asymptotes

(y—k? (x—h)?
a2 b2

0,

y—k:i%(x—h)

An important note concerning memorization: You really need not memorize Equa-
tions (0.22),(0.24), (0.26), (0.29), (0.30) for conics with center (h, k) if you remem-
ber the simplier Equations (0.21), (0.23), (0.25), (0.27), (0.28) for conicswith center
(0, 0) along with the trandlation principles!

Example 8

Sketch the graph of x2 — 4y? + x + 8y + 2 =0

Asin Examples 4 and 5 we must first complete the squares in both the x and y terms
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<x2+x)—4(y2—2y)+} =0

4
1\ 1 1
2 il D 2 i
<x +x+4> 2 4(y 2y+1)+4+4 0
1 2
2
(x+§) —-4y—-1D°4+4 =0
1 2
2
4y — 1) —<x+§> — 4
2
(x-l—%)
y-12-~ =1

Thuswearein standard form (0.30) (or standard form (0.28) translated by (—% 1))
witha = 1 and b = 2; thisis an up-down hyperbolawith

center: (—% 1),
vertices: (—% 1+ 1) = <—% O) , (—% 2), and
. 1 1
asymptotes: y — 1 =+ <x+§>,
e,
y—éx—i—zandy:—%x—i—z
R
i
32 ]
B IR R
cp
- -1 \ 2 x
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0.5.5] “Mixed-Term” Hyperbolas ........ .. e
There is another very standard way in which hyperbolas commonly arise:

y=% orxy =a (0.31)
where « IS anon-zero constant.

ry=a y|

(Va, Va)

%V

The center isat (0, 0), the asymptotes are x = 0 and y = O (the coordinate axes),
and the hyperbolasfall in the 1st and 3rd quadrantsif « > 0, or the 2nd and 4th quad-
rantsif @« < 0. By the translation principles the equation

y—k=Zr0or (X —h)(y — k) =« (0.32)
gives hyperbolas with center (h, k) and asymptotesx = h and y = k.

Example 9

Sketch the graph of xy +2x — 4y — 7 = 0.

We must transform our equation into standard form (0.32). Notice that (0.32) can be
rewritten as

Xy —kx —hy+hk—a =0

Thusin our casewe must havek = -2, h = 4andhk —a = —-7,1.e,a = 7+
(—2)(4) = —1. Our equation then becomes

(X =y +2) = -1

which is a hyperbola with center (4, —2) and asymptotesx = 4andy = —2. The
vertices are seen to be

4-1,-2+1)=@G, -1
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and

44+1,-2-1) = (5 -3).
xy+2x —4y—7=0

ALY

0.5.6] “Degenerate” Cases

Minor changesin the equations for conic sections can often produce surprisingly rad-
ical changesin the graphs themselves. In some cases perfectly respectable conic sec-
tions can degenerateinto pairs of lines, single points, or the“empty set” (i.e., thereare
no values of x and y which satisfy the equation under consideration). For example,

X+2?% (y—1?
s ' 4

iIsthe equation for an ellipse; change the 1 to a0 however, and the graph becomesthe
one point (—2, 1). If instead you change the 1 to —1, then the graph is the empty set
(asum of positive numbers can never be negative). As afinal example,

(y—1?%- —(X :%)2 =1

1
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Is the equation for a hyperbola; change the 1 to a 0 however, and the graph becomes

the two lines
yoLle, S
2 4
and
y = —}X + §
2 4

(When these two lines are graphed, they form an “x”.

EXER CISES .

| dentify each of thefollowing graphs by putting each equation into one of the standard
forms discussed in the section. Specify the center, and if appropriate, the vertices, the
radius, the lengths of the semi-major and semi-minor axes, or the asymptotes. Sketch
the curve. (Note: A few “degenerate” cases are also included to keep you alert.)

1.X24+y2—2x+4y+2=0 5.3Xx2=y+3x—2

2. 4x% — 36y — 8x + 36y + 31 =0 6.y + 2X = Xy

3 x (X = V2) +y(y+2+1=0  7.23+y2—4x+6y+15=0
4.x2 —y2 44X +2y+3=0 8.8x?=4y(y — 1) + 17

1. (x — 1)2 + (y + 2)2 = 3; acircle with center (1, —2) and radius +/3.

1) 2)
R4 .y

1\2

2. (Y—4§) _ (X—91)2 = 1; an “up-down” hyperbolawitha = 2, b = 3, center (1, %)

vertices (1, —%) (1, g) and asymptotesy = 5x — z andy = —5x + £ asin
Figure 2 above.
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(X_\/é)z 2 . . . . .

3. 5 + (y + 1)? = 1; an dlipse with semi-major axis length a = /2 and
semi-minor axislengthb = 1; center (v/2, —1), and vertices (0, —1), (24/2, —1),
(+/2, —2), and (+/2, 0) asin Figure 3.

3) 4)
y y
L I

/

"

4. (x 4+ 2)2 — (y — 1)2 = 0; a“degenerate” hyperbolawhich reduces to two lines,
y=Xx+3andy = —x — lasin Figure 4 above.

EN[)]

b

NI

2
5.y—3=3 <x — %) a steep upward turning parabola with vertex (
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SYSTEMS OF EQUATIONS . ...\t

0.6.1] Two Simultaneous EqQUAtiONS . ... ...ttt e

Given two eguations in variables x and vy, it is often times necessary to find those
values of x and y which satisfy both of the equations simultaneoudly; thisis naturally
referred to as solving a system of simultaneous equations.

Example 1

Solve the system of equations
X+y=3
2x° +y?> =6

A common procedure in solving simultaneous equations is to use one equation to
solve for one variable in terms of the other. Thisis called the method of substitution.
In the case at hand we can use the first equation to solve for y in terms of X,

y=3-X
and then plug thisinto the second equation (i.e., substitute 3 — x for y ) to obtain
2%°+(3-x)°% = 6
2X% 4+ 9 — 6X + X2
3x% — 6x + 3
X—2X+1
(x — 12
X =

I
P O OO O
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Thusx = landy = 3— 1 = 2; testing this back in the original two equations shows
that (X, y) = (1, 2) isindeed a solution.

Solving simultaneous equations, while an algebraic operation, has an important
geometric meaning: the (x, y) solution values which one finds are the intersection
pointsof the graphs of thetwo given equations. Thus, in Example 1, thelinex+y = 3
intersects the ellipse 2x2 + y2 = 6 in the one point (1, 2), as shown.

A
Y

The following list generalizes the procedures used to solve

Example 1 Method of substitution for solving two simultaneous equations in x and y
I. Use one of the equationsto solve for y interms of x, obtaining y = f (X).

ii. Usey = f(x) to eliminate y from the remaining equation, i.e., substitute f (x)
for y in the remaining equation. The result is an equation containing only X.

1. Solve the new equation for specific values of x.
iv. Find the corresponding values of y by usingy = f (x).

v. Check all your (x, y) values back in the original two equations. (It is not uncom-
mon to find that incorrect solutions have slipped in during the solution process.)
If feasible, sketch the graphs of the two equations and compare their intersection
points with the (x, y) solutions you discovered algebraically.

NOTE:| Theroles of x and y can be (and, in some instances, must be) reversed in
this process, i.e,, first solve for x in terms of y to get x = g(y), etc.

Example 2
Solve the system of equations
2—X
Y _1

y+1
2x% +5x — (3X + 5)y +3y? =0
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I. Solving the first equation for y in terms of x yields
1

e
Ii. Plugging thisinto the second equation will yield
(3Xx + 5) 3
—+ =
xX+1)  (x+1)?

y

2x2 4+ Bx —

which simplifiesto
2x* +9x3 +9x? —3x — 2= 0.
lii. By the Rational Root Test (Companion Section 0.4.6) the only possible rational
roots X = p/q arethose for which p divides —2 and g divides 2, i.e,,
X==2, +1lor £1/2.

Only two of these check out to beroots: x = —2and x = 1/2. Long division
(Companion Section 0.4.2) of our polynomial by the product

2X+2)(x—1/2) = 2X% 4+ 3x — 2

yields x2 + 3x + 1. By the Quadratic Formula (Companion Section 0.4.5) the
roots of thisterm are —3/2 + /5/2. Thusall the possible x values are

—2, 1/2—3/2++/5/2.
Iv. Fromy = (X—}rl) we see that our possible (x, y) values are
(=2, -1),(1/2,2/3),
and

2 27 9

v. Thefirst of these points does not check out in the original equationssinceit would
require adivision by zero. The remaining three points check out properly.

(_§+¢5 —_1+§5>,(_§_£’ j_ﬁ)

You would ordinarily not graph these two equations to check their solutions be-
cause of the complexity of the second function. We do, however, show thetwo graphs
below so that you can see our solution values as points of intersection of the two
graphs. The graph of our first equation can be shown to be a“mixed term” hyperbola
with the point (—2, —1) deleted (Companion Section 0.5.5). The second equation re-
quires advanced techniques from Anton’s Section 12.4 for its analysis: it is atilted
ellipse with center (—1, 1/3).
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<—3—|-\/5 1+\/5) o+

2 7 2

Themethod just given for solving two simultaneous equations can runinto difficul -
tiesintwo places. in Step i it may bevery difficult (or impossible) to use one equation
to solvefor y in terms of x, or in Step iii, the one variable equation may be difficult
(or impossible) to solve for x. In such cases approximate solutions might be sought
by numerical methods (which we do not discuss here) or slightly more round-about
solution methods might be employed. Thislater situation is quite common when Step
| proves unpleasant, asillustrated in the next example.

Example 3
Solve the system of equations

xy+y2—x2=5
2xy + y2 — x2 =2

Although either equation can be used to solve for y in terms of x, the result is some-
what unpleasant. Itismuch easier to notice that subtracting the first equation from the
second will yield xy = —3,i.e., y = —3/x. Thisisacommon type of modification
of Stepi. The rest of the steps now proceed in the standard way:

9
xy+y2—x2:5becomes—3+ﬁ—x2:5
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which isx?* + 8x2 — 9 = 0. Thisfactorsinto
0= <x2—1> <x2+9) —(X—1)(X+1) (x2+9>

so that the only possible x values are 1 and —1; the corresponding y-values are —3
and 3respectively. Both solutions (1, —3) and (—1, 3) test out correctly intheorigina

equations. [m]

0.6.2] Three Simultaneous EQUAtiONS . ... .. e

Therearetimeswhen youwill runinto three simultaneous equationin three unknowns,
say X, y and z. The method of substitution generalizes to this situation in a straight-
forward manner. Choose one of the equations to solve for z in terms of x and y, and
use this result to eliminate z from the remaining two equations. You will then have
reduced to a system of two equationsin two unknowns, and the procedures of the pre-
vious section apply.

Example 4
Solve the system of equations

X+y+y2z=2
2X = —yz
Xy2z = 2

There are numerous ways to begin; we will use the second equation to solve for zin
termsof x and y:

—2X
zZ=—

The remaining two equations then become

X+y—2xXxy=2
—2x2y =2

Solve the second of these equations for y in terms of x:

1
YZ—Q
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The remaining equation becomes
x—l/x2+2/x=2
which simpliesto
x3—2x24+2x—1=0 (0.33)

By the Rational Root Test (Companion Section 0.4.6) the only possible rational roots
for thiscubicarex = +1; infact, x = 1 doeswork, whilex = —1 doesnot. Dividing
our cubic by x — 1vyields

x2—x+1

an irreducible quadratic term (no real roots). Thus x = 1 isthe only solution to Equa-
tion (0.33). Tracing back we find

y=-1/1=-1

z=-21)/(-1) =2

Thusx = 1,y = —1and z = 2 give the only possible solution for our system of
eguations. Checking these values in our equations show that indeed they do give a
solution.

Solving simultaneous equations can be very difficult and (in the general case) no
one method can be given which always works. Many times clever tricks need to be
employed. . ., but we've done enough on the general case for now. We move on, in-
stead, to the special (but important) case of linear equations.

0.6.3] Systems of Linear EQUAtIONS . ... . i
An eguation of the form

ax +by=c

wherea, b and c are constants, is called alinear equationinthe variablesx and y.
Aslong as either a or b is non-zero, the graph of this equation is aline. Systems of
linear equations occur quite often in calculus and, in contrast to the general situation
discussed in Section One, there are specific techniquesfor dealing with linear systems
which apply in all situations.

Example 5
Solve the system of linear equations

2X+3y =4
X—2y=—-5
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Asthese equationsrepresent two non-parallel linesin the plane (unequal slopes), there
must be one and only oneintersection point (i.e., the system has exactly one solution).
We find this solution in two different ways:

1st method:
The method of substitution described in the previous sections will always work with
linear systems. In the case at hand the first equation yields
y =4/3— (2/3)X
which when placed into the second equation will give

Thissolvesto x = —1, and hencey = 2. The point (—1, 2) checks out correctly
in both of the original equations.

2nd method:

Thisis called the elimination method:we eliminate one variable by adding together
carefully chosen multipliesof thetwo given equations. Inthe caseat hand multiplying
the second equation by —2 and adding it to the first eliminates x quite neatly:

2X+ 3y =4
—2X+ 4y = +10
O+7y=14

so that y = 2. Thefirst equation then givesx = —1.

You might, with good reason, question why we bothered to give the elimination
method in Example 5 when substitution worked so well itself. Theanswer liesin gen-
eralization to more complicated linear systems, say 3 linear equationsin 3 unknowns,
or 4 linear equations in 4 unknowns. In these (very common) situations, both of the
given methods will work, but the elimination method is much faster and less prone to
careless errors (and it is programmable on a computer or hand calculator).

Example 6
Solve the system of linear equations

X+2y—-—z=-3
2X—y+3z= 9

—3X+y—z2=-6
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We usethe 1st equation to eliminate x from all the equationsbelow it (i.e., from Equa-

tions 2 and 3):
—2 times the 1st equation added to the 2nd yields

—2X -4y +22=06
2X — y+3z=9
-5y +52=15

or—y=z=3
3 times the 1st equation added to the 3rd yields

3X + 6y —3z=-9
—3X+ y— z=-6
7y —4z = -15

We thus have a new system of linear equations:
X+2y —z=-3
-y+z= 3
7y —4z = -15

in which the x variable has been eliminated from all but the 1st equation. We now use
the 2nd equation to eliminate y from all the equations below it (i.e., from Equation 3):

7 times the 2nd equation added to the 3rd yields

—y+7x=21
7y —4z = —-15
3z=6

orz=2.
Thisyields athird system of linear equations,
X+2y—z=-3
—-y+2z=3
z=2

where each successive equation has onelessvariable, until only one variable appears.
But thus the last variable has been solved for, and back substitution up through the
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system gives all the solutions:

3rd equation: z=2 givesz=2
. —y+4+z=3 . _
2nd equation: _y+2-3 givesy = —1
X422y —2
1st equation: X+ 2(—1) — (2) givesx =1
= -3
The solution (2, —1, 1) checks out in the three original equations. [m]

The following list generalizes the procedures used to solve Example 6.

Elimination method for solving three simultaneous linear equations in x, y and z

I. Use the 1st equation to eliminate x from the 2nd and 3rd equations. Do this by
adding suitable multiples of the 1st equation to suitable multiples of the 2nd and
3rd equations.

Ii. Use the 2nd equation (new version) to eliminate y from the 3rd equation (new
version). Do this by adding a suitable multiple of the 2nd equation to a suitable
multiple of the 3rd equation.

lii. Solvethe 3rd equation for z, solve the 2nd equation for y, and solve the 1st equa-
tion for x.

Iv. Check your answer in the original equations.
Some comments are in order concerning this method:

a) The order of the equations and the order of the elimination process (x, then v,
then z ) are not sacred and can be changed around for convenience in solving a
specific system. In fact, sometimes they must be switched around.

b) The generalization of this method to systems of n linear equationsin n unknowns
should be fairly clear.

C) There are systems of linear equations with no solutions; a simple example is

XxX+y=1
X+y=0
These equations represent two parallel lines, and hence there cannot be a simul-

taneous solution. In such cases the elimination method reveals the problem by
producing, at some stage, a honsense equation such as0 = 1.
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d) There are systems of linear equations with more than one solution (in fact, with
an infinite number of solutions); asimple exampleis

X+y=1
2X +2y =2
In such cases the method indicates this occurrence by a “simultaneous elimina-

tion,” e.g., when eliminating y you find that x has also been eliminated. Why this
leads to an infinite number of solutionsisillustrated in Example 7.

These last two points illustrate an important principle:

There are only three possibilities for a system of two
linear equations in two unknowns:

1. it has exactly one solution
2. it has an infinite number of solutions

3. it has no solutions.

It can be very helpful to have these three optionsin mind.

Example 7

Solve the system of linear equations

X+2y=-1
2X—y+5z2= 3
2X+4z= 2

Use the 1st equation to eliminate x in the 2nd and 3rd equations. This gives

X+2y=-1
—9y+52=5
—4y +4z=4
or
X+ 2y =-1
y—z =-1
y—z =-1
Then using the 2nd equation to eliminate y in the 3rd equation will yield
X+2y=-1
y—z=-1

0=0
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Thisisan example of thelast bulleted comment above; we cannot solvefor z since
z can take on any value. However, once z is specified, then

y=z—landx=-2y—1=-2z2+1

Any solution of theform (—2z+ 1, z— 1, z), where z is any number, checks out cor-
rectly in the original set of equations. Thisistermed the general solution for our sys-
tem of equations; specific solutions are obtained by fixing avaluefor z. For example,
taking z = 1 gives the specific solution

(—21)+1,1-1,1)=(-1,0,1)

EXERCISES ...\t e
Solve each of the following system of equations
1 2X +4y = -1 (X —y+ z =-1]
l XX+y = 1 6.{ X+y— z = 4}
3X — z = 1
o | XY =2 : YT ’
"l xy?+x%y =6 X—y— z =0
7.3 2x+3y+ 62 =3 ;
3, x32/=x—y | X—2y+ z =0|
4y + 2xy + X« =4 )
X+y—@/2) z = 0
g [ XC+xz =3 8. —2x— z =-2
I x3—z+xz =1 | X+ y— z = 1
A—B- 5C = 3 [ X +3y+ 2xz = -1
5{ A+B+ C = 3 9. 3xyz = -4
2A+ B+ 3C =-2 | X%+ 3yz =-3

- (X, y) =(1/2,-1/2)
L(X,y) = (L, 2 0or(21)
L(X,Y) = (=2,2) or (1,1/2)

1
2
3
4.2 =1D,1-2 (-3 +% -2)or (-3 - . -2)
5
6

Nl

. (A,B,C) =(-1,6, -2

. No solutions.
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7. (X,y,2 =(1/2,1/3,1/6)
8. (X,Y,2) = (1 — %z, -1+ 2z, z); zisarbitrary
9. (x,y¥,2=(1,2/3,-2)or (1, —4/3, 1)
TRIGONOMETRY REFRESHER ...... ... .. .
Appendix E in Anton’s text is an extensive trigonometry review; this section con-
centrates more on the most important trigonometry results and/or those results which

tend to give students the most trouble. Students with serious deficienciesin thistopic
should go through Anton’s material (and perhaps top it off with this refresher).

0.7.1] RAIAN MEASUIE . ..ot e e i,

Consider the unit circle in the xy-plane with center (0, 0):
x24y2=1

Take any angle & measured counterclockwise from the x-axis. The length of that por-
tion of the circle determined by 6 (i.e., in the picture the circular arc from Ato B) is
called the radian measure of 6.

Since the circumference of the unit circleis 2, the radian measure of an angle of
360° is2x. Theconversionfrom degreesto radiansisawaysgiven by thisproportion,
e,

0 in radians 2t 7
6 indegrees  360°  180°

Listing some common angles in both degrees and radians gives

(0.34)

degs. --- rads. degs. --- rads.
30° ... mw/6 45° ... w/4 (0.35)
60° --- m7/3 90° ... 7xw/2
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Angles measured in the clockwise direction from the x-axis are given negative ra-
dian measure. Thus, for example,

—30°...— /6 —180°...—

People are frequently mystified asto why thisbizarre radian measureisintroduced
for measuring angles when measurement by degrees seems so simple. Isn’t trigonom-
etry complicated enough without radian measure to further cloud the issue? The fact
IS, however, that radian measure isreally anecessity for the calculus of trigonometric
functions. Without it many of our important cal culus formulaswould need unpl easant
changes in them! but we can’'t prove that to you until “differentiation” is developed
in Chapter 3 of the text.

0.7.2] The Trigonometric FUNCLIONS ... . e

THE BASIC PICTURE

P(cos6,sin0)

1
\9 sin 6 5

.
N

Asinthe previous section consider the unit circlein the xy-planewith center (0, 0),

x24y2 =1

andtake any angle measured counterclockwisefromthe x-axis. The(x, y)-coordinates
of the point P on the unit circle corresponding to 6 are defined to be the cosine of 6
and the sine of 6 respectively?, i.e,

P = (X,Yy) = (cosf, sind)

Sincethepoint P isthe samefor boththeanglef and theangle6 427 weimmediately
see that the sine and cosine are periodic with period 27, i.e.,

cos(f + 2w) = cosH
(0.36)
sin(@ + 2r) = snf

3These definitions for sind and cosé are the same as the usual ones involving “opposite, adjacent, and hypotenuse” —as s
established in Anton’s Appendix E.
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for all angles & (when measured in radians of course!) Also, as seen from the figure,
flipping from 6 to —6 does not change the x-coordinate of P (the cosine) but negates
the y-coordinate of P (the sine); thus

cos(—0) = cosh
(0.37)
sin(—f) = —sing

LY
P(cosf,sin )

)
\ /-6 %
(cosf, —sin 0)

Finally, since P = (cos6, sin®) liesontheunitcirclex?+y?2 = 1, weimmediately
obtain our most well-known identity

sin?6 + cos?6 = 1 (0.38)

The values of sine and cosinefor the anglesin (0.35) occur over and over againin
calculus; they should be memorized:

o 0 %5 I 3 3
sng 0 1/2 @2 B 1 (0.39)
cosf 1 § %2 70

Hereisavery useful method for remembering this table:

| . Writedown theintegersO 1 2 34
i . Take the square roots: v/0 v/1 /2 /3 V4
il . Divide by 2

VO V1 V2 V3 V4
2 2 2 2 2
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These numbers simplify to

whichistherow of sinevaluesintheabovetable! Therow of cosinevauesisobtained
simply by writing down the sine valuesin reverse order, i.e.,

¥8 vz 1
2 2 2

Another way to remember these values is to memorize the following two right trian-
gles:.

1 0

3
B

1 V3
The sine and cosine of the angles 7 /6, /4 and /3 can be read off from these
triangles by
__ Opposite _ adjacent
~ hypothenuse’ ~ hypothenuse

The other four trigonometric functions are all defined in terms of sine and cosine;
these definitions need to be memorized:

siné

7] COS
(0.40)
cos6 1
cotf = —— CsCH = ——
sane sane

These definitions apply when the denominators are non-zero, of course.

The secant and cosecant are periodic with period 27z, while the tangent and cotan-
gent are periodic with period 7. Notice that, unlike the sine and cosine, these new
functions are not defined for all values of 6 since the denominator terms can be zero
for some values of 6.



70 Chapter 0 Algebra and Trigonometry Review

Trigonometric IdENtILIES ... ... e

There are a number of trigonometry formulas which you need to memorize because
they are regularly used in calculus and its applications. But, there is a hierarchy of
importance in the formulas so that you can learn the most important ones now and fill
in the others later. Moreover, most of the identities are quickly derived from a small
“core” of formulas, memorize the core very well and remember the ssmple derivation
tricks, and you' Il be in good shape!

You already have most of the “core”: identities (0.36), (0.37), (0.38) (quickly de-
rived from “The Basic Picture”), the table of values 0.39, and definitions (0.40). We
need only one more pair of formulas,

cos(a + B) = cosa cosp — Sina Sinf
(0.41)
Sin(a + B) = sinasinB + sinB sina

These are not trivia identities to verify (See Anton’s Appendix E) nor are they
“intuitive” in any reasonable sense. However, they need to be carefully memorized.

It is useful to memorize the rest of the formulas of this section, but all are deriv-
able from our core collection, most in very easy ways. Learning the derivations will
free you from the worries of small errors: if unsure of a certain formula, you simply
rederive it. We suggest that you try to derive the following formulas from the core
formulas yourself before referring to our calculations:

c0S20 = coS? o — Sin
(0.42)
SiN2a = 2SiNa COSw

These two formulas are obtained from (0.41) by setting 8 = «. An important
feature of the second of these equations is that it allows us to express the product of
sin o and cos « as one single trigonometric function

1
Sina cosa = > Sin 20y (0.43)

Thiscan comein quite handy in calculus (especially in“integration” of trig functions);
wewould like to have similar formulasfor sin? « and cos? «. Thisisfortunately pro-
vided by the first identity in 0.42 along with 0.38:

cos?q + sinfa = 1

cos?a — Sin? o = cos2«
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Adding these two equations and dividing by 2 givesaformulafor cos? «; subtract-
ing the two equations and dividing by 2 gives aformulafor sin?«. The results are

COS 2«

cos?a = 1
o + 5

(0.44)
. 1 — cos2a

2

These are very important formulas in “integration theory.”

More generally, we can express any product of the form sina coss, sSina sing or
cosa cos B as asum of single sine and cosine functions. Thisis done by first estab-
lishing the identities

cos(a — B) = cosa CoSB + sSina sin B
(0.45)
Sin(e — B) = Sina cosB — Sin B cosa

from 0.41 and 0.37. Then judicious adding or subtracting between 0.41 and 0.45
yields

sina cosp = 3[sin(e — B) + sin(a + B)]
sina sing = 3 [cos( — B) — cos(e + B)] (0.46)

cosa Cosp = 3 [cos(a — B) + cos(a + B)]

It is, in our opinion, better to just know that formulas 0.45 and 0.46 exist rather
than to memorize them (...but perhapsit’s best to check with your calculusinstructor
on this advice!) Thereisjust one last pair of formulas which we feel is essential to
know for calculus (others which are hel pful or only occasionally needed can be found
in Anton):

tan?f + 1 = sec?d
(0.47)
1+ cot?6 = csc26

Thesearevery useful in “integration theory” whereit isessential at timesto switch
between tan?6 and sec? 9, or between cot? and csc?6. Their derivations are very
easy: simply divide 0.38 by cos? 6 for the first identity, and by sin?6 for the second.



72 Chapter 0 Algebra and Trigonometry Review

Hereisthefirst derivation:
sin?6 + cos? 6 1
cos2 6 oS24

LaW OF COSINES ...ttt e e e

Using the cosinefunction we can obtain animportant generalization of the Pythagorean
Theorem known as the Law of Cosines:

Law of Cosines

Suppose atriangle has side lengthsa, band ¢, and 6 is
the angle between the sides of lengths a and b.

Then

c? = a2 + b? — 2abcosf

a

Notice that if 6 isaright angle, i.e.,, 6 = n/2, then cosé = 0 and the Law of
Cosines becomes the familiar Pythagorean Theorem
?=a’+b?
A proof of the Law of Cosines can be found in Anton’s Appendix E.

Example 1

4

Given atriangle with side lengths 2, 3 and 4, determine the angle between the sides
of lengths 4 and 2.
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Let o be the angle between the sides of lengths 4 and 2. Then the Law of Cosines
gives

32 — 42 + 22 — 2(4)(2) cosa

9=16+ 4 — 16cosw
so that
cosa = (16 + 4 — 9)/16 = 11/16 = .6875
Using a hand calculator, we see that
a ~ .813radians ~ 46.5°

0.7.5] Graphs of Trigonometric FUNCLIONS ... ... . i i

From the graph The Basic Picturein Section 0.7.2 it can be seen that the sine function
y = sinx startsat y = Owhen x = 0, increasesto y = 1 when x = /2, decreasesto
y = Owhen x = 7 and further to y = —1 when x = 3 /2, and then increases back
toy = Owhen x = 27. Since from 0.36 the sine function is periodic with period 27,
the graph just described from x = 0to x = 27 issimply repeated over every interval
[27n, 27 (n 4+ 1)] for n any integer. We thus obtain the graph:

LY

Yy =sinx
T T T T > X
_ 3n - _T T 31
- TN\ % z ™ =

The same analysisfor the cosine produces the same type of graph, except that y =
1whenx = 0. Thegraphis:
A

ANANA
SVARVA

EE

N
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The remaining four graphs are shown in the figures bel ow.

Al Y

y =tanz y Yy = cotx
f f f f X f f X
-8t fn -I I n 3T -8\ -t -I I m  3n
2 2 2 2 2 2 2 2
Yy =cCsCcx Y = secwx

B
,
,
’

~ /’ N
. , N
. ,
. \5\ t X + t ,II T
_3n . -m m N 3m _3t, g om
I I 2n 31, n
! 2 .2, 2 L2

Notice how the graph of y = cscx “hangs off” of the graph of y = sinx, and
similarly for y = secx relativeto y = cosx. This provides a convenient method for
remembering the graphs of the secant and the cosecant.

The trangdlation principles, discussed in Companion Section 0.5.1, tell us how to
obtain quickly the graphs of such functionsasy = 2+ cos(x — 3). The graph of this
particular example would be the graph of y = cosx trandated up by 2 units and over
to the right by 3 units. However, with trigonometric functionsit is also common to
expand or contract their graphs, as we now show.

Example 2

Graph the function y = 2sin 3x.
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Let’s first examine the function y = sin 3x.
For each x, the corresponding y hasthe value given by the sine of 3x. Thus, inthe

X-interval [O, 27”] we will have assumed all the sine values that are normally taken
on the x-interval [0, 27]. Hence the period* of y = sin3x is 27/3, as opposed to

period 2 for y = sinx, and the graph of sinx is contracted by afactor of 1/3 along
the x-axis as shown in the figure.

y =sin3z | Y

N\
T T 21 X
° VA
_1“
Return to the function y = 2sin 3x. The 2 merely expands the graph of sin 3x by

afactor of 2 along the y-axis as shown in the graph to the right. Thus the amplitude®
of y = 2sin3x is 2, as opposed to amplitude 1 for y = sinx.
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b) to expand/contract the graph of an equation along the y-axisby afactor of a > 0O,
replace y with y/a (the graph expandsif a > 1 and contractsif 1 > a > 0).

You should compare these with the trand ation principles as given in Section 0.5.1.
In Example 2 wetook y = sinx and replaced x with 3x = WM and y with §; thus

we had a contraction along the x-direction by afactor of 1/33 and an expansion along
the y-direction by afactor of 2, as shown in the final graph of Example 2.

Example 3

Graph the function y = £ cos £x.

Here we have taken y = cosx and replaced x with %x = ﬁ and replaced y with

y
(2/3)

Thus we have expanded the graph y = cosx by afactor of 5/2 along the x-axis
and contracted the graph by afactor of 2/3 along the y-axis.

Example 4
Graph the function y = 5 cscrrx.

Yy = %cscm:
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We have taken y = csc x and replaced x with 45 and y with (% Thus we need

only contract the graph of cscx by afactor of 1/ aong the x-axis and contract the
graph by afactor of 1/2 aong the y-axis.

Numerous exercisesfor thematerial of thissection can befound at the end of
Anton’s Appendix E.

WORD PROBLEMS . ...

Word problems: the very term strikes terror into the hearts of most people, and their
appearance on assignments or exams is enough to make a football hero weep. Isall
this anguish and gnashing of teeth justified? No!

Word problems are difficult only because most people do not approach them in
a careful, disciplinedand organizedfashion. In fact, word problems are frequently
easi er than many cal culus problems because thereal-word, physical nature of the prob-
lem gives you some extracommon-sensetoolsto usein finding its solution. However,
If you are careless, lazy, or sloppy, you aregoing to bein serioustrouble. Thisisespe-
cialy true with the first step in aword problem solution: translation from words into
appropriate mathematical equations. Thismust be done slowly, carefully, one-step-at-
a-time. In this section we give a step-by-step procedure which will cover most word
problems you’'ll encounter in calculus. This will give you the organization. .. you
must provide the care and discipline.

We should also emphasize how vitally important mastering word problemsis for
real lifeapplicationsof calculus. Ninety-nine percent of applicationsstart witha“word
problem,” a situation described in English sentences which demands translation into,
and solution by the methods of, mathematics.

The best way (perhaps the only way) to learn how to solve word problemsisto do
some. The exampleswe give areassimilar to thosein calculus asthey can be without
actually using calculus. Moreover, to illustrate the thinking that goes into a solution,
our explanations are very long-winded. So get ready. . .

Example A

Find thedimensionsof arectangleif thediagonal is2 morethanthelonger side, which
in turn is 2 more than the shorter side.
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We must first translate our problem into mathematics; this generally takes a number
of readings. A quick overview showsthat we are looking for the dimensions x and y
of arectangle (let x be the longer of the two).

T

The length of the diagonal also plays an important role in the problem, and so we
assign it the label d. We now reread the word problem very slowly and carefully,
trandating every detail into an equation:

Find the dimensions of arectangle

— X =7 y+?
if the diagonal is 2 more than the longer side

—-d=x+2
which in turn is 2 more than the shorter side

— X=Yy+2

Read the problem another time: did we miss anything? It appears that we caught
everything in either our picture or our equations, and thusthetranslation phaseis com-
plete. You should, from this point on, havelittle need to refer to the actual word prob-
lem again; you have only to use your picture and equations.

Think about your method of solution, game plan.
Question: What are you looking for?
x andy.

Question: What equations do you have to work with?

d=x+2

X=y+2
Oops! Two equations in three unknowns!
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This should immediately cause abell to ring: in general you need three equations
to solve for three unknowns—two equations are not enough! So we go back and look
at our word problem again (we shouldn’t have to do this—but we're worried!): did
we miss an equation relating x, y and d? Nope. .. well, wait aminute. We certainly
did not miss any explicit equations, i.e., relationships which are explicitly stated in
the problem. However, are there some implicit equations that we could find, i.e., re-
lationships which, although not directly stated in the problem, are implied by the re-
lationships which are given? Ah-hal Yes! [Before reading on... can YOU find this
relationship? Try it!] Look at our picture:

d

T

Thereisaright triangle crying out to be “Pythagorized”:
d? = x>+ y?

So. .. now we do have three equations in three unknowns. Our game plan is thusto
solve the following system of simultaneous equations:

d=x+2
X=y+2
d2 = x2 4 y2

It's time to execute our game plan. (Thisis the easy part, we hope!) Our first two
equationsgived and y in terms of x:

d=x+2
y=x-—2

Plug these into the third equation and we get
(X +2)? = X% + (x — 2)?
which simplifiesto
O=x2—8x=x(x—8)

Thus either x = 0 (impossible since arectangle has non-zero side lengths) or x = 8.

Butif x =8,theny=8—-2=60ord=8+2=10. Thus (X, Y, 2) = (8,6, 10) is

the only possible solution, and sure enough, it does check out in all of our equations.
We summarize our method as follows:
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Step 1. Translate into mathematics.

This major step takes severa readings of the problem. The procedure to use (more-
or-lessin the following order) are

(a) obtain ageneral overview of the problem, sketching a picture or constructing
atableif appropriate,

(b) determine the quantities which you desire to compute, and assign labels to
them (e.g., X, Y, t, etc.). These are the “unknowns’

(c) label other quantities which you believe will be important,

(d) write down equations for relationships between your labelled quantities: use
as few variables as possible, preferably only your “unknowns’ from (b),

(e) check that every place of information has been translated into an equation
and/or has been placed in your picture.

Step 2. Devise game plan.
(a) determine if you have enough equations to solve for the unknown quantities,

(b) if necessary, look for relationships between variableswhich areimplicit inthe
problem; use these to eliminate variables if possible,

(c) decide how you will solve for your unknowns.,

Step 3. Execute game plan ...

.. and then check that your answers are reasonable. Step 1, the translation from
words to mathematics, is surely the step to concentrate on. Most people do reason-
ably well once aword problem has been accurately translated; however, the tranda-
tion is often done incompletely or inaccurately, and dooms the solver to failure. Use
our method faithfully and your success rate with word problemsis guaranteed to im-
prove. We give afew more examples to illustrate our method.

Example B
dq da

45 mph 60 mph
agtaligs — " o o

g

-_—

490 miles
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Two cars start from the same point and travel in opposite directions with speeds
of 45 and 60 miles per hour respectively. In how many hours will they be 490 miles
apart?

Step 1. Translation.

Thisis a problem involving (constant) speed, hence (from the familiar formulad =
rt, i.e., distance equals speed timestime) we need to consider distance and time quan-
tities. We are looking for the (unknown) timet which it takes for two autos to be a
certain distance apart; we thus label the distances which each car travelsintimet:

d1 = distance traveled by 45 mph car
do = distance traveled by 60 mph car

Each of these quantities can berelated to our unknown timet (aswe alwaysdesire
to do, when possible) by using the rate equationd = rt:

dq = 45t and dy = 60t

Now we reread our problem very carefully for every detail.

Two cars start from the same point and travel in opposite directions with speeds
of 45 and 60 miles per hour respectively. In how many hours will they be 490 miles
apart?

% =45
»  ASs noted above
d
2 _60
t
t = ?when
d1 + do = 490

Our total collection of equationsis therefore:

dy = 45t, dy = 60t
t =?when dy + dy = 490

Step 2. Devise game plan.

We wish to solvefor t, and we have three equations in the three unknowns dq, d> and
t. So we solve the equations. . .
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Step 3. Execute game plan.

Since d; = 45t and d» = 60t, then
490 = dq + dp = 45t + 60t = 105t

Thus
490 2
t = 105 = 4§ hours
Thisanswer is easily checked:
dy = 45 (43) = 210
dy = 60 (43) = 280

Thusdy + dy = 490, as desired.

Example C

A 6-foot man, walking at arate of 5 feet/sec, passes under an 18-foot lamp post. How
long is his shadow 10 seconds after passing the lamp post?

T h

Step 1. Translate.

We have another speed (“rate”) problem, and thus time and distance variables must
be considered. We arelooking for the length of our walker’s shadow at acertain time;
label this desired unknown as h. The picture then screams out for usto label the dis-
tance from the walker to the lamp post; label thisas x. Since his speed is5 feet/sec
and he coversthe distance x in 10 seconds, the rate equation d = rt yields

X = 5(10) = 50 feet.

We have onelabelled unknown, h, and abasic picture; wereread the problem for other
relationships. A 6-foot man, walking at arate of 5 feet/sec, passes under an 18-foot
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lamp post. How long is his shadow 10 seconds after passing the lamp post?

Place 6 in the picture,
5=x/t =x/10,
as noted above,
Place 18 in the picture
h =?when
t = 10 seconds have elapsed.

Our pictureisthus as shown in Step 1 (figure below) and our equations are

h =?whent = 10, x = 50

STEP 1
18
6 |
= 50 h
STEP 2
6 |
18 h
z4+ h

Step 2. Devise game plan

We want h, but we have not written down any equation relating h with x or t. Clearly
there must be some implicit relationship between these variables. (Before reading
on—can Y OU find thisrelationship? Try it!) Let’sturntothe picture (Figure2 above.).
Ah-hal, similar triangles (Companion Section 0.1.4) are staring usin the face:

Xx+h 18
h 6
Thisishow werelate x and h. The game planissimply to solvefor h in this equa-
tion.
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Step 3. Execute game plan

6(x +h) = 18h
6Xx +6h = 18h
6x = 12h
h = }x
2
1
= —(50
2( )
= 25feet

Example D

A builder has constructed a large window which is a rectangle of clear glass with a
semicircle of red-tinted glass aboveit.

Step 1 Step 2
h A
x

From his records you see that he used 24 feet of molding around the outer perime-
ter of the window, that the cost of clear glass is $1/ft2, the cost of red-tinted glassis
$2/ft2, and that the builder’s total glass cost was $54. What are the dimensions of the
window?

Step 1. Translate

It's pretty clear that we will need to label the dimensions of the window:
X = length of rectangle
h = height of rectangle

r = radius of semicircle
24 = perimeter of the window

Two relationships which are immediately seen are
X=2r (0.48)
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24 =x+2h+nar =2h+ 2+ m)r (0.49)

Thus x has been effectively eliminated and we are left with finding h and r. We now
fill in details with arereading of the problem:

: perimeter of 24,
... 24 feet of molding <hown above to
around the outer : :
erimeter give the equation
P 24 = 2h + (2 + 7)r
...cost of clear 5
glassis SUH2 . . C1 =S/t
... cost of red-tinted 5
glassis$fe2. .. Ca = $2t
... total glass cost _
was $54. C =34
What are the X =7 h =7,
dimensions of r=?(x=2r,
the window? as shown above)

Step 2. Devise game plan

We have 2 unknowns (h and r ) and desire to compute both of them. But we have only
one equation, (0.49), which relatesh and r, and our general knowledge of solving for
unknowns should tell usthat we'll need at least 2 equations. (Beforegoingon. .. can
Y OU find the 2nd relationship? Try it!) We look to the cost for our second equation:
we know that the total cost C of the glass must depend on the cost per square foot of
clear and red-tinted glass, along with the dimensions of the window panes. Thus

C=A1C1+ A
where
A1 = areaof rectangular pane = xh = 2rh

and

. 1
Ao = areaof semi-circular pane = Enrz

See Step 2 in thefigure.
Thus

1
C =2rhCq + énr2(:2.
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Using the values of C, Cq and Co, yields
54 = 2rh + r? (0.50)
The game plan is thus to solve Equations (0.49) and 0.50 for h and r, and then
compute x from Equation (0.48).
Step 3. Execute game plan
Listing our equations together gives

24 = 2h + (7 + 2)r
54 — 2rh + 712

Solving thefirst equation for h interms of r yields
h=12-3(x +2)r (0.51)
Plugging thisinto the second equation yields
54 =1 (24 — (1 + 2)r + 7r?
which simplifiesto
0=r%—12r +27=(r —3)(r — 9)

Thusr = 3 or 9. However, using Equation (0.51) for h wefind that r = 9 givesa
negative value for h:

1
h = 12—5(7(4—2)9

9
= 12— E(5.14)
= —11.13
Since h, as the height of the rectangle, cannot be negative, thisrulesoutr = 9asa
possible value. Thusturntor = 3. With thisvalue, x = 6 from (0.48) and h =

9 — 3/27 ~ 4.29 from (0.51). These are physically allowable dimensions, and the
numbers do check out in Equations 0.48, 0.49 and 0.50. Thus our solution is

r=3 Xx=6 h~4.29

Example E

A doctor has a 2-liter solution of 3% boric acid. How much of a 10% solution of the
acid must she add to have a 4% solution?



Section 0.8 Word Problems 87

Step 1.
Percentages are proportions, and as such, are divisions of one quantity by another. In
this case we have percentages of boric acid in asolution, i.e.,

volume of
boric acid

[% of boric acid] = (0.52)

total volume
of solution

The quantity we desire to computeisthetotal volume of added 10% solution; label
thisas h. From (0.52) we then can compute the volume of boric acid which we will
be adding. There are, of course, two other solutions (the initial 3% solution and the
final 4% solution), and each has atotal volume and a volume of boric acid. We could
givelabelsto each of these, but introducing so many new variable designations seems
unwiseif it can beavoided. Instead we set up atablefor all these quantitieswhich “in-
corporates’ Equation (0.52) in a convenient way, and which contains all the specific
information given in the word problem itself:

total

% of volume
i volume :
boric of boric
. X of = :
acid in : acid
solution T =2 ution (liters)
(liters)
3% 2 ?
10% h ?
4% 2+h ?

The"“2-liter” entry isagiven pieceof information, and the 2+ h reflectsthe fact that
the 4% solution is the sum of the 3% and 10% solutions. We now can use Equation
(0.52) to fill in the last column:

% of acid x total volume = volume of acid

3% 2 06
10% h (.10)h
4% 24 h (.04) 2+ h)

A rereading of the problem will show that we have not missed any information.

Step 2.

We have one unknown quantity, h, one table, and no equations; clearly there must be
at least one implicit equation for h which can be drawn out of our table. The game
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plan is therefore to analyze our table to find this relationship. (Before going on! can
Y OU find the relationship? Try it!)

Step 3. Execute game plan

Thetrick liesin checking the consistency of thetable. The volume of acid in the final
mixture must equal the sum of volumes of acid in the solutions being mixed; after al,
every drop of acid in the final mixture came from one of thetwo! That is, the sum of
the first two entries in the 3rd column must equal the third entry in the 3rd column:

.06 + (.10)h = (.04)(2 + h)
Ahha! Thisequation will be true only for one value of h:

.06 + (.10)0h = .08+ (.04)h
.06h = .02

Example F

One pipe takes 30 minutes to fill atank. After it has been running for 10 minutes, it
Isshut off. A second pipeisthen opened and it finishesfilling the tank in 15 minutes.
How long would it take the second pipe aoneto fill the tank?

Step 1. Translate
Thisisarate problem, since clearly the difference in the two pipesis that they alow
fluid to pass through at differing speeds.

1st pipe

10 min then. .. 2nd pipe

15 min

=\ 7

J——

The basic relationship which governs our situation is
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volume of
fluid passing | = [rate of flow] x [time]
through pipe

[rate of flow] = [volume/time]
The unknown which we desireto find is
t = the amount of time which the 2nd pipe would need to fill the tank

Other quantities which should play arolein this problem are:

V = | volume of tank
r, = | rate of flow for 1st pipe
ro = | rate of flow for 2nd pipe

As in the previous problem, we have one relationship which applies a number of
times. This suggests the use of atable again:

rate x time = volume
of flow
1st pipe
ri 30 v filling tank alone
. t v 2nd pipe

filling tank alone
ri 10 Vi | sumis Both pipes
ro 15 V> \ filling tank

Here, of course, V; isthe part of the volume of the tank filled by the 1st pipe in

10 minutes, and V> is the part left for the 2nd pipe to fill. Notice how al the given
information is nicely recorded and organized in such atable.

Step 2. Devise game plan

Somehow we need to obtain equations from our table to solve for t. Well, we have
alot of variables in our table; let’s cut down the number until perhaps we'll end up
with an equation just involving t. That’s our game plan.

Step 3. Execute game plan
Thefirst two lines of our table will eliminater, andro:

ri=V/30andro, =V/t
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The third and fourth lines together will then yield
V =V1+ Vo =10r1 + 15r5

Substituting from above for r{ and ro yields

V = 10(V/30) + 15(V/t)
1 = 1/3+ 15/t

(V just cancels out of the problem)

t = 22.5 minutes

Disclaimer:

We hope that our method and exampl es have shown that word problems can be effec-
tively tackled in a coherent, step-by-step fashion. The main ingredients are complete
and accurate translation of the problem into mathematics, and a systematic analysis
of what isnecessary to solveit. The method we have described is one way to organize
these ingredients; however, it is not the only way, nor will it in all cases provide the
most efficient means of solution. To begin with, no one method can be expected to
cover so vast and varied a collection as “word problems’—that’s almost equivalent
to devising a method of solving any type of mathematical problem! Any such list of
procedures is going to have inherent shortfalls; our list is probably a bit too rigid and
detailed, and in someinstancesit might lead you to introduce more variables than are
actually needed (and, in so doing, will make the problem solution more complicated
than it need be). Asyou gain in experience and confidence, you will be better able to
tailor the method to individual problems, and thus achieve more efficient solutions.

Nonethel ess, the solution of any word problem requiresthe basic procedures of our
method, and you are thus encouraged to follow our line pretty closely.

EXERCISES ...t
1. Howard Anton takes 7% hours to make atrip overseasin a prop plane. Later he

discovers that he could have taken a jet and saved 2% hours of flying time. Find
the speed of the jet if the jet travels 225 mph faster than the prop plane.

2. On another trip, this one an auto trip of 126 miles, Howard Anton calculated that
had he decreased his average speed by 8 m.p.h., his trip would have taken one
hour longer. What was his original rate?
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3.

10.

11.

One solution is 20% sulfuric acid while another is 12% sulfuric acid. How much
of each solution must be mixed together to produce 60 milliliters of solution con-
taining 9 milliliters of sulfuric acid?

Flying east between two cities, a plane’s speed is 380 mph. On the return trip,
it flies at 420 mph. Find the average speed over the whole round trip. (No, the
answer is not 400 mph.)

A rectangleis said to be in the “Divine Proportion” if the ratio of its width to its
length is equal to the ratio of its length to the sum of its length and width. What
are the dimensions of a rectangle in the Divine Proportion if its perimeter is 10
meters?

Anoffshoreoil well islocated inthe ocean at apoint W, whichis3 milesfromthe
closest shorepoint A on astraight shoreline. The oil isto be piped to a shorepoint
B that is9 milesfrom A by piping it on astraight line underwater from W to some
shorepoint P between A and B and then on to B viaa pipe along the shoreline. If
the cost of laying pipe is $500,000 per mile underwater, $300,000 per mile over
land, and the total cost of the pipeinstallation is $4,000,000, then how far is point
P from point Aif thisdistanceisknownto beat |east one mile? (For convenience,
calculate with money in units of $100,000.)

In along-distance race around a400-meter track, the winner finished the race one
lap ahead of the loser. If the average speed of the winner was 6 meters/sec and
the average speed of the loser was 5.75 meters/sec, how soon after the start did
the winner complete the race?

At 8 am., a bus traveling 100 kilometers/hr leaves Philadel phia for Boston, a
distance of 500 kilometers. At 10 am., a bus traveling 80 kilometers/hr leaves
Boston for Philadelphia. At what time do the two buses pass each other?

A confectioner has 15 pounds of chocolate worth $3.20 per pound and 12 pounds
of caramels worth $2.20 per pound. How many pounds of nougats worth $2.40
per pound should be added to these candies to obtain a mixture that isto sell for
$2.60 per pound?

A radiator contains 10 liters of a water and antifreeze solution of which 60% is
anti-freeze. How much of this solution should be drained and replaced with water
in order for the new solution to be 40% antifreeze?

One painter can paint a house in 40 hours and another painter can paint the same
housein 35 hours. How long will it take to paint the house if they work together?
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12. A pipe can fill aswimming pool in 10 hours. If a second pipe is opened, the two
pipestogether canfill the pool in 4 hours. How long would it take the second pipe
aloneto fill the pool?

1. d = distance of trip

s1 = speed of prop plane
Sy = speed of jet

t1 = time of prop planetrip
to = time of jettrip

t1 = 7%

to=5

s1=d/t1

S =d/t

S =91 + 225

Thussy = 675
36 mph
22.5 and 37.5 milliliters
339 mph

length = 5¢/5 — 5, width = 15 — 55
X = distancefrom Ato P = 4 miles

o o &~ W D

7. 26 minutes and 40 seconds
8. 11:40 am.
9. 21 pounds

10. 33 liters
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11. 18% hours
12. 65 hours

MATHEMATICAL INDUCTION ... e

Mathematical inductionisthe sophisticated name given to asimplelogical principle
that can be used to prove certain types of mathematical statements.

Suppose we have a series of statements, one about each positive integer. For ex-
ample, the statement

“the sum of the first n positive integersis 20D
is, in fact, a series of statements, one for each positive integer n

“the sum of the first 6 positive integersis &;D =21
“the sum of thefirst 7 positive integersis @ = 28, etc.

In proving statements of this type, we have a fundamental problem: there are an
infinite number of the statementsand so it isimpossibleto check them all, one by one!
However, there is a pattern to the statements and, by taking advantage of it, we can
deriveasimple, do-able procedure for proving them. To prove statements of thistype
by mathematical induction, we reason as follows

The Principle of Mathematical Induction

To verify astatement for every positive integer n such that n > ng, where ng
is some fixed starting integer (usually ng = 1):

|. Provethat the statement istruefor n = ng

I1. (@) (ThelnductionHypothesis) Assumethat the statement istruefor n = k (where
k isan arbitrary value of n ), and then

(b) Provethat the statement istrue for n = k 4 1. Then the statement is true for
al valuesof n > ng.

It isreally very easy to see why this principle works (and, after all, aprinciple in
mathematicsis something that isnot proved but is accepted as being obvious, so it had
better be easy to see why it works). In Part 1, it has been verified that the statement
is true for the first value of n. Say that first valueisn = 1. Then, becauseit is true
forn = 1, Part 2 saysthat it must betrueforn =2 (by usingk = 1and k + 1 = 2).
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And then, because it istrue for n = 2, Part 2 says that it must be true for n = 3 (by
usngk = 2and k + 1 = 3). And then it must be true for n = 4; and so on. The
inescapable conclusion isthat the statement must be true for all the positive integers.
The principle of mathematical induction has been described as the “ladder climbing”
principle. We start at the bottom . . .

...thus we can climb
the ladder to any step.

k+1
II. If statement true <
k

for n = k then
statement is true

forn=k+1

I. Prove statement true
for n = ng
no

|

It saysthat if you can get on the ladder (at Step 1, usually) and if you can go from
any step (Step k) to the next step (Step k + 1), then you can climb the ladder to any
step.

The principle of mathematical induction can also be thought of in terms of falling
dominoes. If you can knock over one domino (usually the first) and if the dominoes
arearranged so that each domino (thek-th) knocksover thenext oneinline, the (k + 1)-
th, then all the dominoes will fall.

I. Prove domino n = ng falls over

II. Prove that the k" domino will
knock over the (k4 1)* domino

...thus all the dominoes from
no on must fall over.

The use of the principle of mathematical induction is illustrated in the proof of the
following theorem.
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THEOREM (Anton’s Theorem 7.4.2)

nin+1
a) Thesum of thefirst n positive integersis (n+ ).

b) The sum of the squares of thefirst n positive integersis

n(n+1)(2n+1)
6

a) Letusdefine S, =1+ 2+ 3+ ...+ nwherenisany positiveinteger. Then the
statement we want to proveis

ve _NN+1),
== 2

|. First observe that for n = 1, the statement is true since
11+1)
> =
[1. @) Assume that the statement istrue for n = k. That is, assume that
k(k + 1)
2

S =1and 1

S =

(Thisisthe induction hypothesis.)

b) We want to use the induction hypothesis to show that the statement istrue
forn=k+1,i.e, that

(k+D(k+1)+1)

S+1 = >
 k+Dk+2
2
Thisis accomplished through the following sequence of equations:
kK(k+ 1)

+k+1

Sr1 = S+ Kk+D=
k(k+1) +2k+1)

2
(k+Dk+2)

2
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*(the induction hypothesis)
Therefore S, 1 hastherequired form. This completes the induction argument and

shows, by the principle of mathematical induction, that S, = ”(nT“) for al positive
integersn.

b) Define
SP 124224324 412
where n is any positive integer. Then the statement we want to proveis

nn+1)@n+1)
5 .

13 2
I-Whm

and

11+ DD+ _
. _

1

so the statement istrue.
I1. @) Assume that the statement istruefor n = k, i.e., that

2 kk+1(2Zk+1)
X7 = 5
(Thisisthe induction hypothesis.)

b) Under this assumption, we want to show that the statement is true for n =
k+1,i.e,that

) K+D((k+D)+DH2Kk+1)+1)
§<+1 = 6
K+ Dk+2(2k+3)
6

Thisisdone as follows:

Sh = 8+ k+1?

_ k(k + 1)6(2k +1 (k4 172
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(The induction hypothesis.)

— (k+1) &;DHHD]
k(2K + 1) + 6(k + 1)

= (k+1) 5 ]

[ k2 4 7K + 6:|

= (k+1) 5

(k+ 1)K + 2)(2k + 3)
6

Therefore (221 has the required form, proving by the principle of mathemat-

ical induction that
n(n+1)(2n+ 1)
6

for all positive integers n. [m]

2
§ -

NOTE:| Very often, aproof by mathematical induction is not the only way to prove
that statements are true for all positive integers. For example, in Section 7.4 An-
ton proves the two results above by different methods. However, in general you
will find that a proof by mathematical induction is more straightforward and in-
volves fewer tricks.

EXERCISES ..ot
1. Provethat

1¥2+22+33+...+n%=’(n+21)?/4
(Thisis Anton’s Theorem 7.4.2(c).)
2. Provethat if x # 1, then

1+x—|—x2+...+x”=(l_—xnﬂ)
(1-x)

3. If aset Scontains n elements, show that S has 2" subsets (counting Sitself and
the empty set ¢ as subsets).
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