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Life is full of numbers. The moment we were born, our parents probably noted the 
time, our weight, our length, possibly our width, and most important, counted our 

toes. Numbers accompany us throughout life. We use numbers to measure our age, 
keep track of how much we owe on our charge cards, measure our wealth. (Notice 
how negative numbers may sneak in on that last one if we’re in debt.) In fact, does 
any aspect of daily life not involve counting or measurement? Numbers are a part of 
human life.

In this chapter we explore the notion of number. Just as numbers play a funda-
mental role in our daily lives, they also play a fundamental role within the realm of 
mathematics. We will come to see the richness of numbers and delve into their surpris-
ing traits. Some collections of numbers fit so well together that they actually lead to 
notions of aesthetics and beauty, whereas other numbers are so important that they 
may be viewed as basic building blocks. Relationships among numbers turn out to have 
powerful implications in our modern world, for example, within the context of secret 
codes and the Internet. Exploring the numbers we know leads us to discover whole 
new worlds of numbers beyond our everyday understanding. Within this expanded 
universe of number, many simple questions are still unanswered—mystery remains.

One of the main goals of this book is to illustrate methods of investigating the 
unknown, wherever in life it occurs. In this chapter we highlight some guiding prin-
ciples and strategies of inquiry by using them to develop ideas about numbers.

Remember that an intellectual journey does not always begin with clear definitions 
and a list of facts. It often involves stumbling, experimenting, and searching for pat-
terns. By investigating the world of numbers we encounter powerful modes of thought 
and analysis that can profoundly influence our daily lives.

Number Contemplation
C H A P T E R  T W O
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  COUNTING
How the Pigeonhole Principle Leads  
to Precision Through Estimation

We begin with the numbers we first learned as children: 1, 2, 3, 4, . . . 
(The “ . . . ” indicate that there are more, but we don’t have enough room 

to list them.) These numbers are so natural to us they are actually called natural 
numbers. These numbers are familiar, but often familiar ideas lead to surprising 
outcomes, as we will soon see.

The most basic use of numbers is counting, and we will begin by just counting 
approximately. That is, we’ll consider the power and the limitations of making rough 
estimates. In a way, this is the weakest possible use we can make of numbers, a nd yet 
we will still find some interesting outcomes. So let’s just have some fun with plain old 
counting.

Quantitative Estimation
One powerful technique for increasing our understanding of the world is to move 
from qualitative thinking to quantitative thinking whenever possible. Some people 
still count: “1, 2, 3, many.” Counting in that fashion is effective for a simple existence 
but does not cut it in a world of trillion-dollar debts and gigabytes of hard-drive 
storage. In our modern world there are practical differences between thousands, 
millions, billions, and trillions. Some collections are easy to count exactly because 
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2.1

The simple modes of number  
are of all other the most distinct; 
even the least variation, which is 
a unit, making each combination 

as clearly different from that 
which approacheth nearest  

to it, as the most remote; two 
being as distinct from one,  

as two hundred; and the idea of 
two as distinct from the idea  

of three, as the magnitude of the 
whole earth is from  

that of a mite.
JOHN LOCKE
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2.1 • Counting 45

there are so few things in them: the schools in the Big Ten Conference, the collec-
tion of letters you’ve written home in the past month, and the clean underwear in 
your dorm room. Other collections are more difficult to count exactly—such as 
the grains of sand in the Sahara Desert, the stars in the sky, and the hairs on your 
roommate’s body. Let’s look more closely at this last example.

It would be difficult, awkward, and frankly just plain weird to count the num-
ber of hairs on your roommate’s body. Without undertaking that perverse task, 
we nevertheless pose the following.

Question ►Do there exist two nonbald people on the planet who have exactly the 
same number of hairs on their bodies?

It appears that we cannot answer this question since we don’t know (and don’t 
intend to find out) the body-hair counts for anyone. But can we estimate body-
hair counts well enough to get some idea of what those numbers might be? In 
particular, can we at least figure out a number that we could state with confidence 
is larger than the number of hairs on the body of any person on Earth?

How Hairy Are We?
Let’s take the direct approach to this body-hair business. One of the authors 
counted the number of hairs on a 1/4-inch  1/4-inch square area on his scalp and 
counted about 100 hairs—that’s roughly 1600 hairs per square inch. From this 
modest follicle count, we can confidently say that no person on 
Earth has as many as 16,000 hairs in any square inch anywhere on 
his or her body. The author is about 72 inches tall and 32 inches 
around. If the author were a perfect cylinder, he would have 72-
inch  32-inch or about 2300 square inches of skin on the sides 
and about another 200 square inches for the top of his head and 
soles of his feet, for a total of 2500 square inches of skin. Since 
the author is not actually a perfect cylinder (he has, for example, 
a neck), 2500 square inches is an overestimate of his skin area. 
There are people who are taller and bigger than this author, but 
certainly there is no one on this planet who has 10 times as much 
skin as this author. Therefore, no body on Earth will have more 
than 25,000 square inches of skin. We already agreed that each 
square inch can have no more than 16,000 hairs on it. Thus we 
deduce that no person on this planet can have more than 400 
million (400,000,000) hairs on his or her body.

How Many Are We?
An almanac or a Web site would tell us that there are more than 7 billion 
(7,000,000,000) people on this planet. Given this information, can we answer our 
question: Do there exist two nonbald people on the planet who have exactly the 
same number of hairs on their bodies? We urge you to think about this question 
and try to answer it before reading on.

Make it quantitative.
Life Lesson

A 1” square contain-
ing 2000 hairs—not 
too physically likely.

c02.indd   45 22/08/12   11:30 PM

pflatley
Callout
Life LessonsLife Lessons offer effective methods of thinking that students will retain and apply in everyday life. 

pflatley
Callout
Writing StyleDesigned to engage students so they will actually read and understand math concepts!  



Number Contemplation46

Why Many People Are Equally Hairy
There are more than 6.8 billion people on Earth, but each person has many fewer 
than 400 million hairs on his or her body. Could it be that no two people have the 
same number of body hairs? What would that mean? It would mean that each of 
the 6.8 billion people would have a different number of body hairs. But we know 
that the number of body hairs on each person is less than 400 million. So, there 
are less than 400 million different possible body-hair numbers. Therefore, not all 
6.8 billion people can have different body-hair counts.

Suppose we have 400 million rooms—each numbered in order. Suppose each 
person did know his or her body-hair count, and we asked each person in the 
world to go into the room whose number is equal to his or her body-hair number. 
Could everyone go into a different room? Of course not! We have more than 6 
billion people and only 400 million room choices—some room or rooms must 
have more than one person. In other words, there definitely exist two people, in 
fact many people, who have the same number of body hairs.

By using some simple estimates, we have been able to answer a question that 
first appeared unanswerable. The surprising twist is that in this case a rough esti-
mate led to a conclusion about an exact equality. However, there are limitations 
to our analysis. For example, we are unable to name two specific people who have 
the same body-hair counts even though we know they are out there.

The Power of Reasoning
In spite of the silliness of our hair-raising question we see the power of reasoned 
analysis. We were faced with a question that on first inspection appeared unan-
swerable, but through creative thought we were able to crack it. When we are first 

faced with a new question or problem, the ultimate path of logical 
reasoning is often hidden from sight. When we try, think, fail, think 
some more, and try some more, we finally discover a path.

We solved the hairy-body question, but that question in itself is 
not of great value. However, once we have succeeded in resolving an  
issue, it is worthwhile to isolate the approach we used, because the 
method of thought may turn out to be far more important than  
the problem it solved. In this case, the key to answering our ques-
tion was the realization that there are more people on the planet 
than there are body hairs on any individual’s body. This type of rea-
soning is known as the Pigeonhole principle. If we have an antique 
desk with slots for envelopes (known as pigeonholes) like the one 
shown, and we have more envelopes than slots, then certainly some 
slot must contain at least two envelopes. This Pigeonhole principle 

is a simple idea, but it is a useful tool for drawing conclusions when the size of a 
collection exceeds the number of possible variations of some distinguishing trait.

Once we understand the Pigeonhole principle, we become conscious of some-
thing that has always been around us—we see it everywhere. For example, in a large 
swim meet, some pairs of swimmers will get exactly the same times to the tenths of a 
second. Some days more than 100 people will die in car wrecks. With each breath, we 
breathe an atom that Einstein breathed before us. Each person will arrive at work 

Looking at an issue from 
a new point of view often 
enables us to understand 

it more clearly. 

Life Lesson

????

Often after we learn 
a principle of logical 

reasoning, we see many 
instances where it applies.

Life Lesson
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during the exact same minute many times during his or her life. Many trees have  
the same number of leaves. Many people get the same SAT score.

Number Personalities
The natural numbers 1, 2, 3, . . . , besides being useful in counting, have  
captured the imagination of people around the world from different cultures and 
different eras. The study of natural numbers began several thousand years ago 
and continues to this day. Mathematicians who are intrigued by numbers come 
to know them individually. In the eye of the mathematician, individual numbers 
have their own personalities—unique characteristics and distinctions from other 
numbers. In subsequent sections of this chapter, we will discover some intriguing 
properties of numbers and uncover their nuances. For now, however, we wish to 
share a story that captures the human side of mathematicians. Of course, math-
ematicians, like people in other professions, display a large range of personalities, 
but this true story of Ramanujan and Hardy depicts almost a caricature of the 
“pure” mathematician. It illustrates part of the mythology of mathematics and 
provides insight into the personality of an extraordinary mathematician.

This interaction of two mathematicians on such an abstract plane even dur-
ing serious illness is poignant. They clearly thought each number was worthy of 
special consideration. To affirm their special regard for each number, we now 
demonstrate conclusively that every natural number is interesting by means of a 
whimsical, though ironclad, proof.

Srinivasa Ramanujan
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Ramanujan and Hardy
One of the most romantic tales in the history of the human exploration of  
numbers involves the life and work of the Indian mathematician Srinivasa  
Ramanujan. Practically isolated from the world of academics, libraries, and  
mathematicians, Ramanujan made amazing discoveries about natural  
numbers.

In 1913, Ramanujan wrote to the great English mathematician G. H. Hardy 
at Cambridge University, describing his work. Hardy immediately recognized 
that Ramanujan was a unique jewel in the world of mathematics,  
because Ramanujan had not been taught the standard ways to think about 
numbers and thus was not biased by the rigid structure of a traditional  
education; yet he was clearly a mathematical genius. Since the pure nature 
of mathematics transcends languages, customs, and even formal training,  
Ramanujan’s imaginative explorations have since given mathematicians  
everywhere an exciting and truly unique perspective on numbers.

Ramanujan loved numbers as his friends, and found each to be a distinct 
wonder. A famous illustration of Ramanujan’s deep connection with numbers is 
the story of Hardy’s visit to Ramanujan in a hospital. Hardy later recounted the 
incident: “I remember once going to see him when he was lying ill at Putney. 
I had ridden in taxi cab number 1729 and remarked that the number seemed 
to me rather a dull one and that I hoped it was not an unfavorable omen. 
‘No,’ he replied, ‘it is a very interesting number; it is the smallest number  
expressible as the sum of two cubes in two different ways.’” Notice 
that, indeed, 1729 5 123 1 13, and also 1729 5 103 1 93.

G. H. Hardy
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The Intrigue of Numbers.
Every natural number is interesting.

Proof that Natural Numbers Are Interesting
Let’s first consider the number 1. Certainly 1 is interesting, because it is the first 
natural number and it is the only number with this property: If we pick any num-
ber and then multiply it by 1, the answer is the original number we picked. So, we 
agree that the first natural number is interesting.

Let us now consider the number 2. Well, 2 is the first even number, and that is 
certainly interesting—and, if that weren’t enough, remember that 2 is the small-
est number of people required to make a baby. Thus, we know that 2 is genuinely 
interesting.

We now consider the number 3. Is 3 interesting? Well, there are only two pos-
sibilities: Either 3 is interesting, or 3 is not interesting. Let us suppose that 3 is not 
interesting. Then notice that 3 has a spectacular property: It is the smallest natural 
number that is not interesting—which is certainly an interesting property! Thus 
we see that 3 is, after all, quite interesting.

Knowing now that 1, 2, and 3 are all interesting, we can make an analogous 
argument for 4 or any other number. In fact, suppose now that k is a certain natu-
ral number with the property that the first k natural numbers are all interesting. 
That is, 1, 2, 3, . . . , k are all interesting. We know this fact is true if k is 1, and, 
in fact, it is true for larger values of k as well (2, 3, and 4, for example).

We now consider the very next natural number: k 1 1. Is k 1 1 interesting? 
Suppose it were not interesting. Then it would be the smallest natural number 
that is not interesting (all the smaller natural numbers would be known to be 
interesting). Well, that’s certainly interesting! Thus, k 1 1 must be interesting, 
too. Since we have shown that there can be no smallest uninteresting number, we 
must conclude that every natural number is interesting.

Our proof employs a logical “domino effect” to establish the validity of the 
theorem. This proof technique is known as mathematical induction and is used to 
prove many important mathematical results (most of which are not nearly as silly 
as the one we just established here).

Natural numbers are the natural place to begin our journey. This deceptively simple 
collection of numbers plays a significant role in our lives. We can understand our world 
more deeply by moving from qualitative to quantitative understanding. Counting and 
estimating, together with the Pigeonhole principle, lead to surprising insights about 
everyday events. Natural numbers help us understand our world, but they also constitute 
a world of their own. The whimsical assertion that every natural number is interesting 
foreshadows our quest to discover the variety and individual essence of these numbers.

Our strategy for understanding the richness of numbers was to start with the most 
basic and familiar use for numbers—counting. Looking carefully at the simple and the 
familiar is a powerful technique for creating and discovering new ideas.

BACK
A Look
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In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. Muchos mangos. You inherit a large crate of mangos. The top layer has 18 

mangos. Peering through the cracks in the side of the crate, you estimate 
there are five layers of mangos inside. About how many mangos did you 
inherit?

 2. Packing balls. Your best friend is about to turn 21 and you want to send him 
a box full of Ping-Pong balls. You have a square box measuring 12 inches 
on each side and you wonder how many Ping-Pong balls would fit inside. 
Suppose you have just enough balls to cover the bottom of the box in a single 
layer. How could you estimate the number that would fill the box?

 3. Alternative rock. You have an empty CD rack consisting of five shelves 
and you just bought five totally kickin’ CDs. Can each CD go on a different 
shelf? What if you had six new CDs?

 4. The Byrds. You have 16 new CDs to put on your empty five-shelf CD rack. 
Can you place the CDs so that each shelf contains three or fewer CDs? Can 
you arrange them so that each shelf contains exactly three?

 5. For the birds. Explain the Pigeonhole principle.

Solidifying Ideas
 6. Treasure chest (ExH). Someone offers to give you a million dollars 

($1,000,000) in one-dollar ($1) bills. To receive the money, you must lie down; 
the million one-dollar bills will be placed on your stomach. 

  If you keep them on your stomach for 10 minutes, the money is yours! Do 
you accept the offer? Carefully explain your answer using quantitative 
reasoning.

 7. Order please. Order the following numbers from smallest to largest: num-
ber of telephones on the planet; number of honest members of Congress; 

Understand simple things deeply.
Life Lessons

MINDSCAPES    Invitations to Further Thought

To speak algebraically, Mr. M.  
is execrable, but Mr. C. is  

(x 1 1)-ecrable.
EDGAR ALLAN POE
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number of people; number of grains of sand; number of states in the United 
States; number of cars.

 8.  Penny for your thoughts (H). Two thousand years ago, a noble Arabian 
king wished to reward his minister of science. Although the modest minis-
ter resisted any reward from the king, the king finally forced him to state a 
desired reward. Impishly the minister said that he would be content with the 
following token: “Let us take a checkerboard. On the first square I would 
be most grateful if you would place one piece of gold. Then on the next 
square twice as much as before, thus placing two pieces, and on each subse-
quent square, placing twice as many pieces of gold as in the previous square.  
I would be most content with all the gold that is on the board once your maj-
esty has finished.” This sounded extremely reasonable, and the king agreed. 
Given that there are 64 squares on a checkerboard, roughly how many pieces 
of gold did the king have to give to our “modest” minister of science? Why 
did the king have him executed?

 9. Twenty-nine is fine. Find the most interesting property you can, unrelated to 
size, that the number 29 has and that the number 27 does not have.

10. Perfect numbers. The only natural numbers that divide evenly into 6, other 
than 6 itself, are 1, 2, and 3. Notice that the sum of all those numbers equals 
the original number 6 (1 + 2 + 3 = 6). What is the next number that has the 
property of equaling the sum of all the natural numbers other than itself 
that divide evenly into it? Such numbers are called perfect numbers. No one 
knows whether or not there are infinitely many perfect numbers. In fact, no 
one knows whether there are any odd perfect numbers. These two unsolved 
mysteries are examples of long-standing open questions in the theory of 
numbers.

11. Many fold (S). Suppose you were able to take a large piece of paper of ordi-
nary thickness and fold it in half 50 times. What would the height of the 
folded paper be? Would it be less than a foot? About one yard? As long 
as a street block? As tall as the Empire State Building? Taller than Mount 
Everest?

12. Only one cake. Suppose we had a room filled with 370 people. Will there be 
at least two people who have the same birthday?

13.  For the birds. Years ago, before overnight delivery services and e-mail, peo-
ple would send messages by carrier pigeon and would keep an ample sup-
ply of pigeons in pigeonholes on their rooftops. Suppose you have a certain 
number of pigeons, let’s say P of them, but you have only P  1 pigeonholes. 
If every pigeon must be kept in a hole, what can you conclude? How does 
the principle we discussed in this section relate to this question?

14.  Sock hop (ExH). You have 10 pairs of socks, five black and five blue, but 
they are not paired up. Instead, they are all mixed up in a drawer. It’s early 
in the morning, and you don’t want to turn on the lights in your dark room. 
How many socks must you pull out to guarantee that you have a pair of one 
color? How many must you pull out to have two good pairs (each pair is the 
same color)? How many must you pull out to be certain you have a pair of 
black socks?

15. The last one. Here is a game to be played with natural numbers. You  start 
with any number. If the number is even, you divide it by 2. If the number 
is odd, you triple it (multiply it by 3), and then add 1. Now you repeat the  
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process with this new number. Keep going. You win (and stop) if you get  
to 1. For example, if we start with 17, we would have:

17, 52, 26, 13, 40, 20, 10, 5, 16, 8, 4, 2, 1 → we see a 1, so we win!

 Play four rounds of this game starting with the numbers 19, 11, 22, and 30. 
Do you think you will always win no matter what number you start with? No 
one knows the answer!

Creating New Ideas
16. See the three. What proportion of the first 1000 natural numbers have a 3 

somewhere in them? For example, 135, 403, and 339 all contain a 3, whereas 
402, 677, and 8 do not.

17. See the three II (H). What proportion of the first 10,000 natural numbers 
contains a 3?

18.  See the three III. Explain why almost all million-digit numbers contain a 3.

19.  Commuting. One hundred people in your neighborhood always drive to 
work between 7:30 and 8:00 a.m. and arrive 30 minutes later. Why must two 
people always arrive at work at the same time, within a minute?

20. RIP (S). The Earth has more than 6.8 billion people and almost no one lives 
100 years. Suppose this longevity fact remains true. How do you know that 
some year soon, more than 50 million people will die?

Further Challenges
21.  Say the sequence. The following are the first few terms in a sequence. Can 

you figure out the next few terms and describe how to find all the terms in 
the sequence?

1

11

21

1211

111221

312211

. . .

22. Lemonade. You want to buy a new car, and you know the model you want. 
The model has three options, each one of which you can either take or not 
take, and you have a choice of four colors. So far 100,000 cars of this model 
have been sold. What is the largest number of cars that you can guarantee  
to have the same color and the same options as each other?

In Your Own Words
23. With a group of folks. In a small group, discuss and work through the reason-

ing for why there are two people on Earth having the same number of hairs 
on their bodies. After your discussion, write a brief narrative describing your 
analysis and conclusion in your own words.
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For the Algebra Lover 
  Here we celebrate the power of algebra as a powerful way of finding unknown 

quantities by naming them, of expressing infinitely many relationships and 
connections clearly and succinctly, and of uncovering pattern and structure.

24.  Ramanujan noodles (H). Ramanujan tells you that his Social Security 
number ends with the four digits 2261 and that 2261 can be expressed as 
the sum of two cubes. He also says that 4 is one of those two numbers to be 
cubed. If x represents the other number to be cubed, then write an equation 
that relates 4 and x to the number 2261. Now find the value for x and verify 
that your solution is correct. 

25.  Bird count. You want to know how many pigeons you have altogether in 
your seven pigeonholes. Your smartest pigeon (who’s been studying The 
Heart of Mathematics) left you a note listing the number of pigeons in each 
hole as x, x, 3x, 5x, x, 2x, and 2x. The note also says that the total number of 
pigeons is x2 – 100.  Write an equation relating the information your smart 
bird has given you. Then solve for x and determine the number of birds you 
have.

26.  Many pennies. Suppose you have a 3  3 checkerboard (so it has 9 squares). 
You put one penny on the first square, then 3 pennies on the next square, 
then 32 pennies on the next square, and so on until there are pennies on all 
nine squares. Write an expression that gives the total number of pennies on 
the board. Find the sum.

29.  Park clean-up. You run a volunteer organization to help clean up local 
parks. You have 108 volunteers to assign to jobs in 6 different parks. The 
two medium-sized parks require half as many volunteers as the one largest 
park. The two small parks require half as many as the medium-sized parks. 
And one very small park requires only one-fifth the volunteers that the larg-
est park requires. How many volunteers should be sent to each park?

30.  Where’s the birdie? One of your pigeons decides to fly off at noon one day 
in search of the meaning of life. She flies for a total of five hours. The dis-
tance, D(t), she is from her pigeonhole is given by the function D(t) 5 5t  t2, 
where t measures the number of hours since she flew the coop. How far away 
is she at 3:00 pm? How far away is she at 5:00 pm? What does this tell you 
about where she finds what she’s looking for?
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Often when we see beauty in nature, we are subcon-
sciously sensing hidden order—order that itself 

has an independent richness. Thus we stop and smell the 
roses—or, more accurately, count the daisies. In the pre-
vious section, we contented ourselves with estimation, 
whereas here we move to exact counting. The example of 
counting daisies is an illustration of discovering numerical 

patterns in nature through direct observation. The pattern we find in the daisy 
appears elsewhere in nature and also gives rise to issues of aesthetics that touch 
such diverse fields as architecture and painting. We begin our investigation, how-
ever, firmly rooted in nature.

Have you ever examined a daisy? Sure, you’ve picked off the white petals one 
at a time while thinking: “Loves me . . . loves me not,” but have you ever taken 
a good hard look at what’s left once you’ve finished plucking? A close inspec-
tion of the yellow in the middle of the daisy reveals unexpected structure and 
intrigue. Specifically, the yellow area contains clusters of spirals coiling out from 
the center. If we examine the flower closely, we see that there are, in fact, two sets 
of spirals—a clockwise set and a counterclockwise set. These two sets of spirals 
interlock to produce a hypnotic interplay of helical form.

2.2     NUMERICAL PATTERNS IN 
NATURE

Discovering the Beauty of the  
Fibonacci Numbers

We can discover patterns by looking closely at our world.
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There is no inquiry which is not 
finally reducible to a question 
of Numbers; for there is none 

which may not be conceived of as 
consisting in the determination 

of quantities by each other, 
according to certain relations.

AUGUSTE COMTE
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Interlocking spirals abound in nature. The cone flower and the sunflower both 
display nature’s signature of dual, locking spirals. Flowers are not the only place 
in nature where spirals occur. A pinecone’s exterior is composed of two sets of 
interlocking spirals. The rough and prickly facade of a pineapple also contains 
two collections of spirals.

Look for patterns.
Life Lesson

Be Specific: Count
In our observations we should not be content with general impressions. Instead, 
we move toward the specific. In this case we ponder the quantitative quandary: 
How many spirals are there? An approximate count is: lots. Is the number of 
clockwise spirals the same as the number of counterclockwise spirals? You can 
physically verify that the pinecone has 5 spirals in one direction and 8 in the other. 
The pineapple has 8 and 13. The daisy and cone flower both have 21 and 34. The 
sunflower has a staggering 55 and 89. In each case, we observe that the number 
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of spirals in one direction is nearly twice as great as the number of spirals in the  
opposite direction. Listing all those numbers in order we see

5, 8, 13, 21, 34, 55, 89.

Is there any pattern or structure to these numbers?
Suppose we were given just the first two numbers, 5 and 8, on that list of spiral 

counts. How could we use these two numbers to build the next number? How can 
we always generate the next number on our list?

We note that 13 is simply 5 plus 8, whereas 21, in turn, is 8 plus 13. Notice that 
this pattern continues. What number would come after 89? Given this pattern, 
what number should come before 5? How about before that? How about before 
that? And before that?

Leonardo’s Legacy: the Fibonacci Sequence
The rule for generating successive numbers in the sequence is to add up the previ-
ous two terms. So the next number on the list would be 55 1 89 5 144.

Through spiral counts, nature appears to be generating a sequence of numbers 
with a definite pattern that begins

1 1 2 3 5 8 13 21 34 55 89 144 . . . .

This sequence is called the Fibonacci sequence, named after the mathemati-
cian Leonardo of Pisa (better known as Fibonacci—a shortened form of Filius 
Bonacci, son of Bonacci), who studied it in the 13th century. After seeing this 
surprising pattern, we hope you feel compelled to count for yourself the spirals in 
the previous pictures of flowers. In fact, you may now be compelled to count the 
spirals on a pineapple every time you go to the grocery store.

Why do the numbers of spirals always seem to be consecutive terms in this 
list of numbers? The answer involves issues of growth and packing. The yellow  
florets in the daisy begin as small buds in the center of the plant. As the plant 
grows, the young buds move away from the center toward a location where they 
have the most room to grow—that is, in the direction that is least populated by 
older buds. If one simulates this tendency of the buds to find the largest open area 
as a model of growth on a computer, then the spiral counts in the geometrical pat-
tern so constructed will appear in our list of numbers. The Fibonacci numbers are 
an illustration of surprising and beautiful patterns in nature. The fact that nature 
and number patterns reflect each other is indeed a fascinating concept.

A powerful method for finding new patterns is to take the abstract patterns 
that we directly observe and look at them by themselves. In this case, let’s move 
beyond the vegetable origins of the Fibonacci numbers and just think about the 
Fibonacci sequence as an interesting entity in its own right. We conduct this inves-
tigation with the expectation that interesting relationships that we find among 
Fibonacci numbers may also be represented in our lives.

Fibonacci Neighbors
We observed that flowers, pinecones, and pineapples all display consecutive pairs 
of Fibonacci numbers. These observations point to some natural bond between 
adjacent Fibonacci numbers. In each case, the number of spirals in one direction 
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Unexpected patterns are 
often a sign of hidden, 
underlying structure.

Life Lesson
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was not quite twice as great as the number of spirals in the other direction. 
Perhaps we can find richer structure and develop a deeper understanding of 
the Fibonacci numbers by moving from an estimate (“not quite twice”) to a 
precise value. So, let’s measure the relative size of each Fibonacci number in  
comparison to the next one. We measure the relative size of one number  
in comparison to another by considering their ratio—that is, by dividing 
one of the numbers into the other. Here we list the quotients of adjacent 
Fibonacci numbers. Use a calculator to compute the last three terms in the 
chart to the right.

What do we notice about these answers? In the display to the right, notice 
that the pairs of Fibonacci numbers are getting larger and larger in size. But 
what about their relative sizes?

Converging Quotients
The relative sizes—that is, the quotients of consecutive Fibonacci numbers 
in the right column—seem to oscillate. They get bigger, then smaller, then 
bigger, then smaller, but they are apparently becoming increasingly close to 
one another and are converging toward some intermediate value. What is the 
exact value for the target number toward which these ratios are heading?

To find it, let’s look again at those quotients of Fibonacci numbers, but 
this time let’s write those fractions in a different way. Looking at the same 
information from a different vantage point often leads to insight. If we’re 
careful with the arithmetic and remember the rule for building the Fibonacci 
numbers, we will uncover an unusual pattern of 1’s. Notice how we use the 
pattern of 1’s from one quotient to produce a pattern of 1’s for the next quo-

tient. Each step below involves the facts that a/b 5 1/(b/a) and that each Fibonacci 
number can be written as the sum of the previous two.
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Fraction of Adjacent Decimal 
Fibonacci Numbers Equivalent

1
1 1.0

2
1 2.0

3
2 1.5

5
3 1.666 . . .

8
5 1.6

1
8
3 1.625

2
1
1
3 1.6153 . . .

3
2
4
1 1.6190 . . .

5
3
5
4 1.6176 . . .

8
5
9
5

1
8
4
9
4

2
1
3
4
3
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Let’s look at what we’re doing. Replacing the top Fibonacci number in the 
numerator of our fraction by the sum of the previous two Fibonacci numbers 
allows us to see a pattern. For example,

233
144

144 89
144

89
144

1
144
89

1 1�
�

� � � � .

Now notice that 144/89 would be the previous fraction on our list. So 144/89 
would have already been written as a long fraction of 1’s.

If we continue this process we see that the ratio of any two adjacent Fibonacci 
numbers is a number that looks like this:

1 1

1
1

1
1

1
1

�

�

�
�

�


.

Unending 1’s
As we compute the quotient of ever larger Fibonacci numbers, the ratios head 
toward the strange expression: 1 1 1/(1 1 1/(1 1 . . . )) in which we mean by “ . . . ” 
that this fraction never ends, the quotient goes on forever. Only in mathematics 
can we create something that is truly unending. Let’s give this unending number 
a name. We call this number j (j is the lowercase Greek letter phi, and in our 
journey through geometry a few chapters from now, we’ll find out why it is called 
j—stay tuned). So we see that

ϕ � �

�

�
�

1
1

1
1

1
1

1


where the dots mean this process goes on forever. Remember, our goal is to fig-
ure out what number the quotients of consecutive Fibonacci numbers approach, 
and we now see that they approach j. But what exactly does j equal? Since it’s 
described in such an interesting form—as an infinitely long fraction containing 
only 1’s—it seems impossible to know the precise value of j, or is it possible? 
Right now, the answer is not clear. So let’s look for some pattern within that 
exotic expression for j.

Before attempting to answer the preceding question, we first ask a warm-up 
question: We are going to write j out again; however, this time, notice that we 
have placed a frame around part of j. Here is our question: What does the num-
ber inside the frame equal?

New perspectives often 
reveal new insights.

Life Lesson
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ϕ � �

�

�
�

1
1

1

1
1

1

1

. . .

The answer is: The number in the frame is j again. Why? Well, suppose 
we were just shown the number inside the frame without any of that other stuff 
around it. We’d look at that new number and realize that the 1’s go on forever in 
the same pattern as before, and thus that number is just j. Stay with this picture 
until you see the idea behind it. Therefore, we just discovered that

ϕ
ϕ

� �1
1

.

Solving for j
Now we have an equation involving just j, and this will allow us to solve for the 
exact value of j. First, we can subtract 1 from both sides to get

ϕ
ϕ

� �1
1

.

Multiplying through by j we get

ϕ ϕ2 1� �

or just

ϕ ϕ2 1 0� � � .

This “quadratic equation” can be solved using the quadratic formula, which 
implies that

ϕ �
�1 5

2
.

But since j is bigger than 1, we must have

ϕ �
�1 5

2
.

Using a calculator, express (1 5)/2�  as a decimal and compare it with the 
data from our previous calculator experimentation on the quotients of consecu-
tive Fibonacci numbers. Well, there we have it—our goal was to find the exact 
value of j, and through a process of observation and thought we succeeded.

The Golden Ratio
At the moment, the only interesting features of j we have seen are that it is the 
fixed value the quotients of consecutive Fibonacci numbers approach and that it 
can be expressed in a remarkable way as an endless “fraction within a fraction 
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within a fraction . . . ” just using 1’s. We started with simple observations of flow-
ers and pinecones. We saw a numerical pattern among our observations. The 
pattern led us to the number (1 5)/2� .

The number ϕ � �(1 5)/2 is called the Golden Ratio and, besides its connec-
tion with nature’s spirals, it captures the proportions of some especially pleasing 
shapes in art, architecture, and geometry. Just to foreshadow what is to come 
when we revisit the Golden Ratio in the geometry chapter, here is a question: 
What are the proportions of the most attractive rectangle? In other words, when 
someone says “rectangle” to you, and you think of a shape, what is it? Light some 
scented candles, put on a Yanni CD, close your eyes, and dream about the most 
attractive and pleasing rectangle you can imagine. Once that image is etched in 
your mind, open your eyes, put out the candles, and pick from the four choices 
below the rectangle that you think is most representative of that magical rect-
angle dancing in your mind.

Many people feel that the second rectangle from the left is the most aestheti-
cally pleasing—the one that captures the notion of “rectangleness.” That rect-
angle is called the Golden Rectangle, and we will examine it in detail in Chapter 4. 
The ratio of the dimensions of the sides of the Golden Rectangle is a number that 
we will see is rich with intrigue. If we divide the length of the longer side by the 
length of the shorter side, we again come upon j: the Golden Ratio. A 3-inch  
5-inch index card is close to being a Golden Rectangle. Notice that its dimen-
sions, 3 and 5, are consecutive Fibonacci numbers. In the geometry chapter we 
will consider the (at times controversial) aesthetic issues involving j and make 
some interesting connections between the Fibonacci numbers and the Golden 
Rectangle in art.

To Be or Not to Be Fibonacci
After finding Fibonacci numbers hidden in the spirals of nature, it saddens us 
to realize that not all numbers are Fibonacci. However, we are delighted to 
announce that in fact every natural number is a neat sum of Fibonacci numbers. 
In particular, every natural number is either a Fibonacci number or it is express-
ible uniquely as a sum of nonconsecutive Fibonacci numbers. Here is one way to 
find the sum:

 1. Write down a natural number.

 2. Find the largest Fibonacci number that does not exceed your number. That 
Fibonacci number is the first term in your sum.
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 3. Subtract that Fibonacci number from your number and look at this new 
number.

 4. Find the largest Fibonacci number that does not exceed this new number. 
That Fibonacci number is the second number in your sum.

 5. Continue this process.

For example, consider the number 38. The largest Fibonacci number not 
exceeding 38 is 34. So consider 38  34 5 4. The largest Fibonacci number 
not exceeding 4 is 3, and 4  3 5 1, which is a Fibonacci number. Therefore, 38 5 
34 1 3 1 1. Similarly, we can build any natural number just by adding Fibonacci 
numbers in this manner. In one sense, Fibonacci numbers are building blocks for 
the natural numbers through addition.

Fun and Games with Fibonacci
Fibonacci numbers not only appear in nature; they can also be used to accumu-
late wealth. (Moral: Math pays.) We can see this moral for ourselves in a game 
called Fibonacci nim, which is played with two people. All we need is a pile of 
sticks (toothpicks, straws, or even pennies will do). Person One moves first by 
taking any number of sticks (at least one but not all) away from the pile. After 
Person One moves, it is Person Two’s move, and the moves continue to alternate 
between them. Each person (after the first move) may take away as many sticks 
as he or she wishes; the only restriction is that he or she must take at least one 
stick but no more than two times the number of sticks the previous person took. 
The player who takes the last stick wins the game.

Suppose we start with ten sticks, and Person One removes three sticks, leaving 
seven. Now Person Two may take any number of the remaining sticks from one to 
six (six is two times the number Person One took). Suppose Person Two removes 
five, leaving two in the pile. Now Person One is permitted to take any number 
of sticks from one to ten (10 5 2  5), but because there are only two sticks 
left, Person One takes the two sticks and wins. Play Fibonacci nim with various 
friends and with different numbers of starting sticks. Get a feel for the game and 
its rules—but don’t wager quite yet.

If we are careful and use the Fibonacci numbers, we can always win. Here is 
how. First, we make sure that the initial number of sticks we start with is not a 
Fibonacci number. Now we must be Person One, and we find some poor soul to 
be Person Two. If we play it just right, we will always win. The secret is to write 
the number of sticks in the pile as a sum of nonconsecutive Fibonacci numbers. 
Figure out the smallest Fibonacci number occurring in the sum, and remove that 
many sticks from the pile on the first move. Now it is your luckless opponent’s 
turn. No matter what he or she does, we will repeat the preceding procedure. 
That is, once he or she is done, we count the number of sticks in the pile, express 
the number as a sum of nonconsecutive Fibonacci numbers, and then remove the  
number of sticks that equals the smallest Fibonacci number in the sum. It is a  
fact that, no matter what our poor opponent does, we will always be able to 
remove that number of sticks without breaking the rules. Experiment with this 
game and try it. Wager at will—or not.
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In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. Fifteen Fibonaccis. List the first 15 Fibonacci numbers.

 2. Born j. What is the precise number that the symbol j represents? What 
sequence of numbers approaches j?

 3. Tons of ones. Verify that 1
1

1
1
1

�

�

 equals 3/2.

 4. Twos and threes. Simplify the quantities 2
2

2
2
2

�

�

 and 3
3

3
3
3

�

�

.

 5. The family of j. Solve the following equations for x:

  
x

x
x

x
� � � �2

1
3

1, .

Solidifying Ideas
 6. Baby bunnies. This question gave the Fibonacci sequence its name. It was 

posed and answered by Leonardo of Pisa, better known as Fibonacci.

   Suppose we have a pair of baby rabbits: one male and one female. Let us 
assume that rabbits cannot reproduce until they are one month old and that 
they have a one-month gestation period. Once they start reproducing, they 

We define the fibonacci numbers successively by starting with 1, 1, and then adding 
the previous two terms to get the next term. These numbers are rich with structure and 
appear in nature. The numbers of clockwise and counterclockwise spirals in flowers  
and other plants are consecutive Fibonacci numbers. The ratio of consecutive Fibonacci 
numbers approaches the Golden Ratio, a number with especially pleasing proportions. 
While not all numbers are Fibonacci, every natural number can be expressed as the sum 
of distinct, nonconsecutive Fibonacci numbers.

The story of Fibonacci numbers is a story of pattern. As we look at the world, we can 
often see order, structure, and pattern. The order we see provides a mental concept that 
we can then explore on its own. As we discover relationships in the pattern, we frequently 
find that those same relationships refer back to the world in some intriguing way.

BACK
A Look

Understand simple things deeply.
Life Lessons

MINDSCAPES    Invitations to Further Thought
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produce a pair of bunnies each month (one of each sex). Assuming that no 
pair ever dies, how many pairs of rabbits will exist in a particular month?

   During the first month, the bunnies grow into rabbits. After two months, 
they are the proud parents of a pair of bunnies. There will now be two pairs 
of rabbits: the original, mature pair and a new pair of bunnies. The next 
month, the original pair produces another pair of bunnies, but the new pair 
of bunnies is unable to reproduce until the following month. Thus we have:

Start

Month 1

Month 2

Month 3

  We’ll use the symbol F1 to stand for the first Fibonacci number, F2 for the 
second Fibonacci number, F3 for the third Fibonacci number, and so forth. 
So F1 5 1, and F2 5 1, and, therefore, F3 5 F2 1 F1 5 2, and F4 5 F3 1 F2 5 3, 
and so on. In other words, we write Fn for the nth Fibonacci number where 
n represents any natural number; for example, we denote the 10th Fibonacci 
number as F10 and hence we have F10 5 55. So, the rule for generating the 
next Fibonacci number by adding up the previous two can now be stated 
symbolically, in general, as:

F F F1 2n n n�
� �

� .

 7. Discovering Fibonacci relationships (S). By experimenting with numer-
ous examples in search of a pattern, determine a simple formula for (Fn+1)

2 
1 (Fn)

2; that is, a formula for the sum of the squares of two consecutive 
Fibonacci numbers. (See Mindscape 6 for a description of the notation Fn.)

Time in Months

Number of Pairs

Start 1 2 3 4 5 6 7

1 1 2

   Continue to fill in this chart and search for a pattern. Here is a sugges-
tion: Draw a family tree to keep track of the offspring.
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 8. Discovering more Fibonacci relationships. By experimenting with numerous 
examples in search of a pattern, determine a simple formula for (Fn+1)

2  
(Fn1)

2; that is, a formula for the difference of the squares of two Fibonacci 
numbers. (See Mindscape 6 for a description of the notation Fn.)

 9. Late bloomers (ExH). Suppose we start with one pair of baby rabbits, and 
again they create a new pair every month, but this time let’s suppose that it 
takes two months before a pair of bunnies is mature enough to reproduce. 
Make a table for the first 10 months, indicating how many pairs there would 
be at the end of each month. Do you see a pattern? Describe a general for-
mula for generating the sequence of rabbit-pair counts.

10.  A new start. Suppose we build a sequence of numbers using the method 
of adding the previous two numbers to build the next one. This time, how-
ever, suppose our first two numbers are 2 and 1. Generate the first 15 terms. 
This sequence is called the Lucas sequence and is written as L1, L2, L3, . . . . 
Compute the quotients of consecutive terms of the Lucas sequence as we did 
with the Fibonacci numbers. What number do these quotients approach? 
What role do the initial values play in determining what number the quo-
tients approach? Try two other first terms and generate a sequence. What do 
the quotients approach?

11. Discovering Lucas relationships. By experimenting with numerous exam-
ples in search of a pattern, determine a formula for Ln1 1 Ln11; that is, a 
formula for the sum of a Lucas number and the Lucas number that comes 
after the next one. (Hint: The answer will not be a Lucas number. See 
Mindscape 10.)

12. Still more Fibonacci relationships. By experimenting with numerous exam-
ples in search of a pattern, determine a formula for Fn1 1 Fn11; that is, a 
formula for the sum of a Fibonacci number and the Fibonacci number that 
comes after the next one. (See Mindscape 6 for a description of the notation 
Fn.) (Hint: The answer will not be a Fibonacci number. Try Mindscape 10 
first.)

13. Even more Fibonacci relationships. By experimenting with numerous 
examples in search of a pattern, determine a formula for Fn12  Fn2; that 
is, a formula for the difference between a Fibonacci number and the fourth 
Fibonacci number before it. (See Mindscape 6 for a description of the nota-
tion Fn.) (Hint: The answer will not be a Fibonacci number. Try Mindscape 
10 first.)

14. Discovering Fibonacci and Lucas relationships. By experimenting with 
numerous examples in search of a pattern, determine a formula for Fn + Ln; 
that is, a formula for the sum of a Fibonacci number and the corresponding 
Lucas number. (See Mindscape 6 for a description of the notation Fn.)

15. The enlarging area paradox (S). The square below has sides equal to 8 
(a Fibonacci number) and thus has area equal to 8  8 5 64. The square 
can be cut up into four pieces whereby the short sides have lengths 3 and 5, 
as illustrated. (You will find these pieces in the kit that accompanied your 
book.) Now use those pieces to construct a rectangle having base 13 and 
height 5. The area of this rectangle is 13  5 5 65. So by moving around the 
four pieces, we increased the area by 1 unit! Using the puzzle pieces from 
your kit, do the experiment and then explain this impossible feat. Show this 
puzzle to your friends and record their reactions.
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16. Sum of Fibonacci (H). Express each of the following natural numbers as a 
sum of distinct, nonconsecutive Fibonacci numbers: 52, 143, 13, 88.

17.  Some more sums. Express each of the following natural numbers as a sum of 
distinct, nonconsecutive Fibonacci numbers: 43, 90, 2000, 609.

18. Fibonacci nim: The first move. Suppose you are about to begin a game of 
Fibonacci nim. You start with 50 sticks. What is your first move?

19. Fibonacci nim: The first move II. Suppose you are about to begin a game of 
Fibonacci nim. You start with 100 sticks. What is your first move?

20. Fibonacci nim: The first move III. Suppose you are about to begin a game of 
Fibonacci nim. You start with 500 sticks. What is your first move?

21. Fibonacci nim: The next move. Suppose you are playing a round of Fibonacci 
nim with a friend. The game begins with 15 sticks. You start by removing two 
sticks; your friend then takes four. How many sticks should you take next to 
win?

22. Fibonacci nim: The next move II. Suppose you are playing a round of 
Fibonacci nim with a friend. The game begins with 50 sticks. You start by 
removing three sticks; your friend then takes five; you then take eight; your 
friend then takes ten. How many sticks should you take next to win?

23. Fibonacci nim: The next move III. Suppose you are playing a round of 
Fibonacci nim with a friend. The game begins with 90 sticks. You start  
by removing one stick; your friend then takes two; you take three; your  
friend takes six; you take two; your friend takes one; you take two;  
your friend takes four; you take one, and then your friend takes two. How 
many sticks should you take next to win?

24. Beat your friend. Play Fibonacci nim with a friend: Explain the rules, but do 
not reveal the secret to winning. Use 20 sticks to start. Play carefully, and 
beat your friend. Play again with another (non-Fibonacci) number of sticks 
to start. Record the number of sticks removed at each stage of each game. 
Finally, reveal the secret strategy and record your friend’s reaction.

25. Beat another friend. Play Fibonacci nim with another friend: Explain the 
rules, but do not reveal the secret to winning. Use 30 sticks to start. Play care-
fully and beat your friend. Play again with another (non-Fibonacci) number 
of sticks to start. Record the number of sticks removed at each stage of each 
game. Finally, reveal the secret strategy and record your friend’s reaction.

Creating New Ideas
26.  Discovering still more Fibonacci relationships. By experimenting with 

numerous examples in search of a pattern, determine a formula for Fn11  

8 units

8
units

5
units

13 units

Make into
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Fn1  (Fn)
2; that is, a formula for the product of a Fibonacci number and 

the Fibonacci number that comes after the next one, minus the square  
of the Fibonacci number in between them. (Hint: The answer will be differ-
ent depending on whether n is even or odd. Consider examples of different 
cases separately.)

27. Finding factors (S). By experimenting with numerous examples, find a way 
to factor F2n into the product of two natural numbers that are from famous 
sequences. That is, consider every other Fibonacci number starting with the 
second 1 in the sequence, and factor each in an interesting way. Discover a 
pattern. (Hint: Mindscape 10 may be relevant.)

28. The rabbits rest. Suppose we have a pair of baby rabbits—one male and one 
female. As before, the rabbits cannot reproduce until they are one month 
old. Once they start reproducing, they produce a pair of bunnies (one of 
each sex) each month. Now, however, let us assume that each pair dies after 
three months, immediately after giving birth. Create a chart showing how 
many pairs we have after each month from the start through month nine.

29.  Digging up Fibonacci roots. Using the square root key on a calculator, evalu-
ate each number in the top row and record the answer in the bottom row.

Number
F
F

3

1

F
F

4

2

F
F

5

3

F
F

6

4

F
F

7

5

F
F

8

6

F
F

9

7

Computed Value

  Looking at the chart, make a guess as to what special number F F2n n�
/  

approaches as n gets larger and larger.

30. Tribonacci. Let’s start with the numbers 0, 0, 1, and generate future numbers in 
our sequence by adding up the previous three numbers. Write out the first 15 
terms in this sequence, starting with the first 1. Use a calculator to evaluate the 
value of the quotients of consecutive terms (dividing the smaller term into the  
larger one). Do the quotients seem to be approaching a fixed number?

31. Fibonacci follies. Suppose you are playing a round of Fibonacci nim with a 
friend. You start with 15 sticks. You start by removing two sticks; your friend 
then takes one; you take two; your friend takes one. What should your next 
move be? Can you make it without breaking the rules of the game? Did you 
make a mistake at some point? If so, where?

32. Fibonacci follies II. Suppose you are playing a round of Fibonacci nim with a 
friend. You start with 35 sticks. You start by removing one stick; your friend 
then takes two; you take three; your friend takes six; you take three; your 
friend takes two. What should your next move be? Can you make it without 
breaking the rules of the game? Did you make a mistake at some point? If 
so, where?

33. Fibonacci follies III. Suppose you are playing a round of Fibonacci nim with 
a friend. You start with 21 sticks. You start by removing one stick; your friend 
then takes two. What should your next move be? Can you make it without 
breaking the rules of the game? What went wrong?

34. A big fib (ExH). Suppose we have a natural number that is not a Fibonacci 
number—let’s call it N. Suppose that F is the largest Fibonacci number that 

c02.indd   65 22/08/12   11:32 PM



Number Contemplation66

does not exceed N. Show that the number N  F must be smaller than the 
Fibonacci number that comes right before F.

35. Decomposing naturals (H). Use the result of Mindscape 34, together with 
the notion of systematically reducing a problem to a smaller problem, to 
show that every natural number can be expressed as a sum of distinct, non-
consecutive Fibonacci numbers.

Further Challenges
36. How big is it? Is it possible for a Fibonacci number greater than 2 to be 

exactly twice as big as the Fibonacci number immediately preceding it? 
Explain why or why not. What would your answer be if we removed the 
phrase “greater than 2”?

37.  Too small. Suppose we have a natural number that is not a Fibonacci num-
ber—let’s call it N. Let’s write F for the largest Fibonacci number that 
does not exceed N. Show that it is impossible to have a sum of two distinct 
Fibonacci numbers each less than F add up to N.

38. Beyond Fibonacci. Suppose we create a new sequence of natural numbers 
starting with 0 and 1. Only this time, instead of adding the two previous 
terms to get the next one, let’s generate the next term by adding 2 times the 
previous term to the term before it. In other words: Gn11 5 2Gn 1 Gn1. Such 
a sequence is called a generalized Fibonacci sequence. Write out the first 15 
terms in this generalized Fibonacci sequence. Adapt the methods that were 
used in this section to figure out that the quotient of consecutive Fibonacci 
numbers approaches (1 5) 2� /  to discover the exact number that Gn11 /Gn 
approaches as n gets large.

39. Generalized sums. Let Gn be the generalized Fibonacci sequence defined 
in Mindscape 38. Can every natural number be expressed as the sum of dis-
tinct, nonconsecutive generalized Fibonacci numbers? Show why, or give 
several counterexamples. What if you were allowed to use consecutive gen-
eralized Fibonacci numbers? Do you think you could do it then? Illustrate 
your hunch with four or five specific examples.

40. It’s hip to be square (H). Adapt the methods of this section to prove that the 
numbers F F2n n�

/  approach j as n gets larger and larger. (Here, Fn stands 
for the usual nth Fibonacci number. See Mindscape 6.)

In Your Own Words
41. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
If any material seemed puzzling or even unbelievable, address that as well. 
Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section.

42. With a group of folks. In a small group, discuss and work through the reason-
ing for how the quotients of consecutive Fibonacci numbers approach the  
Golden Ratio. After your discussion, write a brief narrative describing  
the rationale in your own words.

43. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.
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44. Power beyond the mathematics. Provide several real-life issues—ideally, 
from your own experience—that some of the strategies of thought presented 
in this section would effectively approach and resolve.

For the Algebra Lover 
  Here we celebrate the power of algebra as a powerful way of finding unknown 

quantities by naming them, of expressing infinitely many relationships and 
connections clearly and succinctly, and of uncovering pattern and structure.

45.  Rabbit line. A new species of rabbits has a linear breeding pattern.  If you start 
with 2 rabbits, every year you get 5 more. Find an expression for the number 
of rabbits you have after t years.  So, for example, at year t 5 0 we have 2 rab-
bits; at year t 5 1 we have 7 rabbits. How many years have passed if you have 
102 rabbits? (These rabbits also have the special skill of never dying.)

46.  Finding x(H). Solve for x: x
x

� �1
6 .

47.  Appropriate address. Fibonacci’s house number is the product of the num-
ber 107 together with three consecutive odd integers.  If x denotes the first 
of these three odd numbers, write an expression that represents all possible 
Fibonacci house numbers.  Try a few small values of x.  Which x do you think 
gives Fibonacci’s actual house number? Why?

48.  Zen bunnies. Your rabbits do yoga every morning in a special pen.  When 
drawn in the xy-plane, it’s the region consisting of all points that satisfy the 
inequalities 2  x  5 and 1  y  3.  Sketch the region and label key points.

49.  The power of gold (H). In 1843 Jacques Binet (not to be confused with the 
comedian Jack Benny), derived the following formula: 

y

n n

�

1 5
2

1
2

5

+ +

















− 5

 Evaluate this formula for n 5 1, 2, and 3; that is, find the values for y when 
n 5 1, 2, and 3. What do you notice about your answers? Guess the value for 
y when n 5 10. Why did we place Binet’s formula in this section? 
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The natural numbers, 1, 2, 3, . . . , help us describe and under-
stand our world. They in turn form their own invisible world 

filled with abstract relationships, some of which can be revealed 
through simple addition and multiplication. These basic opera-
tions lead to subtle insights about our familiar numbers.

Our strategy for uncovering the structure of the natural num-
bers is to break down complex objects and ideas into their fun-
damental components. This simple yet powerful technique recurs 
frequently throughout this book, and throughout our lives. As we 
become accustomed to using this strategy, we will see that com-
plicated situations are often best analyzed first by investigating 

the building blocks of an idea or an object and then by understand-
ing how these building blocks combine to create a complex whole. 

The natural numbers are a good arena for observing this principle in action.

Building Blocks
What are the fundamental components of the natural numbers? How can we fol-
low the suggestion of breaking down numbers into smaller components?

There are many ways to express large natural numbers in terms of smaller ones. 
For example, we might first think of addition: Every natural number can be con-
structed by just adding 1 1 1 1 1 1 1 1 . . . 1 1 enough times. This method demon-
strates perhaps the most fundamental feature of natural numbers: They are simply 
a sequence of counting numbers, each successive one bigger than its predecessor. 
However, this feature provides only a narrow way of distinguishing one natural 
number from another.

2.3     PRIME CUTS 
OF NUMBERS

How the Prime Numbers Are the Building Blocks 
of All Natural Numbers

Charles Demuth, I Saw the Figure 5 
in Gold, 1928. 
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 . . . number is merely the product  
of our mind.

KARL FRIEDRICH GAUSS
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Divide and Conquer
How can one natural number be expressed as the product of smaller natural num-
bers? This innocent-sounding question leads to a vast field of interconnections 
among the natural numbers that mathematicians have been exploring for thou-
sands of years. Our adventure begins by recalling the arithmetic from our youth 
and looking at it afresh.

One method of writing a natural number as a product of smaller ones is first 
to divide and then to see if there is a remainder. We were introduced to division a 
long time ago in third or fourth grade—we weren’t impressed. Somehow it paled 
in comparison to, say, recess. The basic reality of long division is that either it 
comes out even or there is a remainder. If the division comes out even, we then 
know that the smaller number divides evenly into the larger number and that our 
number can be factored. For example, 12 divided by 3 is 4, so 3  4 5 12 and 3 
and 4 are factors of 12. More generally, suppose that n and m are any two natu-
ral numbers. We say that n divides evenly into m if there is a natural number q 
such that

nq 5 m.

The integers n and q are called factors of m.
If the division does not come out even, the remainder is less than the number 

we tried to divide. For example, 16 divided by 5 is 3 with a remainder of 1.
This whole collection of elementary school flashbacks can be summarized in 

a statement that sounds far more impressive than “long division,” namely, the 
Division Algorithm.

The Division Algorithm.
Suppose n and m are natural numbers. Then there exist unique numbers  
q (for quotient) and r (for remainder), that are either natural numbers  
or zero, such that

m 5 nq 1 r  and

0  r  n 2 1 (r is greater than or equal to 0 but less than or equal to n 2 1).

Prime Time
Factoring a big number into smaller ones gives us some insights into the larger 
number. This method of breaking up natural numbers into their basic compo-
nents leads us to the important notion of prime numbers.

There certainly are natural numbers that cannot be factored as the product of 
two smaller natural numbers. For example, 7 cannot be factored into two smaller 
natural numbers, nor can these: 2, 3, 5, 11, 13, 17, which, including 7, are the first 
seven such numbers (let’s ignore the number 1). These unfactorable numbers are 
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called prime numbers. A prime number is a natural number greater than 1 that 
cannot be expressed as the product of two smaller natural numbers.

The prime numbers form the multiplicative building blocks for all natural 
numbers greater than 1. That is, every natural number greater than 1 is either 
prime or it can be expressed as a product of prime numbers.

The Prime Factorization of Natural Numbers.
Every natural number greater than 1 is either a prime number or it can be  
expressed as a product of prime numbers.

Let’s first look at a specific example and then see why the Prime Factorization 
of Natural Numbers is true for all natural numbers greater than 1.

Is 1386 prime? No, 1386 can be factored as

1386 2 693� � .

Is 693 prime? No. It can be factored as

693 3 231� � .

The number 3 is prime, but

231 3 77� � .

So far we have

1386 2 3 3 77� � � � .

Is 77 prime? No,

77 7 11� �

but 7 and 11 are both primes. Thus we have

1386 2 3 3 7 11� � � � � .

So, we have factored 1386 into a product of primes. This simple “divide and 
conquer” technique works for any number!

Proof of the Prime Factorization of Natural Numbers
Let n be any natural number greater than 1 that is not a prime. Then there must be 
a factorization of n into two smaller natural numbers both greater than 1 (why?), 
say n 5 a  b. We now look at a and b. If both are primes, we end our proof, since 
n is equal to a product of two primes. If either a or b is not prime, then it can be 
factored into two smaller natural numbers, each greater than 1. If we continue in 

Understanding a specific 
case is often a major step 

toward discovering  
a general principle.

Life Lesson
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this manner with each of the factors, since the factors are getting smaller, we will 
find in a finite number of steps a factorization of n where all the factors are prime 
numbers. So, n is a product of primes, and our proof is complete.

Really Big Numbers: We Can, but We Can’t
Even though we know that every natural number can theoretically be factored, 
as a practical matter, factoring really large numbers is currently impossible. For 
example, suppose someone asks us to factor this long number:

220301987135109256019257341093471092387102483561897265827364
587640587619845691832465019238470192374187265018263541098327
401923847019234601982561092384760198237401923867450872364098
236740198236019238609236401928347012983470129348710293861023
9846103987102398471092387102938710239871923871093.

We might have some difficulty. In fact, the fastest computers in the world work-
ing full time would take centuries to factor this number. Our inability to factor 
really big numbers is the key to devising public key codes for sending private 
information over the Web and using e-mail and ATMs. We consider this modern 
application of prime numbers in Section 2.5, “Public Secret Codes and How to 
Become a Spy.”

What’s the Largest Prime?
The Prime Factorization of Natural Numbers reveals that prime numbers are the 
building blocks for the natural numbers; that is, to build any natural number, all 
we need to do is multiply the appropriate prime numbers together. Of course, 
whenever we are presented with building blocks, whether they are Lincoln Logs, 
Legos, elementary particles, or primes, the question arises: How many blocks do 
we have? In this case, we ask how many prime numbers are there? Are there more  
than a million primes? Are there more than a billion primes? Are there infinitely 
many primes?

Since there are infinitely many natural numbers, it seems reasonable to think 
that we would need bigger and bigger primes in order to build up the bigger and 
bigger natural numbers. Therefore, we might conclude that there are infinitely 
many primes. This argument, however, isn’t valid. Do you see why? It’s not valid 
because we can build natural numbers as large as we wish just by multiplying a 
couple of small prime numbers. For example, using just 2 and 3, we are able to 
make huge numbers:

45,349,632 2 3 .8 11�

The point is that, since we are allowed to use tons of 2’s and 3’s in our product, 
we can construct numbers as large as we wish. Therefore, at this moment it seems 
plausible that there may be only finitely many prime numbers, even though every 
large (and small) natural number is a product of primes.
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Infinitely Many Primes
Although the previous argument was invalid, it turns out that there are infinitely 
many prime numbers, and thus there is no largest prime number. Euclid discov-
ered the following famous valid proof more than 2000 years ago. It is beautiful 
in that the idea is clever and uncomplicated. In fact, on first inspection we may 
think there is some sleight of hand going on, as if some fast-talking salesman in 
a polyester plaid sports jacket is trying to sell us a used car—before we know it, 
we’re the not-so-proud owner of a 1973 Gremlin. But this is not the case. Think 
along with us as we develop this argument. The ideas fit together beautifully, and, 
if you stay with it, the argument will suddenly “click.” Let’s now examine one of 
the great triumphs of human reasoning.

The Infinitude of Primes.
There are infinitely many prime numbers.

The Strategy Behind the Proof
The strategy for proving that there are infinitely many prime numbers is to show 
that, for each and every given natural number, we can always find a prime number 
that is larger than that natural number. Since we can consider larger and larger 
numbers as our natural number, this claim would imply that there are larger and 
larger prime numbers. Thus we would show that there must be infinitely many 
primes, because we could find primes as large as we want without bound.

Before moving forward with the general idea of the proof, let’s illustrate 
the key ingredient with a specific example. Suppose we wanted to find a prime  
number that is greater than 4. How could we proceed? Well, we could just say 
“5” and be done with it, but that is not in the spirit of what we are trying to do. 
Our goal is to discover a method that can be generalized and used to find a prime 
number that exceeds an arbitrary natural number, not just the pathetically small 
number 4. So we seek a systematic means of finding a prime that exceeds, in this 
case, 4. What should we do? Our challenge is to:

 1. find a number bigger than 4 that is not evenly divisible by 2;

 2. find a number bigger than 4 that is not evenly divisible by 3; and

 3. find a number bigger than 4 that is not evenly divisible by 4.

Each of these tasks individually is easy. To satisfy (1), we just pick an odd num-
ber. To satisfy (2), we just pick a number that has a remainder when we divide  
by 3. To satisfy (3), we just pick a number that has a remainder when we divide by  
4. We now build a number that meets all those conditions simultaneously. Let’s 
call this new number N for new. Here is an N that meets all three conditions 
simultaneously:

 N 5 (1  2  3  4) + 1.

So, N is really just the number 25, but, since we are trying to discover a general 
strategy, let’s not think of N as merely 25 but instead think of N as the more 
impressive (1  2  3  4) + 1.

Justus van Gent, Euclid, 1473–1475. 
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We notice that N is definitely larger than 4. By the Prime Factorization of 
Natural Numbers, we know that N is either a prime number or a product of prime 
numbers. In the first possibility, if N is a prime number, then we have just found a 
prime number that is larger than 4—which was our goal. We now must consider 
the only other possibility: that N is not prime. If N is not prime, then N is a product 
of prime numbers. Let’s call one of those prime factors of N “OUR-PRIME.” So 
OUR-PRIME is a prime that divides evenly into N.

Now what can we say about OUR-PRIME? Is OUR-PRIME equal to 2? Well, 
if we divide 2 into N we see that, since

N � � � � �2 1 3 4 1( ) ,

we have a remainder of 1 when 2 is divided into N. Therefore, 2 does not divide 
evenly into N, and so OUR-PRIME is not 2. Is OUR-PRIME equal to 3? No, for 
the same reason:

N � � � � �3 1 2 4 1( ) ,

so we get a remainder of 1 when 3 is divided into N; therefore, 3 does not divide 
evenly into N and hence is not a factor of N. Likewise, we will get a remainder 
of 1 when 4 is divided into N, and, therefore, 4 is not a factor of N. So 2, 3, and 4 
are not factors of N. Hence we conclude that all the factors of N must be larger 
than 4 (there are no factors of N that are 4 or smaller). But that means that, since 
OUR-PRIME is a prime that is a factor of N, OUR-PRIME must be a prime num-
ber greater than 4. Therefore, we have just found a prime number greater than 4. 
Mission accomplished!

Following this same strategy, show that there must be a prime greater than 5. 
Can you use the preceding method to show there must be a prime greater than 
10,000,000? Try it now.

Finally, the Proof
Now let’s use the method we developed in the specific example to prove our theo-
rem in general. Remember that we wish to demonstrate that, for any particular 
natural number, there is a prime number that exceeds that particular number. 
Let m represent an arbitrary natural number. Our goal now is to show that there 
is a prime number that exceeds m. To accomplish this lofty quest, we will, just 
as before, construct a new number using all the numbers from 1 to m. We’ll call 
this new number N (for new number) and define it to be 1 plus the product of all 
the natural numbers from 1 to m—in other words (or more accurately in other 
symbols):

N m� � � � � � �( ) .1 2 3 4 1

It is fairly easy to see that N is larger than m. By the Prime Factorization 
of Natural Numbers we know that there are only two possibilities for N: Either 
N is prime or N is a product of primes. If the first possibility is true, then we 
have found what we wanted since N is larger than m. But if it is not true, then 
we must consider the more challenging possibility: that N is a product of prime 
numbers.

c02.indd   73 22/08/12   11:32 PM



Number Contemplation74

If N is a product of primes, then we can choose one of those prime factors and 
call it BIG-PRIME. So, BIG-PRIME is a prime factor of N. Let’s now try to pin 
down the value of BIG-PRIME. We’ll start off small.

Does BIG-PRIME equal 2? Well, if we divide 2 into N we see that, since

N m� � � � � � �2 1 3 4 1( ) ,. . .

we have a remainder of 1 when 2 is divided into N. Therefore, 2 does not divide 
evenly into N, and so BIG-PRIME cannot equal 2.

Does BIG-PRIME equal 3? No, for the same reason:

N m� � � � � � �3 1 2 4 1( ) ,. . .

so we get a remainder of 1 when 3 is divided into N. In fact, what is the remainder 
when any number from 2 to m is divided into N? The remainder is always 1, by 
the same reasoning that we used for 2 and 3.

Okay, so we see that none of the numbers from 2 through m divides evenly into N. 
That fact means that none of the numbers from 2 through m is a factor of N. 
Therefore, what can be said about the size of the factor BIG-PRIME? Answer: 
It must be BIG since we know that N has no factors between 2 and m. Hence any 
factor of N must be larger than m. Therefore, BIG-PRIME is a prime number 
that is larger than m.

Well, we did it! We just showed that there is a prime that exceeds m. Since this 
procedure works for any value of m, this argument shows that there are arbitrarily 
large prime numbers. Therefore, we must have infinitely many prime numbers, 
and we have completed the proof.

The Clever Part of the Proof
In the proof, each step by itself isn’t too hard, but the entire argument, taken as a 
whole, is subtle. What is the most clever part of the proof? In other words, where 
is the most imagination required? Which step in the argument would have been 
hardest to think up on your own?

We believe that the most ingenious part of the proof is the idea of constructing 
the auxiliary number N (one more than the product of all the numbers from 1 to m). 
Once we have the idea of considering that N, we can finish the proof. But it took 
creativity and contemplation to arrive at that choice of N. We might well say to 
ourselves, “Gee, I wouldn’t have thought of making up that N.” Generally, slick 
proofs such as this are arrived at only after many attempts and false starts—just 
as Euclid no doubt experienced before he thought of this proof. Very few people 
can understand arguments of this type on first inspection, but once we can hold 
the whole proof in our minds, we will regard it as straightforward and persuasive 
and appreciate its aesthetic beauty. Ingenuity is at the heart of creative math-
ematical reasoning, and therein lies the power of mathematical thought.

Prime Demographics
Now that we know for sure that there are infinitely many prime numbers, we 
wonder how the primes are distributed among the natural numbers. Is there some 
pattern to their distribution? There are infinitely many primes, but how rare are 
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they among the numbers? What proportion of the natural numbers are prime 
numbers? Half? A third? To explore these questions, let’s start by looking at the 
natural numbers and the primes among them. Here are the first few with the 
primes printed in bold:

Out of the first 24 natural numbers, nine are primes. We see that 9/24 5 0.375 
of the first 24 natural numbers are primes—that’s just a little over one-third. 
Extrapolating from this observation, would we guess that just over one-third of 
all natural numbers are prime numbers? We could try an experiment; namely, we 
could continue to list the natural numbers and find the proportions of primes and 
see whether that proportion remains about one-third of the total number. If we 
do this experiment, we will learn an important lesson in life: Don’t be too hasty to 
generalize based on a small amount of evidence.

Before high-speed computers were available, calculating (or just estimating) 
the proportion of prime numbers in the natural numbers was a difficult task. In 
fact, years ago “computers” were people who did computations. Such people were  
amazingly accurate, but they required a great deal of time and dedication to 
accomplish what today’s electronic computers can do in seconds. An 18th-century 
Austrian arithmetician, J. P. Kulik, spent 20 years of his life creating, by hand, a table 
of the first 100 million primes. His table was never published, and sadly the volume 
containing the primes between 12,642,600 and 22,852,800 has disappeared.

Today, software computes the number of primes less than n for increasingly 
large values of n, and the computer prints out the proportion: (number of primes 
less than n)/n. Computers have no difficulty producing such a table for values of 
n up to the billions, trillions, and beyond. If we examine the results, we notice that 
the proportion of primes slowly goes downward. That is, the percentage of num-
bers less than a million that are prime is smaller than the percentage of numbers 
less than a thousand that are prime. The primes, in some sense, get sparser and 
sparser as the numbers get bigger and bigger.

A Conjecture About Patterns
In the early 1800s, Karl Friedrich Gauss (below left), one of the greatest math-
ematicians ever—known by many as the Prince of Mathematics—and A. M. 

Legendre (below right), another world-class 
mathematician, made an insightful observation 
about primes. They noticed that, even though 
primes do not appear to occur in any predictable 
pattern, the proportion of primes is related to the 
so-called natural logarithm—a function relating 
to exponents that we may or may not remember 
from our school daze.

Years ago, one needed to interpolate huge 
tables to find the logarithm. Today, we have scien-
tific calculators that compute logarithms instantly 
and painlessly. Get out a scientific calculator and 
look for the LN key. Hit the LN key and then A. M. Legendre
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type “3.” You should see 1.09861. . . . We encourage you to try some natural-loga-
rithm experiments on your calculator. How does the size of the natural logarithm 
of a number compare with the size of the number itself?

Gauss and Legendre conjectured that the proportion of the number of primes 
among the first n natural numbers is approximately 1/Ln(n). The following chart, 
constructed with the aid of a computer (over which Gauss and Legendre would 
drool), shows the number of primes up to n, the proportions of primes, and a 
comparison with 1/Ln(n).

Proportion of Primes
Number of  

n Primes up to n Primes n)/n 1/Ln(n) Proportion 1/Ln(n)

10 4 0.4 0.43429. . . –0.03429. . .
100 25 0.25 0.21714. . . 0.03285. . .

1000 168 0.168 0.14476. . . 0.02323. . .
10,000 1229 0.1229 0.10857. . . 0.01432. . .

100,000 9592 0.09592 0.08685. . . 0.00906. . .
1,000,000 78,498 0.078498 0.07238. . . 0.00611. . .

10,000,000 664,579 0.0664579 0.06204. . . 0.00441. . .
100,000,000 5,761,455 0.05761455 0.05428. . . 0.00332. . .

1,000,000,000 50,847,534 0.050847534 0.04825. . . 0.00259. . .

n (Number ofup to 

Notice how the last column seems to be getting closer and closer to zero—
that is, the proportion of primes in the first n natural numbers is approximately 
1/Ln(n), and the fraction (number of primes less than n)/n is becoming increas-
ingly closer to 1/Ln(n) the bigger n gets. Our observations show that

(number of primes up to n)/n is roughly 1/Ln(n).

Multiplying both of these quantities by n, it appears that

(number of primes up to n) is roughly n/Ln(n).

These observations culminate in what is called the Prime Number Theorem, 
which gives the approximate number of primes less than or equal to n as n gets 
really big.

The Prime Number Theorem.
As n gets larger and larger, the number of prime numbers less than or equal  
to n approaches n/Ln(n).

The Proof Had to Wait
Having sufficient insight into the nature of numbers to make such a conjecture is 
a tremendous testament to the intuition of Gauss and Legendre. But, even though 
they conjectured that the Prime Number Theorem was true, they were unable to 
prove it. This famous conjecture remained unproved for nearly a century until, in 
1896, two mathematicians, Hadamard and de la Vallée Poussin, simultaneously 
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but independently constructed proofs of the Prime Number Theorem. That is, 
working on their own, they each found, in the same year, a proof of this extremely 
important and difficult result. The proof of this theorem is extremely long and 
uses the machinery of many branches of mathematics (including, of all things, 
imaginary numbers). This mathematical episode illustrates a hopeful and power-
ful fact about human thought: The human mind is capable of solving extremely 
difficult problems and answering truly hard questions. This observation should 
give us all hope for finding solutions to some of the many problems we face in our 
world today.

Some problems are solved in relatively short time periods; others take longer. 
In some cases long-standing mysteries concerning numbers are resolved only after 
centuries of vain attempts. When such stubborn questions are finally answered, 
the solutions represent a triumph for humanity. In the mid-1990s, with the dili-
gence and drive of several generations of mathematicians, a 350-year-old prob-
lem was finally solved. Such a solution is a celebration of the human spirit and 
justly made the front page of The New York Times and the Wall Street Journal. 
This is the story of Fermat’s Last Theorem.

The (Mostly True) Story of Fermat’s Last Theorem
It was a dark and stormy night. Rain pelted the wavy window pane. Wind seeped 
in through cracks in the window frame. A candle flickered uncertainly in the cold 
breeze. The year was 1637.

Pierre de Fermat sat in the great chair of his library poring over the leather-
bound Latin translation of the ancient tome of Diophantus’s Arithmetica. He con-
centrated intensely on the ideas that Diophantus had written 2000 years before. 
During those two millennia whole civilizations had risen and fallen, but the study 
of numbers bridged Fermat and Diophantus, spanning centuries and even tran-
scending death itself.

As the night wore on, inchoate ideas, at first jumbled and ill-defined, began to 
weave a pattern in Fermat’s mind. He gasped as insight and understanding began 
to take shape. He was seeing how the parts fit together, how the numbers played 
on one another. Finally, it was clear to him.

On that fateful night in 1637 he wrote in the margin of Diophantus’s Arithmetica 
the statement that would make him famous forever. He wrote in Latin:

It is impossible to write a cube as a sum of two cubes, a fourth power 
as a sum of two fourth powers, and, in general, any power beyond the 
second as a sum of two similar powers. For this, I have discovered a 
truly wondrous proof, but the margin is too small to contain it.

He saw that, for any two natural numbers, if we take the first number raised to 
the third power, then add it to the second number raised to the third power, that 
sum will never equal a natural number raised to the third power. For example, 
suppose we consider the natural numbers 2 and 14. We notice that

23 � � � � � � � �2 2 2 8 14 14 14 14 27443, ,

Truly difficult prob-
lems can be solved. We 
must have tenacity and 

patience.

Life Lesson

Pierre de Fermat
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so

2 14 27523 3� � ,

and there is no natural number that, when raised to the third power, equals 2752 
(143 5 2744 is too small, and 153 5 3375 is too large).

What Fermat saw was that for any natural number greater than or equal to 3, 
let’s call that number n, it is impossible to find three natural numbers, let’s call 
them x, y, and z, such that x raised to the nth power (n x’s multiplied together) 
added to y raised to the nth power equals z raised to the nth power. In other 
words, in the language of mathematical symbols, for any natural number n greater 
than or equal to 3, there do not exist any natural numbers x, y, and z that satisfy 
the equation

x y zn n n� � .

Fermat claimed that he saw a “wondrous proof,” but did he? Did he discover 
a correct proof, or had he deceived himself? No one knows for certain, because 
Fermat never wrote his “proof” down. In fact, Fermat was notorious for making 
such statements with usually little or no justification or proof. By the 1800s, all of 
Fermat’s statements had been resolved, all but the preceding one—his “last” one. 
This unproved assertion became known as Fermat’s Last Theorem.

We will never know whether Fermat had discovered a correct proof of his Last 
Theorem, but we do know one thing. He did not discover the proof that Andrew 
Wiles (right) of Princeton University produced in 1994, 357 years after Fermat 
wrote his tantalizing marginal note. If Fermat had somehow conceived of Wiles’s 
deep and complicated proof, he would not have written, “The margin of this book 
is not large enough to contain it.” He would have written, “The proof would 
require a moving van to carry it.” Wiles’s proof drew on entirely new branches of 
mathematics and incorporated ideas undreamed of in the 17th century.

Some of the greatest minds in mathematics have worked on Fermat’s Last 
Theorem. The statement of Fermat’s Last Theorem does not strike us as intrinsi-
cally important or interesting—it just states that a certain type of equation never 
can be solved with natural numbers. What is interesting and important are all 
the deep mathematical ideas that arose during attempts to prove Fermat’s Last 
Theorem, many of which led to new branches of mathematics. Although Fermat’s 
Last Theorem has not yet been used for practical purposes, the new theories 
developed to attack it turned out to be valuable in many practical technological 
advances. From an aesthetic perspective, it is difficult to determine which ques-
tions are more important than others. When problems resist attempts by the best 
mathematical minds over many years, the problems gain prestige. Fermat’s Last 
Theorem resisted all attacks for 357 years, but it finally succumbed.

Andrew Wiles’s complete proof of Fermat’s Last Theorem is over 130 pages 
long, and it relies on many important and difficult theorems, including some new 
theorems from geometry (although it appears surprising that geometry should 
play a role in solving this problem involving natural numbers). When mathema-
ticians expose connections between seemingly disparate areas of mathemat-
ics, they feel an electric excitement and pleasure. In mathematics, as in nature,  
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elements fit together and interrelate. As we will begin to discover, deep and rich 
connections weave their way through the various mathematical topics, forming 
the very fabric of truth.

The Vast Unknown
Many people think mathematics is a static, ancient body of facts, formulas, and 
techniques. In reality, much of it is a wondrous mystery with many questions 
unanswered and more still yet to be asked. Many people think we will soon know 
all there is to know. But this impression is not the case, even though such thinking 
has persisted throughout history.

Every answer allows us to 
recognize and formulate 

new questions.

Life Lesson

Human thought is an ever-expanding universe—especially in mathematics. We 
know a small amount, and our knowledge allows us to glimpse a small part of 
what we do not know. Vastly larger is our ignorance of what we do not know. An 
important shift in perspective on mathematics and other areas of human knowl-
edge occurs when we move from the sense that we know most of the answers to the 
more accurate and comforting realization that we will not run out of mysteries.

So, after celebrating, as we have, some of the great mathematical achieve-
ments that were solved only after many decades of human creativity and thought, 
we close this section by gazing forward to questions that remain unsolved—open 
questions. From among the thousands of questions on which mathematicians are 
currently working, here are two famous ones about prime numbers that were 
posed hundreds of years ago and are still unsolved. Fermat’s Last Theorem has 
been conquered; but somehow the mathematical force is not ready to let go its 
hold and let these two fall.

The Twin Prime Question.
Are there infinitely many pairs of prime numbers that differ from one another by 
two? (11 and 13, 29 and 31, and 41 and 43 are examples of some such pairs.)

We don’t know a millionth of one 
percent about anything.

THOMAS EDISON

Everything that can be invented 
has been invented.

CHARLES H. DUELL, COMMISSIONER  
U.S. PATENT OFFICE, 1899
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Computer analysis allows us to investigate a tremendous number of cases, but 
the results of such analyses do not provide ironclad proof for all cases.

We have seen how to decompose natural numbers into their fundamental 
building blocks, and we have discovered further mysteries and structures in this 
realm. Can we use these antique, abstract results about numbers in our modern 
lives? The amazing and perhaps surprising answer is a resounding yes!

The Goldbach Question.
Can every positive, even number greater than 2 be written as the 
sum of two primes? (Pick some even numbers at random, and see 
whether you can write them each as a sum of two primes.)

The prime numbers are the basic multiplicative building blocks for natural numbers, 
since every natural number greater than 1 can be factored into primes. We can prove 
that there are infinitely many primes by showing that we can always find a prime number 
larger than any specified number. The strategy is to take the product of all numbers up 
to the specified number and then add 1. This new large integer must have all its prime 
factors greater than the original specified number.

The study of primes goes back to ancient times. Some questions remained unan-
swered for a long time before being resolved. And others remain unanswered.

We discovered proofs of the Prime Factorization of Natural Numbers and the 
Infinitude of Primes by carefully exploring specific examples and searching for patterns. 
Considering specific examples while thinking about the general case guided us to new 
discoveries.

BACK
A Look

Understanding a specific case well is a major step  
toward discovering a general principle.

Life Lessons

In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. Primal instincts. List the first 15 prime numbers.

 2. Fear factor. Express each of the following numbers as a product of primes: 6, 
24, 27, 35, 120.

 3. Odd couple. If n is an odd number greater than or equal to 3, can n + 1 ever 
be prime? What if n equals 1?

MINDSCAPES    Invitations to Further Thought
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MINDSCAPES    Invitations to Further Thought

 4. Tower of power. The first four powers of 3 are 31 5 3, 32 5 9, 33 5 27, and 
34 5 81. Find the first 10 powers of 2. Find the first five powers of 5.

 5. Compose a list. Give an infinite list of natural numbers that are not prime.

Solidifying Ideas
 6. A silly start. What is the smallest number that looks prime but really isn’t?

 7. Waiting for a nonprime. What is the smallest natural number n, greater than 
1, for which (1  2   3  . . .  n) 1 1 is not prime?

 8.  Always, sometimes, never. Does a prime multiplied by a prime ever result in 
a prime? Does a nonprime multiplied by a nonprime ever result in a prime? 
Always? Sometimes? Never? Explain your answers.

 9.  The dividing line. Does a nonprime divided by a nonprime ever result in 
a prime? Does it ever result in a nonprime? Always? Sometimes? Never? 
Explain your answers.

10.  Prime power. Is it possible for an extremely large prime to be expressed as a 
large integer raised to a very large power? Explain.

11.  Nonprimes (ExH). Are there infinitely many natural numbers that are not 
prime? If so, prove it.

12.  Prime test. Suppose you are given a number n and are told that 1 and the 
number n divide into n. Does that mean n is prime? Explain.

13.  Twin primes. Find the first 15 pairs of twin primes.

14. Goldbach. Express the first 15 even numbers greater than 2 as the sum of 
two prime numbers.

15. Odd Goldbach (H). Can every odd number greater than 3 be written as the 
sum of two prime numbers? If so, prove it; if not, find the smallest counter-
example and show that the number given is definitely not the sum of two 
primes.

16. Still the 1 (S). Consider the following sequence of natural numbers: 1111, 
11111, 111111, 1111111, 11111111, . . . . Are all these numbers prime? If not, 
can you describe infinitely many of these numbers that are definitely not 
prime?

17. Zeros and ones. Consider the following sequence of natural numbers made 
up of 0’s and 1’s: 11, 101, 1001, 10001, 100001, 1000001, 10000001, . . . . Are all 
these numbers prime? If not, find the first such number that is not prime and 
express it as a product of prime numbers.

18. Zeros, ones, and threes. Consider the following sequence of natural numbers 
made up of 0’s, 1’s, and 3’s: 13, 103, 1003, 10003, 100003, 1000003, 10000003, . . . .  
Are all these numbers prime? If not, find the first such number that is not 
prime and express it as a product of prime numbers.

19. A rough count. Using results discussed in this section, estimate the number 
of prime numbers that are less than 1010.

20. Generating primes (H). Consider the list of numbers: n2 1 n 1 17, where n 
first equals 1, then 2, 3, 4, 5, 6, . . . .  What is the smallest value of n for which 
n2 1 n 1 17 is not a prime number? (Bonus: Try this for n2  n 1 41. You’ll 
see an amazingly long string of primes!)
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21. Generating primes II. Consider the list of numbers: 2n – 1, where n first 
equals 2, then 3, 4, 5, 6, . . . . What is the smallest value of n for which 2n – 1 
is not a prime number?

22. Floating in factors. What is the smallest natural number that has three dis-
tinct prime factors in its factorization?

23. Lucky 13 factor. Suppose a certain number when divided by 13 yields a 
remainder of 7. What is the smallest number we would have to subtract from 
our original number to have a number with a factor of 13?

24. Remainder reminder (S). Suppose a certain number when divided by 13 
yields a remainder of 7. If we add 22 to our original number, what is the 
remainder when this new number is divided by 13?

25. Remainder roundup. Suppose a certain number when divided by 91 yields a 
remainder of 52. If we add 103 to our original number, what is the remainder 
when this new number is divided by 7?

Creating New Ideas
26. Related remainders (H). Suppose we have two numbers that both have the 

same remainder when divided by 57. If we subtract the two numbers, are 
there any numbers that we know will definitely divide evenly into this dif-
ference? What is the largest number that we are certain will divide into the 
difference? Use this observation to state a general principle about two num-
bers that have the same remainder when divided by another number.

27. Prime differences. Write out the first 15 primes all on one line. On the next 
line, underneath each pair, write the difference between the larger num-
ber and the smaller number in the pair. Under this line, below each pair on 
the previous line, write the difference between the larger number and the 
smaller number. Continue in this manner. Your “triangular” table should 
begin with:

2 3 5 7 11 13 17 . . .

1 2 2 4 . . .

1 0 2 . . .

and so on . . .

  Once your chart is made, imagine that all the primes were listed on that 
first line. What would you guess is the pattern for the sequence of numbers 
appearing in the first entry of each line? The actual answer is not known. It 
remains an open question! What do you think?

28. Minus two. Suppose we take a prime number greater than 3 and then sub-
tract 2. Will this new number always be a prime? Explain. Are there infinitely 
many primes for which the answer to the question is yes? How does this last 
question relate to a famous open question?

29. Prime neighbors. Does there exist a number n such that both n and n + 1 are 
prime numbers? If so, find such an n; if not, show why not.
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30. Perfect squares. A perfect square is a number that can be written as a natural 
number squared. The first few perfect squares are 1, 4, 9, 16, 25, 36. How 
many perfect squares are less than or equal to 36? How many are less than or 
equal to 144? In general, how many perfect squares are less than or equal to 
n2? Using all these answers, estimate the number of perfect squares less than 
or equal to N. (Hint: Your estimate may involve square roots and should be 
the exact answer whenever N is itself a perfect square.)

31. Perfect squares versus primes. Using a calculator or a computer, fill in the 
last two columns of the following chart.

n

10
100

1000
10,000

100,000
1,000,000

10,000,000
100,000,000

1,000,000,000

4
25

168
1229
9592

78,498
664,579

5,761,455
50,847,534

n
Approximate Number of
Perfect Squares up to

Number of Primes/
Number of Perfect Squares

Number  of
Primes up to n

  Given the information found in your chart, what do you conclude about the 
proportion of prime numbers to perfect squares? Are prime numbers more 
or less common than perfect squares? Using the Prime Number Theorem, 
estimate the quotient of the number of primes up to n divided by the number 
of perfect squares up to n. Use a computer or a graphing calculator to graph 
your answer. Does the graph confirm your original conjecture?

32. Prime pairs. Suppose that p is a prime number greater than or equal to 3. 
Show that p + 1 cannot be a prime number.

33. Remainder addition. Let A and B be two natural numbers. Suppose that, 
when A is divided by n, the remainder is a, and, when B is divided by n, the 
remainder is b. How does the remainder when A + B is divided by n compare 
with the remainder when a + b is divided by n? Try some specific examples 
first. Can you prove your answer?

34. Remainder multiplication. Let A and B be two natural numbers. Suppose 
that the remainder when A is divided by n is a, and the remainder when B 
is divided by n is b. How does the  remainder when A  B is divided by n 
compare with the remainder when a  b is divided by n? Try some specific 
examples first. Can you prove your answer?

35. A prime-free gap (S). Find a run of six consecutive natural numbers, none of 
which is a prime number. (Hint: Prove that you can start with [1  2  3  4 
 5  6  7 ] 1 2.)

Further Challenges
36. Prime-free gaps. Using Mindscape 35, show that, for a given number, there 

exists a run of that many consecutive natural numbers, none of which is a 
prime number.
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37. Three primes (ExH). Prove that it is impossible to have three consecutive 
integers, all of which are prime.

38. Prime plus three. Prove that if you take any prime number greater than 11 
and add 3 to it the sum is not prime.

39. A small factor. Prove that if a number greater than 1 is not a prime number, 
then it must have a prime factor less than or equal to its square root. (Hint: 
Suppose that all the factors are greater than its square root, and show that 
the product of any two of them must be larger than the original number.) 
This Mindscape shows that, to determine if a number is a prime, we have 
only to check divisibility of the primes up to the square root of the number.

40.  Prime products (H). Suppose we make a number by taking a product of 
prime numbers and then adding the number 1—for example, (2  5  17) 
1 1. Compute the remainder when any of the primes used is divided into 
the number. Show that none of the primes used can divide evenly into the 
number. What can you conclude about the primes that divide evenly into  
the number? Can you use this line of reasoning to give another proof that 
there are infinitely many prime numbers?

In Your Own Words
41. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
If any material seemed puzzling or even unbelievable, address that as well. 
Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section.

42. With a group of folks. In a small group, discuss and work through the proof 
that there are infinitely many primes. After your discussion, write a brief 
narrative describing the proof in your own words.

43. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.

44. Power beyond the mathematics. Provide several real-life issues—ideally, 
from your own experience—that some of the strategies of thought presented 
in this section would effectively approach and resolve.

For the Algebra Lover 

Here we celebrate the power of algebra as a powerful way of finding unknown 
quantities by naming them, of expressing infinitely many relationships and connec-
tions clearly and succinctly, and of uncovering pattern and structure.

45.  Seldom prime. Suppose that x is a natural number and consider the associ-
ated number y given by y 5 x2  1. Show that y is prime if x 5 2. Now prove 
that for any natural number x not equal to 2, the associated number y is not 
a prime number. 

46.  A special pair of twins. A composite number x is the product of two twin 
primes p and q, in which p , q. These special twin primes also satisfy the 
following “cool” equation having only prime coefficients: 3q  2p 5 17. The 
first sentence of this Mindscape describes two equations, one explicitly and 
one implicitly.  The former is x 5 pq. Find the other equation. Solve this 
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equation for q and solve the “cool” equation for q. Using your work, find the 
prime p and then find q. Given your answers, solve for x.

47.  Special K p. A prime p satisfies the equation p3  4p 5 105. Factor the left 
side to help you discover the value of p. Are there any other primes p that 
satisfy an equation of the form p3  4p 5 K, for other numbers K besides 
105?

48.  Prime estimate. The Prime Number Theorem states that as n gets very large, 
the number of primes less than or equal to n gets close to n/Ln(n).  Use 
a graphing calculator (hand-held or on the Web) to plot the graph of y 5 
n/Ln(n). Estimate how many primes there are less than or equal to 500.

49.  One real root (H). Find one value of x for which x3 1 13 5 23. Give your 
answer in its exact form, not as a decimal approximation from your calcula-
tor. How did you know in advance that your answer would not be a natural 
number?
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Cycles are familiar parts of life. The seasons, phases of the 
moon, day and night, birth and death—all are among the 

most powerful natural forces that define our lives, and all are 
cycles. Whole cultural traditions revolve around this cyclic 
reality of life; consider, for example, the notion of reincarna-
tion, unless you already considered it in a previous life. We can 
use these cycles as models to develop analogous constructs in 
the realm of numbers. Such explorations create yet another 

kind of cycle, because the abstract mathematical insights refer 
back to the world, and we find applications of these abstractions 
in our daily lives.

Our strategy for examining cycles in the world of numbers 
is to find a phenomenon in nature (in this case cyclicity) and to develop a math-
ematical model that captures some features of the natural process. This method 
of reasoning by analogy is a powerful way to develop new ideas, because we use 
existing ideas, events, and phenomena to guide us in creating new insights.

Most people would not believe that there is deep and powerful number theory 
going on when they glance at their watch or check out at the grocery store: “Sure, 
numbers are involved. The time of day is expressed in numbers, as is the price 
of an item—but these numbers are neither deep nor powerful anything!” Most 
people, however, are sadly mistaken. The fabulous world of exotic number theory 
lies hidden in everyday objects.

Time
What time is it? Suppose your watch says it is 9:00 (9 o’clock), and you are to 
meet the love of your life in 37 hours. What time will your watch read when you 
fall into the arms of your soul mate? Careful—the answer is not 46 o’clock. The 
answer is 10:00. So some type of strange arithmetic must be required, since 9 plus 

2.4     CRAZY CLOCKS AND 
CHECKING OUT BARS

Cyclical Clock Arithmetic  
and Bar Codes

Use your Heart of Mathematics 3D 
glasses to view this piture.

A rule to trick th’ arithmetic.

RUDYARD KIPLING
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37 equals 10—wacky! How does one perform arithmetic in the context of telling 
time by a clock? Unlike the natural numbers, which get larger and larger when we 
add them together, a clock cycles around, and in 12 hours the clock returns to its 
original position (assuming we’re using a 12-hour clock). Counting with a clock in 
some sense is easier than standard counting, because the numbers never get too 
large. For example, to add 37 to 9 we could count as follows:

9 10 11 12

1 2 3 4 5 6 7 8 9 10 11 12

1 2 3

, , , ,

, , , , , , , , , , , ,

, , ,, , , , , , , , , ,

, , , , , , , , ,

4 5 6 7 8 9 10 11 12

1 2 3 4 5 6 7 8 9 10..

Notice how, once we get to 12, we start all over again and cycle back to 1. This 
procedure involves a kind of arithmetic different from standard arithmetic.

Clock Arithmetic
For the moment, let’s refer to this arithmetic—where we return to 1 after 12—as 
clock arithmetic. Let’s look at a few examples of clock arithmetic. We have already 
seen that 9 1 37 5 10. What is 6 1 12? The answer is 6, since adding 12 just spins 
us back around to where we started. So 12 is just like 0 in this clock arithmetic. 
This observation allows us to perform this new arithmetic in a different way. For 
example, with 9 + 37, we could notice that 37 is equal to 12 1 12 1 12 1 1. But 
remember that adding 12 is just like adding 0, so really 37 is equivalent to 1. 
Therefore, 9 1 37 5 9 1 1 5 10.

Let’s consider a different kind of question: What does (4  7) 1 20 equal in 
clock arithmetic? Well, 4  7 5 28, but 28 is equivalent to 4, since 28 5 12 1 12 
1 4. Now 20 is equivalent to 8, since 20 5 12 1 8. Therefore, (4  7) 1 20 5 
4 1 8 5 12. So the answer is 12.

What would happen to our arithmetic if we had a crazy clock that looked like 
this?

Notice now that adding 7 spins us back to where we started, and thus adding 
7 is the same as adding 0. So now 6 1 4 5 10 is equivalent to 3, since 10 5 7 1 3. 
In other words, with this crazy clock, 4 hours after 6 o’crazy clock is actually 3 
o’crazy clock. Why would anyone ever bother with such a crazy clock? Well, actu-
ally we use this crazy clock, not for telling time, but for telling days in a week. Once 
again we see that the notion of cycles is natural and important. In fact, as we will  
now discover, this kind of crazy-clock arithmetic helps us find errors in grocery 
prices, our checking accounts, UPS package deliveries, airline tickets, and driver’s 
license numbers; it even helps us check out Shakespeare—read on, MacDuff.

Equivalence
As we look at cycles, we are developing an idea of equivalence. The notion of 
equivalence occurs in clock arithmetic, for example, when we note that 37 is 
equivalent to 1. As we develop the idea of cyclical arithmetic, this concept of 
equivalence will become a central theme.

Let’s carefully define a type of arithmetic that will capture the spirit of our 
previous observations and generalize the notion of clock arithmetic. First we’ll 

1
2

3

45

6

7
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explore the notion of a new hip or “mod” clock. Suppose we 
are given a number—for example, 9, and we have an unusual 
clock that has 9 hours marked on it: 0, 1, 2, 3, 4, 5, 6, 7, 8. 
Suppose the hour hand is on the 5. Then 9 hours later the 
hand returns to the 5, and thus according to this clock, add-
ing 9 doesn’t change what the clock reads. So, we can now 

perform arithmetic using this clock by remembering that 9 is 
equivalent to 0. We’ll write the fact that 9 is equivalent to 0 as 

9  0, where the symbol “” means “equivalent.” Of course, 9 is not equal to 0, 
but using this clock we see that 9 is equivalent to 0. Let’s call this arithmetic mod 
9 clock arithmetic. The key is that we can perform arithmetic as usual with the 
understanding that a 9 may be replaced by a 0. For example:

13 25 9 4 9 9 7 0 4 0 0 7

4 7 11 9

� � � � � � � � � � �

� � � �

( ) ( ) ( ) ( )�
22 0 2 2 9� � � mod ,

so 13 + 25  2 mod 9. We write the phrase “mod 9” at the end to remind us and 
indicate to others what kind of mod clock we are using to perform the arithmetic. 
In terms of the clock itself, we could have computed the preceding sum by placing 
the hour hand on the 0 and then moving the hand around 13 hours (which brings 
us to 4) and then moving from that 4 another 25 hours, which brings us to 2.

Once we see how mod 9 clock arithmetic works, we can abstract the idea by 
dispensing with the visual aid of the clock and calling it mod 9 arithmetic. This 
notation is convenient, since in mathematical jargon “mod” actually stands for 
“modulo” or “modular,” which means just doing arithmetic using the equivalence 
of 9  0 mod 9 (translation: “9 is equivalent to 0 modulo 9” or “9 is equivalent to 
0 in mod 9 arithmetic”).

In this next example, notice how we are able to replace large numbers with 
smaller equivalent numbers by just writing them in terms of 9’s (also notice how 
remainders are making an appearance in our work):

( ) ( ) ( ) ( (( ) ))

( ) (

3 5 7 100 9 6 7 9 11 1

0 6 7

� � � � � � � � �

� �

�
�� � � � � � � �

� �

(( ) ))

mod ,

0 11 1 6 7 13 9 4

0 4 4 9

�

so, (3  5) 1 (7  100)  4 mod 9. Once we get the hang of it, this arithmetic is 
pretty easy. We just pull out multiples of 9 and replace them by 0’s. Of course, 

we can now think about other mod clocks. We can do this modular arith-
metic with any clock, as long as we know how many hours it has on it. For 

any particular natural number n, we write “mod n” to mean that we are 
thinking about arithmetic on a mod clock that has n hours on it 
(marked 0, 1, 2, . . . , n  1), and so adding n to any number just 
brings us back to where we started—thus n is equivalent to 0.

Practice Makes Perfect
Let’s really make this new arithmetic our own. Below we ask a few ques-
tions. Some present true equivalences, and others do not. Check each one, and  

1

2

3
4

6

7

8
0

5

Identifying similarities 
among different objects 

is often the key to under-
standing a deeper idea.

Life Lesson

Explore ideas 
systematically.

Life Lesson

0
n – 1

n – 2. . .

. . .

2

3

1

M O D  n  C L O C K
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determine which are correct and which are wrong. For the ones that are incorrect, 
figure out a correct answer. Notice that in each case we are using a different mod 
number, so first have a look at the “mod n” part to see what kind of arithmetic to 
use.

The Hot Questions
As a warm-up, we’ll answer the first question.

 1. Is 26 1 315  0 mod 29?

This statement is true since we are considering a mod 29 clock, so 29 is equivalent 
to 0. Therefore, 26 1 315 5 26 1 (29 + 2)5  26 1 25 5 26 1 32 5 26 1 (29 1 3) 
 26 + 3 5 29  0 mod 29. (Notice how we did not need to figure out that 315 = 
28,629,151.) Now it’s your turn.

 2. Is 72 1 (5  57)  40 mod 48?

 3. Is 24 1 5301 1 (6  31)  3 mod 5?

 4. Is 92000  1 mod 80? (Hint: Write 2000 as 2  1000.)

The Cool Answers
 2. is incorrect: 72 1 (5  57)  49 1 (5  9)  1 1 45 5 46 mod 48.

 3. is also incorrect: 24 1 5301 1 (6  31)  16 1 03011(1  1) 
       1 1 1 5 2 mod 5.

 4. is correct: 92000 5 921000 5 (92)1000 5 (81)1000  110005 1 mod 80.

Notice how we can work with enormous powers of numbers without even 
breaking a sweat by just carefully reducing the numbers in clever ways to smaller 
equivalent numbers in the modular arithmetic. Now let’s see how we use modular 
arithmetic in our daily lives without our even realizing it.

The Mod World of Modular Arithmetic
The Clairvoyant Kleenex Consultant
You have the flu and feel awful. You moan, you groan, you sneeze, you wheeze—
let’s face it, you’re sick. As you sit up in bed, you feel lightheaded—not because  
you have a fever, but because you have been watching too many hours of 
mind-numbing daytime TV. You notice in your boredom that on the bottom 
of your Kleenex box there is a toll-free number for consumer service—1-800-
KLEENEX, which amuses you (because of your lightheadedness). Although 
you are extremely satisfied with the tissues, you decide to dial the number and 
talk to somebody because you are feeling lonely. The perky Kleenex repre-
sentative on the other end of the telephone line asks you to read the 12-digit 
bar code appearing on the bottom of the box. You look and see those thin, fat, 
and medium lines that make up the Universal Product Code (UPC), which is 
now tattooed on nearly every product. As all those lines dance in your head  
you read:

0  3  6  0  0  0  2  8  1  5  0  9

The chipper voice immediately responds by saying, “I think you made a mis-
take. Could you please read them again?” You glance back at the bar code, still  
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bleary-eyed, and realize that you indeed made a mistake. In fact, the numbers 
appearing under the bar code are 0 3 6 0 0 0 2 8 5 1 0 9; you reversed the 5 
and the 1. But how did your telephone partner immediately know you made a 
mistake? Perhaps Kleenex reps are clairvoyant, but they definitely use modular 
arithmetic.

Check Digits
A bar code and its associated numbers (often 12 or 13 digits) make up the UPC. 
The first six digits encode information about the manufacturer, and the next five 
digits encode information about the product. That leaves us with the last digit, 
which is called the check digit. The check digit provides a means of detecting if a 
UPC number is incorrect. Here is how the check digit works with 12 digits: We 
line up the first 11 digits of the UPC—let’s call them: d1, d2, d3, d4, d5, d6, d7, d8, d9, 
d10, d11. We now combine them in an unusual way. We multiply every other num-
ber by 3 and then add up all the numbers. That is, we compute

3 3 3 3 3 3d d d d d d d d d d d1 2 3 4 5 6 7 8 9 10 11� � � � � � � � � � .

We now select the check digit (we’ll call it c) to be the number from 0 to 9 such 
that when we add the preceding sum to c, we get an answer that is equivalent 
to 0 mod 10 (in other words, that sum is evenly divided by 10). In our Kleenex 
example, we would want to find the number c so that:

( ) ( ) ( ) ( )

( ) (

3 0 3 3 6 0 3 0 0 3 2 8

3 5 1 3

� � � � � � � � � � � �

� � � � 00 0 10) ,� c � mod

or, in other words (numbers),

51 0 10 10 1� �c c� or equivalentlymod , (mod ) : �� 0 10mod .

Notice that 1 1 9 = 10, which is equivalent to 0 in mod 10 arithmetic. So the 
check digit c should equal 9. Note that the last digit of the UPC is indeed a 9. The 
Kleenex customer service rep was able to take the UPC you read and check it 
by multiplying every other number by 3, adding all those numbers (including the 
check digit) and determining if that sum is equivalent to 0 mod 10. Let’s compute 
this sum for the number you originally read off:

0 3 6 0 0 0 2 8 1 5 0 9

3 0 3 3 6 0 3 0 0 3 2 8( ) ( ) ( ) ( )� � � � � � � � � � � ��

� � � � � �( ) ( ) .3 1 5 3 0 9 52 2 10� mod

Since that sum is not equivalent to 0 mod 10, the service rep knew that there 
must have been an error. This check digit system is actually used on most 12-digit 
UPCs. Find some UPCs on various products and compute the sum (multiplying 
every other number by 3). Your final answer should be equivalent to 0 mod 10. 
If a single error is made (such as a number read incorrectly), the check digit will 
always detect the error. This knowledge of UPCs is great for impressing friends, 
family, and people at parties. With practice, you can have someone give you all 
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the digits except a particular one (say the first one), and, as long as you know 
which digit is left out, you can predict what the number should be. We provide 
some practice in the Mindscapes.

Be careful, however. This system is able to detect certain errors, but not all 
possible errors. For example, if you had switched the 2 and the 5 while reading 
the UPC to the Kleenex representative, this system would not have detected the 
error. This simple system is always able to detect an error if exactly one digit 
is wrong and, in most cases, if two adjacent numbers are switched. The point, 
however, is that mod 10 arithmetic is the key to this error-checking code. There 
are many different types of error-detection systems—many of which use modular 
arithmetic. We’ll just point out one more here.

Checking Checks
Take a look at a check from any U.S. bank. In the lower left-hand corner notice 
nine digits written in that funky 1960s computer font. That is the bank identifica-
tion number, and the last digit is the check digit. To check the check’s check digit, 
we compute a slightly more complicated sum. Let’s call the nine digits n1, n2, n3, n4, 
n5, n6, n7, n8, n9 (that last digit is the check digit). With this error-checking system 
we compute:

7 3 9 7 3 9 7 3 91 2 3 4 5 6 7 8 9n n n n n n n n n� � � � � � � �

and again consider this number mod 10. If the sum is not equivalent to 0 mod 10, 
then an error has occurred. For example, suppose the nine numbers are:

1 2 0 0 1 0 1 4 3.

We would compute:

( ) ( ) ( ) ( ) ( ) ( )

( ) (

7 1 3 2 9 0 7 0 3 1 9 0

7 1

� � � � � � � � � � � �

� � 33 4 9 3 62 2 10� � �) ( ) mod .= �

Since we do not get 0, we conclude that there must be an error somewhere. We 
know for certain those numbers are definitely not a correct bank identification 
number. Awesome, huh? The Williamstown Savings Bank identification number 
begins with:

2 1 1 8 7 2 9 4 ■

What must its last (check) digit be?
The answer is 6. This error-detection system is able to catch any one error 

(when one digit is read incorrectly) and is able to catch most switches 
of two consecutive digits and even most switches of two digits one 
apart from each other (for example, if you read 5 3 9 when the number 
was actually 9 3 5). In the Mindscapes, we provide other illustrations, 
including airline tickets, so the next time you are waiting around in an 
airport for your connecting flight, look at your boarding pass and do 
some modular arithmetic.

Josey Customer
5650 Southworth Street
Williamstown, MA 01267
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In the next section we will discover that modular arithmetic is at the core of 
keeping all our secrets secure on the Information Superhighway.

The notion of clock arithmetic or modular arithmetic mathematically models the idea 
of cycles and the cyclic nature of our lives. This form of arithmetic enables us not only to 
figure out the day of the week 210 days hence but also to find errors in data using check 
digits. As we will see, modular arithmetic also leads to the notion of public key secret 
codes. These last two advances are extremely valuable in our technological world.

Our world contains many examples of cycles. One way to develop mathematical ideas 
is to look at natural phenomena, model them using mathematics, and then explore the 
abstract ideas contained in the model. We can take general notions and refine them to 
develop ideas. We can then explore our new world of the mind without referring back  
to nature. In the process, however, we often find that our thought experiments are useful 
in the real world.

BACK
A Look

Create abstract ideas by modeling nature. 
•

Explore ideas systematically, investigate consequences, and formulate  
general principles.

Life Lessons

In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. A flashy timepiece. You own a very expensive watch that is currently flashing 

“3:00.” What time will it read in 12 hours? In 14 hours? In 25 hours? In 240 
hours? What time is it when an elephant sits on it?

 2. Living in the past. Your watch currently reads “8:00.” What time did it read 
24 hours earlier? Ten hours earlier? Twenty-five hours earlier? What time 
did it read 2400 hours earlier?

 3. Mod prods. Which number from 0 to 6 is equivalent to 16 mod 7? Which 
number from 0 to 6 is equivalent to 24 mod 7? Which number from 0 to 6 
is equivalent to 16  24 mod 7? What number is equivalent to (16 mod 7) 
 (24 mod 7) mod 7? What do you notice about the last two quantities you 
computed?

 4. Mod power (ExH). Reduce 7 mod 3. Reduce 72 mod 3. Reduce [7 mod 3]2 
mod 3. Would you rather find 7 mod 3 first and then square it, or square 7 
and then find 72 mod 3? What if you had to reduce 71000 mod 3? Okay, you 
guessed it, now go ahead and reduce 71000 mod 3.

MINDSCAPES    Invitations to Further Thought
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 5. A tower of mod power. Reduce 13 mod 11. Reduce 132 mod 11. Compare (13 
mod 11)2 with 132 mod 11. Now reduce 133 mod 11 and 134 mod 11 without 
raising 13 to the power 3 or 4.

Solidifying Ideas
 6. Hours and hours. The clock now reads 10:45. What time will the clock read 

in 96 hours? What time will the clock read in 1063 hours? Suppose the clock 
reads 7:10. What did the clock read 23 hours earlier? What did the clock read 
108 hours earlier?

 7. Days and days. Today is Saturday. What day of the week will it be in 3724 
days? What day of the week will it be in 365 days?

 8. Months and months (H). It is now July. What month will it be in 219 months? 
What month will it be in 120,963 months? What month was it 89 months 
ago?

 9. Celestial seasonings (S). Which of the following is the correct UPC for 
Celestial Seasonings Ginseng Plus Herb Tea? Show why the other numbers 
are not valid UPCs.

0   7 1 7 3 4   0 0 0 2 1   8

0   7 0 7 3 4   0 0 0 2 1   8

0   7 0 7 4 3   0 0 0 2 1   8

10. SpaghettiOs. Which of the following is the correct UPC for Campbell’s 
SpaghettiOs? Show why the other numbers are not valid UPCs.

0   5 1 0 0 0   0 2 5 6 2   4

0   5 1 0 0 0   0 2 5 2 6   4

0   5 1 0 0 0   0 2 5 2 6   5

11. Progresso. Which of the following is the correct UPC for Progresso min-
estrone soup? Show why the other numbers are not valid UPCs.

0   4 1 1 9 6   0 1 0 1 2   1

0   5 2 0 1 0   0 0 1 2 1   2

0   0 5 0 5 5   0 0 5 0 5   3

12. Tonic water. Which of the following is the correct UPC for Canada Dry tonic 
water? Show why the other numbers are not valid UPCs.

0   1 6 9 0 0   0 0 3 0 3   4

0   2 4 0 0 1   1 0 6 9 1   3

0   1 0 0 1 0   2 0 1 1 0   5

13. Real mayo (H). The following is the UPC for Hellmann’s 8-oz. Real 
Mayonnaise. Find the missing digit.

0   4 8 0 0 1   2 6 ■ 04   2

14. Applesauce. The following is the UPC for Lucky Leaf Applesauce. Find the 
missing digit.

0    2 8 5 0 0   1 1 0 7 0   ■

MINDSCAPES    Invitations to Further Thought
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15. Grand Cru. The following is the UPC for Celis Ale Grand Cru. Find the 
missing digit.

■   3 5 8 8 8   4 1 2 0 1   9

16.  Mixed nuts. The following is the UPC for Planter’s 6.5-oz. Mixed Nuts. Find 
the missing digit.

0   2 9 ■ 0 0   0 7 3 6 7   8

17.  Blue chips. The following is the UPC for Garden of Eatin’ 10-oz. Blue Corn 
Chips. Find the missing digit.

0   1 5 8 3 9   ■ 0 0 0 1   5

18.  Lemon. The following is the UPC for RealLemon Lemon Juice. Find the 
missing digit.

0   5 3 0 0 0   1 5 1 0 8   ■

19.  Decoding (S). A friend with lousy handwriting writes down a UPC. 
Unfortunately, you can’t tell his 4’s from his 9’s or his 1’s from his 7’s. If the 
code looks like 9 0 3 0 6 8 8 2 3 5 1 7, is there any way to deal with the ambi-
guity? If so, what is the actual UPC? If it is not possible to determine the 
correct UPC, explain why.

20. Check your check. Find the bank code on your check. Verify that it is a valid 
bank code.

21. Bank checks. Determine the check digits for the following bank codes:

3 1 0 6 1 4 8 3 ■  0 2 5 7 1 1 0 8 ■

22. More bank checks (ExH). Determine the check digits for the following bank 
codes:

6 2 9 1 0 0 2 7 ■  5 5 0 3 1 0 1 1 ■

23. UPC your friends. Have a friend find a product that has a 12-digit UPC. Ask 
your friend to carefully read aloud the digits but to skip one digit and say 
“blank” in its place. Figure out the missing digit. Do this with several differ-
ent products if you wish. Explain to your friend how you did it. Record the 
UPCs, the missing digit, and your friend’s reactions.

24.  Whoops. A UPC for a product is

0   5 1 0 0 0   0 2 5 2 6   5

Explain why the errors in the following misread versions of this UPC would 
not be detected as errors:

0   5 1 0 0 0   0 2 6 2 5   5

 0   5 0 0 0 0   0 5 5 2 6   5

25.  Whoops again. A bank code is

0 1 1 7 0 1 3 9 8

Explain why the errors in the following misread versions of this bank code 
would not be detected:

7 1 1 0 0 1 3 9 8

0 1 1 7 0 8 3 9 1
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Creating New Ideas
26. Mod remainders (S). Where would 129 be on a mod 13 clock (which goes 

from 0 to 12)? What is the remainder when 129 is divided by 13?

27. More mod remainders. Where would 2015 be on a mod 7 clock? What is 
the remainder when 2015 is divided by 7? Generalize your observations and 
state a connection between mod clocks and remainders.

28.  Money orders. U.S. Postal Money Orders have a 10-digit serial number and 
a check digit. The check digit is the number between 0 and 6 that repre-
sents what the 10-digit serial number is equivalent to using a mod 7 clock. 
This check digit is the same as the remainder when the serial number is 
divided by 7. What is the check digit for a money order with serial number 
6830910275?

29. Airline tickets. An airline ticket identification number is a 14-digit number. 
The check digit is the number between 0 and 6 that represents what the 
identification number is equivalent to using a mod 7 clock. Thus, the check 
digit is just the remainder when the identification number is divided by 7. 
What is the check digit for the airline ticket identification number 1 006 
1559129884?

30.  UPS. United Parcel Service uses the same check digit method used on U.S. 
Postal Money Orders and airline tickets for its package-tracking numbers. 
What would be the check digit for UPS tracking number 84200912?

31. Check a code. U.S. Postal Money Order serial numbers, airline ticket iden-
tification numbers, UPS tracking numbers, and Avis and National rental 
car identification numbers all use the mod 7 check digit procedure. Find 
an example and check the check digit. For instance, get a copy of an airline 
ticket and check the identification number.

32.  ISBN-13. The 13-digit book identification number, called the International 
Standard Book Number (ISBN-13), has its last digit as the check digit. The 
check digit works on a mod 10 clock. If the ISBN-13 has digits d1 d2 d3 d4 d5 
d6 d7 d8 d9 d10, d11, d12, d13, then to check if this number is valid, we compute 
the following number:

1 3 1 3 1 3 1 3 1 3 11 2 3 4 5 6 7 8 9 10d d d d d d d d d d d� � � � � � � � � � 111 12 133 1� �d d

  If the ISBN-13 is correct, this new calculated number should be equivalent 
to 0 mod 10, that is, the sum should have its last digit being 0. For exam-
ple, consider the ISBN 978-0-691-15666-8. To check this ISBN, we compute  
(mod 10):

( ) ( ) ( ) ( ) ( )

( ) ( ) ( ) ( ) (

1 3 1 3 1

3 1 3 1 3

� � � � � � � � � �

� � � � � � � � �

9 7 8 0 6

9 1 1 5 6)) ( ) ( ) ( )� � � � � � �

� � � � � � � � � � � �

� � �

1 3 16 6 8

9 21 8 0 6 27 1 3 5 18 6 18 8

9 1 8 0

�
�� � � � � � � � �6 7 1 3 5 8 6 8 8

70 0 10

�
�   mod .

  Therefore, this number is a valid ISBN-13. Verify this check method for the 
ISBN-13 on the copyright page of this book.
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33. ISBN-13 check (H). Find the check digits for the following ISBN-13s:

978-0470-42476- ■;   978-0-375-50487- ■.

34.  ISBN-13 error. The ISBN-13 978-4-1165-9105-4 is incorrect. Two adjacent 
digits have been transposed. The check digit is not part of the pair of reversed 
digits. What is the correct ISBN?

35. Brush up your Shakespeare. Find a book containing a play by Shakespeare 
and check its ISBN-13.

Further Challenges
36. Mods and remainders. Use the Division Algorithm (see Section 2.3) to show 

that the remainder when a number n is divided by m is equal to the position 
n would be on a mod m clock (a mod m clock goes from 0 to m  1).

37.  Catching errors (H). Give some examples in which the UPC check digit 
does not detect an error of two switched adjacent digits. Try to determine 
a general condition whereby a switching error in those digits would not be 
detected. (Hint: Consider the difference of the digits.)

38. Why three? In the UPC, why is 3 the number every other digit is multiplied 
by rather than 6? (Hint: Multiply every digit from 0 to 9 by 3 and look at 
the answers mod 10. Do the same with 6 and compare your results.) Are 
there other numbers besides 3 that would function effectively? What num-
ber might you try?

39. A mod surprise. For each number n from 1 to 4, compute n2 mod 5. Then 
for each n, compute n3 mod 5 and finally n4 mod 5. Do you notice anything 
surprising?

40.  A prime magic trick. Pick a prime number and call it p. Now pick any natu-
ral number smaller than p and call it a. Compute ap1 mod p. What do you 
notice? You can use this observation as the basis for a magic trick. Have a 
friend think of a natural number less than p (but keep it to him- or herself). 
Tell that person that you will predict and write what the remainder will be 
when ap1 is divided by p. Write your answer and seal it in an envelope, and 
then ask what the person’s number was. Now, to your friend’s amazement, 
compute the remainder when ap1 is divided by p and reveal the hidden pre-
diction. Record your friend’s reaction. The next section uses this observation 
in a powerful way. Check it out.

In Your Own Words
41. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
If any material seemed puzzling or even unbelievable, address that as well. 
Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section.

42.  With a group of folks. In a small group, discuss and work through the four 
mod questions posed in the section and the Clairvoyant Kleenex Consultant 
story. After your discussion, write a brief narrative describing the methods 
in your own words.

43. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.
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44. Power beyond the mathematics. Provide several real-life issues—ideally, 
from your own experience—that some of the strategies of thought presented 
in this section would effectively approach and resolve.

For the Algebra Lover 

Here we celebrate the power of algebra as a powerful way of finding unknown 
quantities by naming them, of expressing infinitely many relationships and connec-
tions clearly and succinctly, and of uncovering pattern and structure.

45. One congruence, two solutions. Find two different natural numbers that are 
each a solution to 3x►  5 mod 7. 

46.  Chinese remainder. Find one natural number x that simultaneously satisfies 
both x  0 mod 2 and x  1 mod 3.

47.   More remainders. Find one natural number z that simultaneously satisfies 
z  1 mod 2, z  1 mod 3, and z  1 mod 5. (Hint: What do you know about 
the number z  1?)

48.  Quotient coincidence. Suppose x is a natural number. When you divide x by 
7 you get a quotient of q and a remainder of 6. When you divide x by 11 you 
get the same quotient but a remainder of 2. Find x.

49.  Mod function (H). The value y 5 10 satisfies the congruence y  3 mod 7. So 
does y  17. Find a formula for y in terms of the variable x so that no matter 
what natural number you plug in for x, the result is a value of y that satisfies 
y  3 mod 7.
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With the thawing of the Cold War, have spies fallen on 
hard times? Might we expect to see people in trench 

coats standing on street corners with signs that read, “Ex-spy. 
Will break codes for food”? Actually, no, because although the 
spy business is a bit slack now, in this age of the Information 
Superhighway secret codes have become indispensable. 
Whether you’re withdrawing money from an ATM, sending 
your VISA card number over the Web to make a purchase, 
or making a stock transaction, stolen data could mean sto-
len money. Information on the Internet needs to be secured 
through the use of codes. Modular arithmetic is at the heart of 
modern coding, and thus coding is possibly the most powerful 

example of the unforeseen applicability of abstract mathematical ideas—in this 
case to the digital world. Who would have thought that cryptography—the study 
of secret codes—would become an important part of daily life and that the explo-
ration of numbers would be central to coding?

This section is difficult. To master every part of the mathematics involved 
requires a significant effort. Luckily for us, the idea of public key cryptography is 
interesting even without fully delving into the mathematical details that make it 
work. The first part of this section offers an overview of the delicate ideas behind 
public key cryptography, while the second part outlines the technical details of the 
method in practice and the mathematical reasoning for why the scheme works. It 
is perfectly fine (if not advisable) to focus on the first part and either skim or skip 
the second part. This challenging section is evidence that as the world changes, 
ideas that seem marginal today may become central tomorrow. Good luck.

2.5     PUBLIC SECRET CODES AND 
HOW TO BECOME A SPY

Encrypting Information Using Modular 
Arithmetic and Primes

Did you ever notice that 007 is a prime? Coincidence?
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No more fiction: we calculate; but 
that we may calculate, we had to 

make fiction first.
FRIEDRICH NIETZSCHE
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Coding and Decoding
How can we code and decode messages? One possibility is to replace one letter 
by another letter. For example, suppose we created the following coding scheme:

Message

Coded As

A B C D E F G H I J K L M N O P Q R S T U V W X Y Z

T H E Q U I C K B R O W N F X J M P D V L A Z Y G S

If you wanted to send the message:

YOUR JOKES ARE LAME,

then you could send the coded message:

GXLP RXOUD TPU WTNU.

The major problem with this code is that breaking it is easy even without know-
ing the key. That is, any enemy who captured a sufficiently long encrypted mes-
sage could figure out the original message. More elaborate coding methods are 
harder to break but still can be deciphered if the codes are shared. That is, sup-
pose you are receiving messages from both Bill and Hillary, and each encodes 
his or her message using the same scheme. If Hillary captures Bill’s encrypted 
message, couldn’t she decode it by simply reversing the encoding procedure? It 
seems that we must trust our friends—a grave drawback to any shared coding 
scheme. Ideally, we would prefer a code by which people are able to encode mes-
sages to us but are at the same time unable to decode other messages that have 
been encoded by the same process. Is such a coding scheme possible? If someone 
could encode a message, then all he or she would have to do to decode messages 
in the same type of coding scheme is reverse the coding procedure. However, 
this plausible statement turns out to be false, and therein lies the core of modern 
coding methods.

In this section we will look at a coding technique invented during the last few 
decades that uses a 350-year-old theorem about modular arithmetic to encrypt 
and decode secret messages.

Public Key Codes
The method uses an encrypting and decoding scheme that is fundamentally new 
in the coding business. The new wrinkle is the invention of the public key code. 
Public key codes are codes that allow us to encode any message but prevent us 
from decoding other messages encrypted by the same technique. Such codes are 
called public key codes because we can tell the entire world how to encode mes-
sages to us. We can even tell our enemies. We can take out an ad in the newspaper 
telling everyone how to encode messages to us; it’s no secret; it’s public. The key 
is that we and only we can decode an encrypted message. Isn’t this notion coun-
terintuitive? How can such a coding scheme work? We’ll take a look at one such 
scheme known as the RSA public key code.

Attractive ideas in one 
realm often have  
unexpected uses 

elsewhere.

Life Lesson

2.5 • Public Secret Codes and How to Become a Spy
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Number Contemplation100

Before jumping into the technical details of this coding scheme, let’s try to 
make the basic idea of the encoding and decoding aspects of the RSA code plau-
sible. For this purpose, we journey to Carson City.

The Carson City Kid and the Perfect Shuffle Code
The Carson City Kid was the master of cards (actually he was no kid, but it sounds 
better than “the Carson City Yuppie”). His hands were quicker than the eye, and 
his morals were just as fast. One thing the Kid could do without fail was what is 
known in the trade as a perfect shuffle. That is, he would cut the deck of 52 cards 
precisely in half and then shuffle them perfectly—one card from the top half, then 
one from the bottom half, and so on, intermixing the cards exactly—one from one 
side, one from the other. For the larcenous among our readers, the advantage 
of a perfect shuffle is that, contrary to typical random shuffles, perfect shuffles 
only appear to bring disorder to the deck. The original ordering is restored after 
exactly 52 perfect shuffles.

The Kid was an enterprising soul who did not want to spend his life in casinos, 
rolling in money and surrounded by glamorous and attractive people. Instead, 
he decided to go into the secret message biz and be surrounded by glabrous and 
atrocious people. His method was simple. He knew that most people could not 
execute perfect shuffles. They could do only five or six shuffles before messing up.  
The Kid’s method was straightforward: The code sender would take a deck of 
52 blank playing cards and write the message using one letter per card. Then the 
sender spy would carefully do five perfect shuffles—leaving the deck of cards 
in an apparently random order. The spy receiving the shuffled deck would then 
hand the coded message (the shuffled deck) to the Kid.

The Kid knew exactly what to do. He quickly shuffled the deck with 47 more 
perfect shuffles and voilà! The cards had rearranged themselves exactly into their 
original order, and so the message could be read.

www.

The Basic Theme of the “Public” Aspect of the RSA Coding Scheme 
in 10 Sentences
Let’s select two enormous prime numbers—and we mean enormous—say 
each having about 300 digits—and multiply those numbers together. How can  
we multiply them together? Computers are whizzes at multiplying natural 
numbers—even obscenely long ones. Factoring large numbers, however, is 
hard—even for computers. Computers are smart but not infinitely smart—there 
are limits to the size of natural numbers that they can factor. In fact, our 
product is much too large for even the best computers to factor. So if we 
announce that huge product to the world, even though it can be factored in 
theory, in practice it cannot. Thus we are able to announce the gigantic  
number to everyone, and yet no one but we would know its two factors. This 
huge product is the public part of the RSA public key code. Somehow, the 
fact that only we know how to factor that number allows us to decode  
messages while others cannot. It’s not obvious why this factoring fact is helpful 
in making secret codes, but we’ll see that it’s really at the heart of the mattter.
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Of course, the Kid’s technique is too simple to use in practice. With determina-
tion, a person who captured the five-shuffled deck could do the reverse of those 
perfect shuffles. However, the Kid’s technique demonstrates a mathematical fact 
that revolutionized the coding business.

The RSA Coding Scheme
In 1977, Ronald Rivest, Adi Shamir, and Leonard Adleman discovered a public 
key coding scheme that uses modular arithmetic. This public key coding method is 
referred to as the RSA Coding Scheme and is now used millions of times each day. 
Kid Carson’s 47 perfect shuffles that return the deck to its original order capture 
the spirit of this RSA public key coding scheme. A shuffling procedure encodes 
a message, and only the receiver knows how to continue to shuffle the message 
further in a way that unshuffles the message—no one besides the receiver can 
perform that additional shuffling. So, now there are two basic questions we hope 
you are wondering: (1) What are we shuffling? and (2) How do we keep shuffling 
to get back to where we started?

www.

How the Scheme Works: Shuffling Numbers
We will shuffle numbers. That is, we will first convert our message to numbers and 
then shuffle those numbers. How do we shuffle the numbers? Let’s take a prime 
number, say 5. Pick any number that does not have 5 as a factor, for example, 8. 
To shuffle 8, let’s just raise 8 to higher powers and look at the remainders of those 
powers of 8 when we divide by 5. In other words, raise 8 to higher powers and 
look at those numbers mod 5.

Powers of 8 Powers of 8 mod 5

3
4
2
1

81

82

83

84

85

8
64

512
4096

32,768 3

1012.5 • Public Secret Codes and How to Become a Spy
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Number Contemplation102

The second column represents a type of shuffling of a four-card deck where the 
“shuffling” is accomplished by multiplying by 8. Notice that after five shuffles of 
multiplication by 8 mod 5 we get back to 3.

Let’s try this again with a different-size deck. Suppose we pick the prime 7 and 
choose a number that does not have 7 as a factor—say 10. Let’s shuffle 10 by rais-
ing it to higher powers and considering those powers mod 7.

Look for patterns.
Life Lesson

Powers of 10 Powers of 10 mod 7

101 10 3
102 100 2
103 1000 6
104 10,000 4
105 100,000 5
106 1,000,000 1
107 10,000,000 3

Here we notice that after seven shuffles of powers mod 7 we get back to 3.  
Now it’s your turn. Try this shuffling yourself. Let’s set the prime number to be 5. Now  
pick some numbers that have no factor of 5 and shuffle them by raising them to 
powers mod 5. Try this shuffling with at least two different numbers. What do you 
notice? How many shuffles get us back to where we started mod 5? Let’s look for 
patterns.

By experimenting, we discover that, if we shuffle 5 times mod 5, we get back to 
where we started. We also notice that, after we shuffle 4 times mod 5, we always 
get 1 as the answer. This observation turns out to be a mathematical fact—known 
as Fermat’s Little Theorem.

Fermat’s Little Theorem.
If p is a prime number and n is any integer that does not have p as a factor,  
then np1 is equal to 1 mod p. In other words, np1 will always have a 
remainder of 1 when divided by p.

It is Fermat’s Little Theorem, proved more than 350 years ago, that is the basis of 
our shuffling procedure. Now let’s tackle the RSA public key code scheme.

An Illustrative, Cryptic Example
We introduce the RSA public key code method by considering a specific exam-
ple. Using a diabolically clever idea that will be explained later, we construct and 
publicize a pair of numbers to the world—in this example the numbers 7 and 143. 
In real life the numbers would be much larger, perhaps having several hundred 
digits each. At the same time we construct the public numbers, we also construct 
and keep secret a decoding number, in this case 103. The public part of the pub-
lic key code does not contain the key to unlock the code; instead, the key is the 

Ground your understand-
ing in the specific.

Life Lesson
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secret decoding number that is kept only by the receiver of encrypted messages. 
It never needs to be transmitted to anyone else. We’ll explain later how all these 
numbers were created.

We not only publicize the numbers 7 and 143 but also explain exactly how to 
use them to encrypt a message. Here are the instructions, which could be pub-
lished in the newspaper.

Encoding Messages
Suppose that W is a secret Swiss bank account number (less than 143) that the 
sender wants to encrypt and send to someone. The sender computes W7 (remem-
ber that 7 is the first public number) and then computes the remainder when W7 
is divided by 143, the second public number. That is,

W q C7 143� � ,

where the remainder C is an integer between 0 and 142. Or, expressed in modular 
arithmetic,

W C7 143� mod .

The number C is now the coded version of W.

Decoding Messages
The receiver receives the coded message C and now must decode it. This decod-
ing process requires the receiver to compute C103 (recall that 103 is the secret 
number that no one but the receiver knows) and then to compute the remainder 
when C103 is divided by 143. That is,

C q103 143� � D,

where the remainder D is an integer between 0 and 142. Or, expressed in modular 
arithmetic,

C D103 143� mod .

The amazing fact is that D (the decoded message) will always be identical to W 
(the original, uncoded message). Thus the receiver decoded the coded message C 
to produce the original message W.

Suppose someone sets up the public key code described above, announces the 
public numbers (7 and 143) and the coding method, and keeps the number 103 
secret. Now let’s further suppose that a friend wishes to secretly send her Swiss 
bank account number, 71. The table below shows the sequence of events to code 
the message 71.

To encode the number 71, the sender computes 717, which equals 
9,095,120,158,391, and then computes the remainder when this number is divided 
by 143. The remainder turns out to be 124. So 124 is the encoded version of  
71, and that is what the sender sends to the receiver. Now the receiver has to 
decode 124.

2.5 • Public Secret Codes and How to Become a Spy
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Remember that 103 is the secret decoding key known only to the receiver. To 
decode 124, the receiver first computes 124 to the 103rd power and then finds the 
remainder when that number is divided by 143. 

Receiver

Sender

Announces to the world 
the numbers (7 and 143)
and coding instructions.
Tells no one secret
decoding number 103.

Wants to send “71” to her
friend. Knows the coding
numbers (7 and 143).

Sender computes 717 mod
143, which is 124. 124 is the
coded version of 71. Sender
sends 124 to receiver.

Receiver receives the coded
message“124.”

Using the secret number
103, receiver computes
124 103 mod 143, which is
71—the original message!

The number 124103 equals

41921187047849896446113000569294530888483668899773204563462

71225652209146711339395557033940592675185212029512808239919

702590414929908804309369655651278702735005875938401507774395

6948412747558943483401912034495884941006624,

which is a pretty big number; however, the remainder when it is divided by 143 is 
(drum roll, please) 71.

Of course, if we wanted to send or receive words (rather than just numbers) 
we could first convert the letters into numbers in some straightforward way (for 
example, A = 01, B = 02, . . . Z = 26, space 5 27) and then encode the number, just 
as we did with 71. Raising the encrypted number to the 103rd power and taking 
the remainder when that result is divided by 143 results in the original message. 
The incredible fact is that this method of retrieving the original number always 
works.

Take any number n from 0 to 142, compute the remainder when the number n7 
is divided by 143, and call that remainder C. Then compute the remainder when 
C103 is divided by 143, and we will miraculously have the original number n with 
which we started! Of course, there’s a reason behind such seemingly amazing 
coincidences.

Questions the Coding Scheme Generates
The preceding example leads to many questions. Here are a few:

 1. We said that, in real life, the numbers we use would have perhaps several 
hundred digits each. Is it practical, even for a computer, to raise numbers 
with hundreds of digits to powers of several hundred digits?

 2. Where did the numbers 7, 143, and 103 come from?

 3. Why in the world does this process work? Is this coding and decoding pro-
cess just an amazing fluke?
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How Do We Raise Huge Numbers to Large Powers?
As we illustrated, with the aid of a computer we can raise 124 to the 103rd power 
and write out the whole 200-plus digit answer.

Question ► If you take a 100-digit number and raise it to a 100-digit power, approx-If you take a 100-digit number and raise it to a 100-digit power, approx-
imately how many digits would the answer have? Would it be physically pos-
sible to write out such a number?

Answer ► No. A 100-digit number raised to a 100-digit power would have about 
10102 digits. If we wanted to write out such a number, we would have to write 
pretty small, since physicists’ best current estimate for the number of atoms 
in the universe is less than 1080, a tiny fraction of 10102. Thus a huge number 
of digits would have to be written on each atom in the universe. In other 
words, no computer could possibly do that calculation.

Well, then, aren’t we stuck? We have just seen that no computer can actually 
raise a 100-digit number to a 100-digit power. We must be clear about what we 
really want.

Actually, we are not stuck. All we are really after is the remainder that we 
get after dividing that huge power by some number. Finding this remainder can 
be accomplished by modular arithmetic without ever computing the big power. 
Such a procedure does not strain even a laptop computer. We and our computers 
are able to compute remainders efficiently without needing more atoms than our 
universe possesses.

Where Do Those Numbers Come From?
The numbers 143, 7, and 103 stem from an ingenious combination of just a few 
ideas from number theory. Here is the procedure for choosing the numbers. We 
give the method in flowchart form and describe it in prose. As the flowchart on 
the next page shows, the process begins by our picking two different prime num-
bers. In this case, we pick p = 11 and q = 13. Their product is 143, and that is one 
of the public numbers. The first public number in this coding scheme is always 
the product of two different primes. In real life, these primes would each have a 
couple hundred digits.

To select the numbers 7 and 103, we follow some intermediate steps. The first 
step is to compute (p  1)(q  1) or, in this case, 10  12 5 120. Now we select 
any number e that shares no common factors with 120 (e stands for encoding). It 
can be any such number. In our example, we chose 7. That number is the other 
public number.

Okay, in all honesty, what we are about to do next appears to be coming out of 
thin air, but its value will soon become clear. We find integers d and y such that 
7d  120y 5 1. In this case, we find that we can take d to equal 103 and y to be 6, 
since those values satisfy the equation

( ) ( ) .7 103 120 6 1� � � �

The number d (d for decoding), which in this case equals 103, is the secret decod-
ing number that we keep to ourselves. That’s it! Whenever we select the numbers 
p, q, e, and d in the manner described previously, the coding scheme will always 
work.

2.5 • Public Secret Codes and How to Become a Spy
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Why Do Those Numbers Work?
Let’s see why this coding and decoding scheme always works. Before we give an 
overview of why the RSA coding scheme works, we have to confess that what fol-
lows is difficult. What makes it difficult? The answer is that there are many steps. 
Although each step on its own is no great intellectual feat, when we string them 
together, one after another, the logic and modular arithmetic can get out of hand. 
These details are more interesting to some than to others. So readers who decide 
to invest the energy to learn what follows must expect to struggle and to reread 
the information several times. Other readers may decide to limit their investment 
in this topic and move on—remember Vietnam.

We begin our explanation by a quick recap: First we picked two primes,

p 5 11 and q 5 13.

Their product is 143, and that is one of the public numbers. We next computed

(p (q� �1) 1)

or, in this case,

10 12 120� �

and selected a number, e, that shares no common factors with 120—we chose 7. That 
number is the other public number. We then found integers 103 and 6 that satisfy

( ) ( ) .7 103 120 6 1� � � �

We keep the number 103 secret, because it’s the secret decoding number, and 
we announce the pair (7 and 143) to the entire world. We’re now ready to see how 

Receiver

Selects two different prime
numbers, in this case 11 and
13, but tells no one what
they are.

Subtracts 1 from each of the two primes, 11 � 1 � 10
and 13 � 1 � 12, and then multiplies these answers
together to get 120. The receiver then selects a number
at random that has no common factor with 120. In this
case the receiver selects 7, which becomes the other
number publicly announced.

Using the numbers 120 and 7, the receiver finds integers
d and y so that they satisfy the equation: 7d � 120 y � 1.
One such solution is (7 � 103) � (120 � 6) � 1. The value of
d—in this case 103—is the secret decoding number that
only the receiver knows or can figure out, since figuring
out a solution to the equation required the factorization of
143—which no one knows but the receiver.

Multiplies them together: 11 � 13 � 143. This
becomes one of the public numbers. The public will
know the product but will not be able to factor it
since the number, in practice, would be too large.
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coding and decoding work with the message 71. Remember that, to encode the 
message, we computed the remainder when 717 is divided by 143 and got 124. So, 
in modular arithmetic terms,

71 124 1437 � mod .

Then, to decode, we raised 124 to the 103rd power and found the remainder 
when we divided the answer by 143 (that is, we figured out 124103 mod 143). We 
now want to determine why this remainder must always equal the original message 
(in this case 71) that our sender sent. Specifically, we wish to understand why

124 71 143103 � mod .

The Numerical Details
Recall that 143 is 11  13. We consider the two primes 11 and 13 separately 
and start with 11. Recall that 124 is the remainder when 717 is divided by 143. 
Therefore, by the Division Algorithm,

71 143 1247 � �k ,

for some integer k. We now write 143 as 11  13 and notice that

71 11 13 124 0 124 117 � � � � �( ) mod .k �   

So we can conclude that

( ) ( ) mod .71 124 117 103 103�

Remember now how we selected 103:

( ) ( ).7 103 1 120 6� � � �

Using this fact we see that

( ) ( )( ) ( ) (71 71 71 71 717 103 7 103 1 120 6 120� � � �� � � �66 72 1071 71) ( ) .� �

Since the prime 11 is not a factor of 71, we know by Fermat’s Little Theorem—
our shuffling fact—that

( ) mod (71 1 1172 10 � notice that the power 10 is just 11 1� ).

So, putting all these observations together, we see that

124 71 71 71 71 1 71 11103 7 103 72 10� �( ) ( ) mod .� � � �

Therefore, by subtracting 71 from both sides, we see that

124 71 11103 � 0 mod� .

In other words, we now see that 11 divides evenly into 124103  71.
If we repeat with the prime 13 every step we did with 11, we see that 13 also 

divides evenly into 124103  71.

2.5 • Public Secret Codes and How to Become a Spy
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We have just shown that both 11 and 13 divide evenly into 124103  71. Since 11 
and 13 are different primes, we know that the product of 11 and 13, namely 143, 
must divide evenly into 124103  71. In other words, when 124103  71 is divided 
by 143 the remainder is 0. Given this fact, what is the remainder when just 124103 
alone is divided by 143? It has to equal 71, since, as we have already seen, once we 
subtract off the 71, its remainder is zero. Thus the remainder when 124103 is divided 
by 143 is 71. We decoded and got the original message back. This numerical illus-
tration includes all the essential ideas why this procedure works in general.

The RSA Code in General
To build an RSA public key code, the receiver first selects two different prime 
numbers—let’s call them p and q. In practice the receiver chooses primes that 
have perhaps 200 digits each. Now we define the integers n and m as follows: n = 
pq, and m = (p  1)(q  1).

Next the receiver selects any positive integer e (encoding power) such that 
m and e share no common factors. Since e and m share no common factors, it 
turns out we can always find positive integers d (decoding power) and y such 
that ed = 1 + my.

The receiver announces to the entire world the pair of numbers (e and n). 
The important thing, however, is to tell no one what d is. All the other numbers 
are no longer needed. The receiver probably should destroy any documents with 
the numbers p or q on them. Although we know that n can be factored into the 
product of p and q, the number n is so large that nobody besides the receiver can 
find those factors. The receiver no longer needs the factors p and q, and, if they 
get into the wrong hands, the security of our code could be violated.

If a sender wishes to send the receiver the message W, the sender computes the 
remainder when We is divided by n—let’s call the remainder C (coded message). 
The integer C is the coded version of the message W. Since the message W has 
now been encoded to the integer C, the sender could take out an ad in the paper 
and tell everyone the integer C. Only the receiver, however, will be able to decode 
it by finding the remainder when Cd is divided by n—let’s call it D (decoded 
message). It turns out that D will be exactly W. That is, D is the original mes-
sage, so the receiver just decoded the message. The proof of why it always works 
involves the same logic used in our previous example.

The RSA scheme is both interesting and extremely practical. In fact, RSA has 
become widely accepted commercially. Think we’re just kidding? In July of 1996, 
RSA Data Security, the company formed to promote and sell RSA solutions, was 
sold for about $400 million to Security Dynamics. This astronomical figure gives 
some indication of how seriously this coding scheme is being taken, and it all 
comes from divisibility, remainders, and crazy clocks. More proof that math pays! 
Innovative ideas are valuable in our society, regardless of their source.

Breaking the Code
Before closing this section, we address a natural question, namely, “How could 
someone break this code?” Remember that the world knows both n and e. 
If someone could factor n into its prime factorization p  q, then knowing p, q, 
and e, he or she could figure out m = (p  1)(q  1) and then figure out d (do 
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you see how?). Once d is known, the code can be broken. So how could we avoid 
having someone break the code? Well, certainly we don’t want anyone to be able 
to factor our number n. How could we arrange that? We take a look at current 
computer technology. We determine what the largest integer is that can be fac-
tored by the best computers. We then select our primes p and q so that each is 
larger than the largest integer that can be factored by machine.

Might some clever insight into how numbers work allow computers to factor 
even extremely large numbers and thus factor our n? If someone came up with 
such a scheme, the RSA public key code scheme would fail.

Is there another way of breaking the code without factoring n? This is an 
unsolved question in number theory. In other words, no one knows if the only 
way to break the code is to actually factor n. Perhaps there is a devilishly sneaky 
alternative method of breaking the code without ever factoring n. This possibil-
ity is a big mystery. Since no one currently knows how to break the code, the 
RSA system provides a safe coding scheme, at least for now. It’s interesting to see 
where the borders of knowledge are.

A secret number can be encoded by raising it to a power mod n, where n is the prod-
uct of two large primes. It can be decoded and the original secret number retrieved by 
raising the result to yet another power mod n. The secrecy of this scheme is dependent 
on our inability to factor numbers that are the products of two primes, each having hun-
dreds of digits. It seems plausible that, if we can encrypt a message using some process, 
then we could reverse the process and decode other messages that were encrypted by 
that method. However, such is not the case. Public key encryption exists in the realm 
between the plausible and the actual.

Understanding the public key encryption and decoding scheme is best attempted using 
a specific example. All the ideas for the general scheme are clearly present in the special 
case. Often we learn generally applicable principles by concentrating on specific cases.

BACK
A Look

Ground your understanding in the specific.
Life Lessons

2.5 • Public Secret Codes and How to Become a Spy

In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. What did you say? The message below was encoded using the scheme on 

page 99. Decode the original message.

VKBD BD VKU EXPPUEV TFDZUP
 2. Secret admirer. Use the scheme on page 99 to encode the message “I LOVE 

YOU.”

MINDSCAPES    Invitations to Further Thought
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 3. Setting up secrets. Let p 5 7 and q 5 17. Are p and q both prime numbers? 
Find (p  1)(q  1), the number we call m. Now let e equal 5. Does e have 
any factors in common with m? Finally, verify that 77e  4m 5 1.

 4. Second secret setup. Let p = 5 and q = 19. Are p and q both prime numbers? 
Find (p  1)(q  1), the number we call m. Now select e to equal 11. Does e 
have any factors in common with m? Now suppose d = 59 and y = 9. Verify 
that e  d  m  y = 1.

 5. Secret squares. Reduce the following quantities: 12 mod 3; 22 mod 3; 32 mod 
3; 42 mod 3; 52 mod 3; 62 mod 3. Do you notice a pattern?

Solidifying Ideas
 6. Petit Fermat 5. Compute 24 (mod 5). Compute 44 (mod 5). Compute 34 

(mod 5). Oh, what the heck, compute n4 (mod 5) for all numbers n from 1 
through 4.

 7. Petit Fermat 7. Compute 46 (mod 7). Compute 56 (mod 7). Compute 26 (mod 
7). Oh, why not, compute n6 (mod 7) for all numbers n from 1 through 6.

 8. Top secret (ExH). In our discussion, the two public numbers 7 and 143 were 
given. How would you encode the message “4”? The secret decoding number 
is 103. Without performing the calculation (unless you have a computer that 
can do modular arithmetic for you), how would you decode the encrypted 
message you just made if you were the receiver?

 9. Middle secret (H). In our discussion, the two public numbers 7 and 143 were 
given. How would you encode the message “3”? The secret decoding number 
is 103. Without performing the calculation (unless you have a computer that 
can do modular arithmetic for you), how would you decode the encrypted 
message you just made if you were the receiver?

10.  Bottom secret. In our discussion, the two public numbers 7 and 143 were 
given. How would you encode the message “11”? The secret decoding 
number is 103. Without performing the calculation (unless you have a com-
puter that can do modular arithmetic for you), how would you decode the 
encrypted message you just made if you were the receiver?

11. Creating your code (S). Suppose you wish to devise an RSA coding scheme 
for yourself. You select p 5 3 and q 5 5. Compute m, and then find (by trial 
and error if necessary) possible values for e and d.

12. Using your code. Given the coding scheme you devised in Mindscape 11, 
show how a friend would encode “HI” (as in our discussion, use 01 for A, 02 
for B, . . . , 26 for Z to convert the letters to numbers). Now decode the coded 
message. Did you return to your original HI?

The following list of random information may be useful in the subsequent 
three Mindscapes:

737  83 mod 143 83143  58 mod 103 8103  83 mod 143

747  35 mod 143 74143  51 mod 103 74103  61 mod 143

617  74 mod 143 38143  29 mod 103 83103  73 mod 143

837  8 mod 143 35143  5 mod 103 38103  103 mod 143

387  25 mod 143 8143  72 mod 103 35103  74 mod 143
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13. Public secrecy. Using the list in Mindscape 12, with the public numbers 7 and 
143, how would you encode “83”? How would you decode the message using 
the decoding number 103? What numbers in the list must you refer to for the 
encoding and decoding operations?

14. Going public. Using the list in Mindscape 12, with the public numbers 7 and 
143, how would you encode “61”? How would you decode the message using 
the decoding number 103? What numbers in the list must you refer to for the 
encoding and decoding operations?

15. Secret says (H). Using the list in Mindscape 12, with the public numbers 
7 and 143, and decoding number 103, how would you decode “38”? What 
numbers in the list must you refer to for this decoding operation?

Creating New Ideas
16. Big Fermat (S). Compute 5600 (mod 7). (Hint: Recall your answer to 

Mindscape 7, “Petit Fermat 7.”) Compute 81,000,000 (mod 11).

17.  Big and powerful Fermat (ExH). Recall how exponents work, for example, 
715 5 7(12 + 3) 5 712  73. Now, using exponent antics, compute 5668 (mod 7).

18. The value of information. How large should the primes p and q be in the RSA 
coding scheme? Of course, if you pick ridiculously large ones, then the prod-
uct of the two would be impossible to factor from a practical point of view. 
Do you really need the primes to be that large? What if you’re just sending 
a little love message to a special friend? Do you think the CIA will want to 
break your code? What determines the size of the primes you need?

19.  Something in common. Suppose that p is a prime number and n is a number 
that has p as a factor. What is np1 mod p in this case?

20. Faux pas Fermat. Compute 15 mod 6, 25 mod 6, 35 mod 6, 45 mod 6, and 55 
mod 6. What if you raise the numbers to the power 2? Compute n6 mod 9 
for numbers n from 1 to 8. What is the answer when n and 9 have no com-
mon factors? Do you think there is a way to extend Fermat’s Little Theorem 
when the mod number is not prime? Make a guess (yes or no).

Further Challenges
21.  Breaking the code. If you could factor a large public number into its two 

prime factors, how could you break the code? Outline a procedure.

22. Signing your name. Suppose you get a message that claims to be coming 
from your friend Joseph Shlock. It says that you should invest all your sav-
ings in pork kidneys. How do you know if the message really came from your 
friend Shlock and not your arch-enemy Irving Satan? Ideally, it would be 
great if each message were “signed” by the sender in such a manner that no 
one could “forge” the signature. Using the RSA scheme (in reverse), devise 
a method for verifying a message’s origin. (Hint: Could the encoding proce-
dure be used to reveal the signature?)

In Your Own Words
23. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
If any material seemed puzzling or even unbelievable, address that as well. 

2.5 • Public Secret Codes and How to Become a Spy
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Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section.

24. With a group of folks. In a small group, discuss and work through the RSA 
public key coding scheme. After your discussion, write a brief narrative 
describing the method in your own words.

25. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.

26. Power beyond the mathematics. Provide several real-life issues—ideally, from 
your own experience—that some of the strategies of thought presented in 
this section would effectively approach and resolve.

For the Algebra Lover 
Here we celebrate the power of algebra as a powerful way of finding unknown 
quantities by naming them, of expressing infinitely many relationships and connec-
tions clearly and succinctly, and of uncovering pattern and structure.

27. Powers of 2. Compute 22 mod 3, 24 mod 5, and 26 mod 7.  What do you notice? 
Does Fermat predict your answers?

28. FOILed! FOIL the expression (a  1)(b  1). Suppose you know that 
ab 5 323 and that (a  1)(b  1) 5 288.  Use these two pieces of informa-
tion to find the value of a 1 b. Now suppose you also know that a and b are 
prime.  Find a and b.

29. FOILed again! FOIL the expression (x  1)(y – 1). Suppose you know that 
xy 5 91 and that (x  1)(y  1) 5 72.  Use these two pieces of information to 
find the value of x 1 y. Now suppose you also know that x and y are prime.  
Find x and y.

30.  Secret primes. You know that p and q are primes and that (p  1)(q  1) 
5 24. Suppose you also know that q  p 5 2.  Use the second equation to 
substitute into the first equation and solve for q. Then find p.

31.  More secrets. You know that p and q are primes and that (p  1)(q  1) 5 
60. Suppose you also know that q  p 5 4.  Find p and q.
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The natural numbers are the first and most natural measures of quan-
tity; however, suppose we have more than one of something but less 

than two? Clearly we need fractional quantities to make such measure-
ments. Fractions let us measure any quantity to any desired degree of 
precision. In principle, we could measure a length to within one-mil-
lionth of an inch. But are there lengths that even the most precise frac-
tion cannot measure exactly? Specifically, is every number a fraction? 
That question of measuring lengths challenged the ancient Greeks and 
eventually forced them to a totally counterintuitive realization about 
lengths that later led to an entirely new notion of “number.” This discov-
ery of the Greeks, which we will soon discover for ourselves, is another 
powerful illustration of our major theme: By asking clear questions and 
examining the familiar in a careful and logical manner, we uncover hid-
den richness.

Is every number a fraction? To answer this question we make an 
assumption and follow the consequences of doing so. Letting logic lead, we 

suppose that every length could be measured exactly as a fraction, and then we 
see what other results we would be compelled, by logic, to accept. Exploring the 
logical consequences of an assumption is a valuable way to determine whether 
the assumption is reasonable.

A Rational Mindset
The ancient Greeks, and probably people before them, devised a reasonable 
method of measuring parts of things. If we take an object and break it into 10 
equal pieces and take 9 of them, then we have measured nine-tenths (9/10). Those 
who sell gasoline at the corner store have learned this lesson well—every gas price 
ends in 9/10 of a cent. This clever ploy allows the neighborhood convenience store 
to milk us for a smidgen extra on each gallon without our really noticing.

Theoretically we could take an object, break it into a million pieces, and take 
375,687 of them and get 375,687 millionths (375,687/1,000,000). So by taking a 
large enough number of pieces, we can measure parts of things to any degree of 

2.6      THE IRRATIONAL SIDE OF 
NUMBERS

Are There Numbers Beyond Fractions?

Auguste Rodin, The Thinker (Le Penseur), 
1880–1882. Sometimes rational thought leads to 
insights into a surprisingly by irrational reality. 
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God made the integers, all else is 
the work of humankind.

LEOPOLD KRONECKER
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accuracy we want; unfortunately, even then we may not be correct. But we are 
getting a bit ahead of ourselves. The Greeks thought that the natural numbers 
were natural gifts from the gods. Ratios of those number essences together with 
their negatives and zero produce the rational numbers. A rational number, there-
fore, is a number that can be written as a fraction a/b or –a/b in which a and b 
are natural numbers or a 5 0. Some examples of rational numbers are 1/2, 22/7, 
109/51, –35/219, 15 (15/1), and 0.

To get accustomed to this idea, find a rational number between 1 and 2. Now 
find a rational number between 1001/1003 and 1002/1003. Why is there always a 
rational number between any two other rational numbers?

Notice that, even if two different rational numbers are very close together, we 
can always find many (in fact, infinitely many) rational numbers between them. 
Since we can cut things up into as many equal-size pieces as we wish, it seems 
reasonable to conjecture that every number is rational, which parallels the beliefs 
of the early Greeks.

The ancient Greeks viewed the natural numbers as “god-given” numbers. 
A ratio of natural numbers (that is, a fraction or rational number) was, in the 
ancient Greeks’ eyes, not a pure number, but instead a combination of two genu-
ine numbers. They believed that every length has a measure that is either a natu-
ral number or a ratio of natural numbers.

Given common observations and life experiences, this idea seems both natural 
and rational (excuse the pun). In fact, the atomic theory of matter and quantum 
mechanics suggest that matter has a limit to its divisibility, and, hence, for physi-
cal objects, there may be a specific number of indivisible units that make up the 
object. So if we break an object arbitrarily in two and wish to measure how big 
each piece is, we would count the number of particles in one piece and divide that 
number by the total number of particles in the original object to see what fraction 
of the object we have.

Of course, mathematics is not constrained by mere physical reality. Physical 
reality is just the starting point for mathematics.

The Pythagoreans’ Secret Society  
and the Square Root of 2
Let’s now assume, as the Greeks did, the reasonable hypothesis that all length 
measures (what we now view as all positive numbers) are rational numbers and 
see where that assumption leads us. Unfortunately, it leads us into some deep 
trouble. Along the way, however, we will learn that an effective method for dis-
covering new ideas and truths is to explore the consequences of assumptions.

Pythagoras (580 bce–500 bce) and his followers formed a school devoted to 
discovering great ideas, many of which were mathematical. This school, some-
times referred to as the “brotherhood,” was actually a community of families 
and some believe the inspiration for Plato’s Republic. The Pythagorean School 
had many unusual rules (for example, they were not allowed to eat beans), but 
devoted themselves to studying numbers as a means of attaining a better under-
standing of the gods. The Pythagorean School was a secret society. Its members 
developed important mathematical concepts and kept them to themselves.

Explore the consequences 
of assumptions.

Life Lesson
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The Pythagorean Theorem, which we will physically see and touch in Chapter 4,  
“Geometric Gems,” tells us that in a right triangle the square of the hypotenuse 
equals the sum of the squares of the lengths of the two shorter sides; that is, a2 + 
b2 = c2 in right triangles such as this one.

a
c

b

After the Pythagoreans discovered this relationship, they considered a triangle 
with a = b = 1:

1
??

1

and wondered what the length of the hypotenuse was. If they called the length H, 
they knew that 12 1 12 5 H2. So H2 5 2, which is to say that H is the square root 
of 2, denoted today as H 5 2 .

Assume It’s Rational
The Pythagoreans believed that all lengths are rational, so the number H, the 
square root of 2, would have to be equal to some fraction, say a/b, in which both 
a and b are natural numbers. Let’s see where that assumption led the Pythagoreans 
and where it leads us.

The first thing we can do with our assumption that H equals a/b is to cancel any 
common factors in a and b until we are left with an equivalent rational number 
with the numerator and denominator having no common factors. For example,

60
45

2 3 5
3 5

2
3

4
3

2

2

2

�
� �

�
� � .

Notice how we factored each number into primes and then canceled primes that 
are common to both numerator and denominator. So the rational 60/45 is equal 
to 4/3. Notice that 3 and 4 have no common factors.

No Common Factors
Let’s return to H, the square root of 2. We are assuming that H is a rational num-
ber a/b, and by following the cancellation process, we find that we can write H as 
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c/d, in which c and d share no common factor other than 1. In particular (and this 
observation is important), if 2 divides evenly into either of the numbers c or d, 
then 2 will not divide evenly into the other one. That is, H = c/d and not both c and 
d are even numbers (since otherwise they would have a common factor of 2).

On the one hand, H 5 2 , and on the other hand, H 5 c/d. So putting both 
hands together, we have 2  5 c/d. To simplify that equation, let’s square both sides 
of 2  5 c/d. Doing so would produce

2
2

2
�

c

d
.

Since natural numbers are easier to visualize than fractions, let’s “clear the 
denominator” by multiplying each side by d2:

2 2 2d c� .

Here’s Looking at You, c
Now let’s see where this equation leads. What kind of number is c2? Well, we see 
it equals 2d2, so 2 is a factor of c2 and therefore c2 must be even. But if c2 is even, 
c itself is even. (Why? Well, we know 2 is a prime number, and if 2 divides evenly 
into c  c then 2 must divide evenly into just c alone.) So c is an EVEN number. 
Since c is an even number, then it must equal 2 times some other number, say c 5 
2n (since that’s what it means to be even, after all). If we substitute 2n for c in the 
equality above, we see that

2 2 2 2 42 2 2 2d c n n n n� � � �( ) ( )( ) .

Looking at this equation, we have this unstoppable desire to divide both sides by 
2, which leads to d2 5 2n2, which, in turn, leads to trouble.

A Troubling “d” Tour
What kind of number is d2? It must be even. Thus d itself must also be EVEN. 
Remember that we started by assuming that the square root of 2 was equal to 
a rational number a/b. We made some legal deductions from that assumption, 
namely, after canceling, a/b = c/d where c and d are not both even. Then we 
deduced that c and d must both be even—directly contradicting ourselves. So this 
situation is impossible. Therefore, whatever we assumed must be false.

But what did we assume? A rereading of our argument shows that we assumed 
only one thing, namely that 2  is a rational number. Since our assumption led us 
to a contradiction, our assumption must be false. So, 2  is not a rational number; 
that is, 2  is not equal to the ratio of two integers. A number that is not rational is 
called irrational. The observation about the square root of 2 is so important that 
we highlight it here:

Square Root of 2 Is Irrational.
The square root of 2 is an irrational number.
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Making It Your Own
You can make this argument your own by working through the ideas and explain-
ing them to a friend. The argument is beautiful and elegant, because a power-
ful and surprising result arises from some basic ideas creatively strung together. 
This proof appears in Euclid’s book entitled Elements and is usually attributed to 
Euclid (ca. 300 bce). However, evidence exists that Aristotle (384 bce–322 bce) 
also knew about this argument. Of course, we’ll never know for sure who first dis-
covered this counterintuitive revelation together with this elegant line of reason-
ing. Among most mathematicians, the proofs that there are infinitely many prime 
numbers and that the square root of 2 is irrational are considered to be among the 
most beautiful arguments in the field.

Accepting Reality
We may not like the idea that an entirely new kind of number must exist— 
numbers that are not rational; however, there is no use fighting it. No matter how 
much our previous worldview led us to believe that all numbers are expressible as 
the ratio of two integers, it just isn’t so. We must accept the proven truth, embrace 
a new worldview, and explore the reality of numbers as they are. Once we prove 
something, we must add it to our list of truths and move on.

Of course, we are modern people, and we are unlikely to find the existence  
of irrational numbers a challenge to our philosophical biases about how the  
world is organized. But the ideas of proportion and ratios of natural numbers 
played a more central role in the ancient Greeks’ understanding of reality. For 
them, the notion of irrational numbers significantly challenged their ideas about 
reality.

The Pythagoreans reacted strongly to the disturbing discovery of irrational 
lengths (numbers), and they kept the idea secret. It is said that when one of  
their members was caught revealing the secret, he was taken on a boat ride and 
thrown overboard. Think we’re joking? Proclus around the 5th century ce gave a 
brief account: “It is well known that the man who first made public the theory of 
irrationals perished in a shipwreck in order that the inexpressible and unimagi-
nable should ever remain veiled. And so the guilty man, who fortuitously touched 
on and revealed this aspect of living things, was taken to the place where he 
began and there is forever beaten by the waves.” In contrast, students today who 
divulge the mysteries of the irrational numbers and other scientific phenomena 
find themselves scooped up by major corporations offering impressive salaries. 
Nice!

Beyond the Square Root of 2
Mathematicians are extremely frugal when it comes to ideas: Once they have one, 
they try to recycle and reuse it. By pushing an idea to its limits, we often uncover 
more than we first expected.

To illustrate this lesson, let’s see if we can adapt the ideas used in the proof that 
the square root of 2 is irrational to show that the square root of 3 is irrational. If 
you try to work through the ideas on your own before reading on, you will gain a 
much deeper understanding of the ideas at work.
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Square Root of 3
Let’s assume that 3  is a rational number a/b, where a and b are natural numbers. 
By following the cancellation process, we find that we can write 3  as c/d, where 
c and d share no common factor other than 1. In particular (and this observation 
is important), if 3 divides evenly into either of the numbers c or d, then 3 will not 
divide evenly into the other one. That is, 3  5 c/d and not both c and d have the 
factor of 3 (since otherwise we could cancel). If we now square both sides of the 
equation 3  5 c/d, we see that

3
2

2
�

c

d
.

If we multiply each side by d2 to get integers on both sides of the equation, we 
have

3 2 2d c� .

Now let’s see what this equation means. We see that c2 equals 3d2, so 3 is a fac-
tor of c2. But if c2 has a factor of 3, then c itself must have a factor of 3. (Why? 
Well, we know 3 is a prime number, and if 3 divides evenly into c  c, then 3 must 
divide evenly into just c alone.) Since c has a factor of 3, it must equal 3 times 
some other integer, say c 5 3n. If we substitute 3n for c in the preceding equality, 
we see that

3 3 3 92 2 2d n n n n� � �(3 ) ( )( ) .

We can now divide both sides by 3 and get d2 = 3n2. This last equation shows that 
d2 must have a factor of 3 in it, and therefore d must have a factor of 3 as well. 
Thus we see that c and d share a common factor of 3. But we selected c and d 
so that they have no common factor greater than 1. This is a contradiction, and, 
therefore, this situation is impossible—hence our assumption must be false. So, 

3  is not a rational number—it is irrational. Notice how this argument parallels 
our first one.

Other Irrationals
In fact, we can use this method to show that 6  and many other examples are 
irrational. We invite you to try these in the Mindscapes.

With a bit of care, we can extend this idea even further and show that 2 3�  
is irrational. Again, let’s assume that 2 3�  is actually a rational number, say 
a/b. If we square both sides, ( 2 3)� 2  5 (a/b)2, we have to be a bit careful 
expanding the left side. We do it here:

( ) ( )( )

( ) ( )

2 3 2 3 2 3

2 3 2 2 3 3

2 2 3 2 2 3 3 3

2� � � �

� � � �

� � � �

�� � � �

� �

2 6 6 3

5 2 6.

Once we discover an 
important idea, we 

should use it to deduce 
new or more general 

consequences.

Life Lesson
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So we see that 5 1 2 6  5 a2/b2, which means that 6  5 (a2  5b2)/2b2. But the 
number on the right side is a fraction, so that means that 6  is a rational number. 
However, you will show in the Mindscapes that 6  is irrational. Therefore, we 
have reached another contradiction. Our first assumption must have been false, 
and we conclude that 2 3�  is irrational.

Irrational Power
If we whittle the idea we are using down to its core, we can use it to prove that 
other more exotic numbers are irrational. Suppose 3A 5 9. What would A equal? 
If 3C = 27, what would C equal? These questions are not too hard: A = 2, and C = 3. 
But suppose B is the number such that 3B 5 10. What is B? We know from the 
previous two questions that B is bigger than 2 and smaller than 3, but there is no 
use trying to figure out exactly what decimal number it equals, because we can’t: 
It’s an irrational number. Why? Well, suppose that B were a rational number, say 
u/v, where both u and v are natural numbers. Then 3u/v = 10. If we raise both sides 
to the vth power, then the v’s cancel out in the power on the left side:

( ) ./3 3 10u v v u v� �

Since u and v are each at least 1, then 3 must divide evenly into 10v, which is absurd: 
The only prime numbers that divide evenly into 10v are 2’s and 5’s. This contradic-
tion means that our assumption was false, so B must be an irrational number.

The number B is called a logarithm. If 3B 5 10, then we would say that B is the 
logarithm of 10 in base 3. Using a calculator we can estimate B and see that B 5 
2.09590327428938460. . . .

p
Our method to show certain numbers are irrational does not work for more 
exotic numbers. The circumference of a circle having diameter 1 is equal to the 
famous number p (pi). Although the rational number 22/7 is almost equal to p, 
it is not exactly equal to p: 22/7 5 3.142857142857. . . , while p 5 3.141592. . . . 

The Greeks and subsequent mathematicians studied p intensely: 
In 1650 bce, Egyptians estimated that p  256/81, and roughly 

500 years later, mathematicians in India approximated p as 
62,832/20,000, which is incredibly close to p. It was not until 
1761, however, that someone proved that, in fact, p is irratio-

nal. The first person to prove this important fact was Johann 
Lambert, and he used techniques from calculus. As an amus-

ing postscript to Lambert’s result and to the earlier works of Greek, Egyptian, and 
Indian mathematicians, we note that some ground was lost in 1897: The Indiana 
State Legislature considered a bill to declare p equal to 4, which was “offered as a 
contribution to education to be used only by the State of Indiana free of cost. . . .”  
Fortunately, the legislature did not pass the bill and math instructors in Indiana 
are not breaking any laws when they describe p correctly.

Still Unknown
In general, it is difficult to determine if numbers are rational or irrational. As a 
modest illustration, nobody knows if any of the numbers on the following list are 

1 1

Length �     � 3.14159 . . .
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irrational—it is possible (but not likely) that some are actually rational: 2p, pp, 
π 2 . Don’t they all “look” irrational? Yes, but no one knows how to prove it for 
sure.

We now see that numbers come in two flavors: rational and irrational. The 
collection of all these numbers—rational and irrational—forms the real numbers, 
which leads us to our final journey through the notion of number.

Beyond the world of natural numbers are the rational numbers, fractions. But some 
numbers are irrational—not rational. We can show that 2  is irrational by assuming the 
contrary. If 2  were rational, then it would be equal to a fraction written in lowest terms. 
That assumption implies that both the numerator and the denominator would have to 
have a factor of 2, which would contradict the fact that the fraction was in lowest terms. 
Thus 2  is not a fraction. This strategy can be used to demonstrate that other numbers 
are irrational. This reasoning allowed us to move from the comfortable world of natural 
numbers and their ratios to the real world of irrationality.

An effective strategy for analyzing life is to make an assumption and see what conse-
quences follow logically. If a logical consequence is a contradiction, then the assumption 
must be wrong.

BACK
A Look

Follow assumptions to their logical conclusions.
Life Lessons

In this section, Mindscapes marked (H) have hints for solutions at the back of the 
book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. A rational being. What is the definition of a rational number?

 2. Fattened fractions. Reduce these overweight fractions to lowest terms:

6
24

15
9

14
42

125
10

121
11

, , , , .� � 

 3. Rational arithmetic. The numbers 1/2, 2/3, 5/2, and 6/5 are rational. Show 
that the numbers below are also rational by expressing each as a ratio of two 
integers.

1
2

5
2

1
2

2
3

1
2

6
5

1

� � �, , ,




















22
2
3

5
2

6
5

2
3

,
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MINDSCAPES    Invitations to Further Thought
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 4. Decoding decimals. Show that each of the decimal numbers below is actually 
a rational number by expressing it as a ratio of two integers.

0 02 6 23 2 71828 168 5 0 00005. , . , . , . , .� �

 5. Odds and ends. Square the numbers from 1 to 12. Do the even numbers have 
even squares? Do the odd numbers have odd squares? Make a conjecture 
based on your observations.

Solidifying Ideas
 6. Irrational rationalization. We know that 2  is irrational. Therefore 3 2 5 2/  

must also be irrational. Is this conclusion correct? Why or why not?

 7. Rational rationalization. We know 2/5 and 7/3 are rational. Therefore 
(2/5)/(7/3) is also rational. Is this conclusion correct? Why or why not?

 8. Rational or not (ExH). For each of the following numbers, determine if the 
number is rational or irrational. Give brief reasons justifying your answers.

4
9

1 75
20

3 5
3 14159, . , , , .

2
14

 9.  Irrational or not. Determine if each of the following numbers is rational or 
irrational. Give brief reasons justifying your answers.

16
20

12
7 5

147 0
3

3
,

.
, ,�

In Mindscapes 10–16, show that the value given is irrational.

10. 5 (H).  11. 2 3.

12. 7 .  13. 3 5.�

14. 2 7 .�  15. 10 (S).

16. 1 + 10.

17. An irrational exponent (H). Suppose that E is the number such that 12E = 7. 
Show that E is an irrational number.

18. Another irrational exponent. Suppose that E is the number such that 
13E = 8. Show that E is an irrational number.

19. Still another exponent (ExH). Suppose that E is the number such that 
14E = 9. Show that E is an irrational number.

20. Another rational exponent. Suppose that E is the number such that 
8E = 4. Show that E is a rational number. In the previous two Mindscapes, 
you developed an argument that showed that an exponent was irrational. 
Where does that argument break down in this case?

21. Rational exponent. Suppose that E is the number such that ( 2) 2 2.E �  
Show that E is a rational number. In Mindscapes 18 and 19, you developed 
an argument that showed that an exponent was irrational. Where does that 
argument break down in this case?

22. Rational sums. Show that the sum of any two rational numbers is another 
rational number. (Hint: Let a/b be one rational number and c/d be the other. 
Now show that a/b + c/d is another rational number.)

MINDSCAPES    Invitations to Further Thought
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23.  Rational products. Show that the product of any two rational numbers is 
another rational number. (Hint: Adapt the previous hint.)

24. Root of a rational. Show that ( / )1 2  is irrational.

25. Root of a rational (S). Show that (2/3)  is irrational.

Creating New Ideas
26. p. Using the fact that p is irrational, show that p + 3 is also irrational.

27. 2p. Using the fact that p is irrational, show that 2p is also irrational.

28. p2. Suppose that we know only that p2 is irrational. Use that fact to show that 
p is irrational.

29. A rational in disguise. Show that the number ( 2 )
2 2

 is a rational number 
even though it might look irrational. What familiar number does it equal?

30. Cube roots (H). The cube root of 2, denoted as 23 , is the number such 
that if it were cubed (raised to the third power), it would equal 2. That is, 
( ) .2 23 3 �  Show that 23  is irrational.

31. More cube roots. Show that 33  is irrational.

32. One-fourth root. Show that the fourth root of 5, 5,4  is irrational.

33. Irrational sums (S). Does an irrational number plus an irrational number equal 
an irrational number? If so, show why. If not, give some counterexamples.

34. Irrational products (H). Does an irrational number multiplied by an irratio-
nal number equal an irrational number? If so, show why. If not, give some 
counterexamples.

35.  Irrational plus rational. Does an irrational number plus a rational num-
ber equal an irrational number? If so, show why. If not, give some 
counterexamples.

Further Challenges
36. p . Show that for any prime number p, p  is an irrational number.

37. pq . Show that, for any two different prime numbers p and q, pq  is an 
irrational number.

38. p q� . Show that, for any prime numbers p and q, p q�  is an irra-
tional number.

39.  4 . The square root of 4 is equal to 2, which is a rational number. Carefully 
modify the argument for showing that 2  is irrational to try to show that 4  
is irrational. Where and why does the argument break down?

40. Sum or difference (H). Let a and b be any two irrational numbers. Show that 
either a + b or a  b must be irrational.

In Your Own Words
41. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
If any material seemed puzzling or even unbelievable, address that as well. 
Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section.
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42. With a group of folks. In a small group, discuss and work through the argu-
ments that the square root of 2 and the square root of 3 are irrational. After 
your discussion, write a brief narrative describing the arguments in your own 
words.

43. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.

44. Power beyond the mathematics. Provide several real-life issues—ideally, 
from your own experience—that some of the strategies of thought presented 
in this section would effectively approach and resolve.

For the Algebra Lover 
Here we celebrate the power of algebra as a powerful way of finding unknown 
quantities by naming them, of expressing infinitely many relationships and connec-
tions clearly and succinctly, and of uncovering pattern and structure.

45. Rational x. Simplify the following expressions to show that x is rational in 
each case.

x x x
x

x x
=

+
=

+
=

−
+ −

3
5

3
5

17
5

5
3

1
11
4

4 100
3 15 5

2

( )( )

46.  High 5. Suppose that x is a positive number satisfying the equation x2 5 5. Is 
x a rational or irrational number? Justify your answer.

47.  Don’t be scared (H). Consider the scary equation. 7 19 103 2x x x� � �
2 5� . Without solving the equation for x, determine if the solution for x 

is a rational or irrational number. 

48.  A hunt for irrationals. Find all solutions to the equation x3 2 3x 5 0. How 
many of your solutions are rational? How many are irrational?

49.  A hunt for rationals. For any number x, the equation 2x2 2 x 2 3 5 (2x 2 3)
(x 1 1) is always valid. (Such equations are called identities). Use that iden-
tity to help you find all values for x that satisfy 2x2 2 x 2 3 5 0. Are the solu-
tions you found rational or irrational? More generally, a quadratic equation 
always has two solutions. Suppose you are given two rational numbers. Can 
you always find an equation ax2 1 bx 1 c 5 0 such that the solutions for x are 
the two given rational numbers and the numbers a, b, and c are rational?
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Our development of the notion of “number” took us from the 
familiar natural numbers and rationals to the more mysteri-

ous realm of irrational numbers. While these collections of num-
bers are distinctive, they all fit together in a basic way: Given any 
two different numbers, one is bigger than the other. The numbers 
are all ordered. That orderly hierarchy of numbers by size allows 
us to represent all numbers on one line. In this final section on 
number, we explore the connections between the number line 
and the notion of number.

The guiding principle for this part of the exploration of number is to bring 
global coherence to separate ideas. By examining the totality of numbers as one 
entity, we will discover new surprises and develop a better understanding of both 
the rational and the irrational. Initially some of these discoveries may contradict 
our intuition. Our exploration involves looking at the types of numbers we know 
and deducing how those numbers must be interconnected on the number line. 
This point of view leads to the representation of numbers in decimal form. We 
must be open-minded and accept logical consequences that we deduce. Once we 
accept correct conclusions, we will understand the collection of all numbers on the 
number line—the real numbers—as a coherent idea aptly called the continuum.

Lining Up
The real number line has appeared in elementary school textbooks as long as 
school cafeterias have been serving students sloppy joes. Here we start from 
scratch but soon make unexpected discoveries—just as we did with our sloppy 
joes—about the familiar idea of the number line.

The Point of Decimals and Pinpointing Numbers 
on the Real Line

2.7    GET REAL

Illustration from a 17th-century  
letter by Felipe Guáman Poma, 
showing an Incan treasurer hold-
ing a quipu. During the 15th and 
16th centuries, the Inca used 
quipus, a system of knotted cords, 
to record numerical information, 
such as population and trade with 
other tribes.
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Why are wise few, fools numerous 
in the excesse? ’Cause, wanting 
number, they are numberlesse.

AUGUSTA LOVELACE
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�4 �3 �2 �1 0 1 2 3 4 5

The integer points are labeled, but we would like to be able to label or describe 
every point on this line. To make progress in this direction, let’s consider the points 
halfway between each consecutive pair of integers. For example, the number 5/2 
is the point that sits exactly midway between 2 and 3. In fact, any rational number 
corresponds to a specific point on this line. For example, we can locate the point to 
which 37/23 corresponds by dividing each interval between consecutive integers 
into 23 equal pieces. Then we start at 0 and jump from mark to mark: 1/23, then 
2/23, then 3/23, and so on. When we get to 23/23, we see that is the point that is 
also labeled 1. Jumping 14 more times gets us to 37/23. A similar procedure allows 
us to find a point on the line corresponding to any rational number.

Rationals Everywhere
The points associated with rational numbers are all over the line: No matter where 
we are standing on the line, we can always find a rational number point as close as 
we wish. Suppose we want to find a rational number point that is within a distance 
of 1/10,000 of where we are standing. We just divide each segment between every 
two consecutive integers into 10,000 equal pieces and make those 10,000 marks, 
then mark off all the points that correspond to rational numbers having 10,000 
in their denominators (5876/10,000, for example). Therefore, no matter where we 
are, we will be within 1/10,000 of one of these rational points.

Now that we see that the rationals are essentially everywhere, we may ask: Are 
there any unlabeled or undescribed points left on our line? The previous section 
provides us with the answer to this question. Let’s construct a point on the num-
ber line that definitely does not correspond to a rational number.

An Irrational Point
Here is a way of finding a number on the number line that is not a rational num-
ber: Build a square whose base is the interval from 0 to 1. Next draw the diagonal 
from 0 to the upper-right corner of the square. Using a compass, copy the length 
of that diagonal onto the number line and make a mark there. What number did 
we just mark? The square root of 2.

� 2

�4 �3 �2 �1 0 1 2 3 4 5

We begin with the number line itself:
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In the previous section we showed that the square root of 2 is irrational. Thus 
there are points on the line that cannot be labeled with rational numbers, and we 
are faced with the question: Is there a uniform method to label every single point 
on the line—rational and irrational?

The Decimal Point
Let’s label each point by describing ever more precisely where it sits on our line. 
This process is familiar, because it is the idea that generates the decimal expan-
sion of numbers. The decimal expansion of a number provides us with a road map 
that allows us to home in and locate the number on our line. For example, let’s 
consider the decimal expansion of the square root of 2:

2 1 414213562� . . . . .

The number to the left of the decimal point tells us that our number will be 
somewhere between 1 and 2. Where between? We cut the interval from 1 to 2 into 
10 equal pieces (10 since we are looking at the deci[10]mal expansion). The next 
digit, in this case 4, tells us in which small interval our number is located. We then 
take that small interval and cut it up into 10 (very small) equal pieces. The next 
digit (in our example, 1) tells us in which very small interval our number resides. 
Notice that, as we continue this process, we whittle away and create smaller and 
smaller intervals. This process allows us to home in on the number we seek, in this 
case 2 .

Look for new ways of 
expressing an idea.

Life Lesson

Stare deeply into the line with your Heart of Mathematics 3D glasses. 
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We are getting closer and closer to 2 . Each little interval, once it is cut up 
into 10 equal pieces, looks like the larger parent interval that it came from. For 

2 , this homing process never ends. We keep localizing our point in smaller and 
smaller nested intervals, and we get closer and closer, but we have to do this pro-
cess infinitely many times to actually hit the 2  point exactly.

A Home Base
To name the point 2  on the real line, we divided intervals into 10 equal parts, 
because we are accustomed to using 10 as the basic number for counting. 
However, we could well have located the number 2  by dividing each interval 
into any other number of equal parts. For example, we could always divide each 
subinterval into two parts. In that case, since the point 2  lies in the first half of 
the interval, we put a 0 after the point. Dividing that half interval into half again, 
we would note that 2  is in the second half, so we would put a 1 as the next digit. 
Dividing into halves at each time gives a way to locate 2  using just 0’s and 1’s. 
This representation is known as the base 2 expansion. In base 2, 2  would have a 
representation of the form:

2 1 01101010000010011110 2� . .. . .

The key point to remember is that each preceding digit just tells us which of the 
two subintervals—the left 5 0, the right 5 1—we fall into as we head toward the 
square root of 2.

Base 2 (sometimes referred to as binary) representation of numbers is quite 
useful since each point on the number line can be located using only 0’s and 1’s. 
This economy of symbols is convenient for computers, which store information 
by sequences of ons and offs, represented by 1’s and 0’s. Other bases are useful for 
other purposes, but the strategy for finding a representation in any base remains 
the same.

Rational vs. Irrational Decimals
We have seen that some of the points on the real line, like 2 , have decimal 
expansions that require infinitely many digits before they are completely speci-
fied. The number 1/2, however, has a decimal expansion of 0.5. This distinction 
between the decimal representation of the irrational 2  and the rational 0.5 leads 
us to consider the relationship between the decimal expansions of rational num-
bers and the decimal expansions of irrational numbers.

Question ► Given a decimal expansion of a number, can we tell if the number is 
rational or irrational?

A reasonable guess is that a decimal expansion represents a rational number 
precisely when its decimal expansion terminates (such as 0.5 or 12.76), and it is an 
irrational number precisely when it has a decimal expansion that goes on forever 
(such as the decimal expansion of 2 ). What do you think about this guess? Is it 
correct? Partly correct? Completely incorrect? None of the above?

Our guess is partly correct. If the decimal expansion of a number terminates, 
then the number must be rational. To see why, we notice that, if the decimal 
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expansion terminates, then we can just shift the decimal point all the way over to 
the right and then divide by 10 raised to the power equal to the number of places 
we moved the decimal point. For example,

12 76
1276
100

6 3709
63 709
10 000

14 356703. , .
,
,

, .� � 881
1 435 670 381

108
�

, , ,
.

However, just because a decimal expansion goes on forever does not imply that 
the number is irrational. Consider the rational number

1
3

0 3333333333 0 3� �. . .. . . .

In this case we just see 3 repeating forever. We call a decimal expansion periodic 
if from some point on and then forever onward the pattern of digits repeats. For 
example,

are examples of periodic decimal expansions. Periodic decimal expansions go on 
forever and do not terminate. The interesting fact is that they are all rational 
numbers.

Periodic Decimals
To see why periodic decimal numbers are rational, consider the number 
3 59 3 5959595959. . . . . .�  We now illustrate a method that will allow us to figure 
out what rational number this decimal represents. The key idea is to multiply the 
decimal by a power of 10 (that just shifts the decimal point to the right) so that we 
can align the periodic part with the periodic part of another copy of the decimal 
expansion. Then if we subtract these numbers, the infinitely long periodic part 
cancels away. In our example (we’ll call the number W for “What number is it?”), 
we multiply the decimal expansion by 100 and thus shift the decimal two places to 
the right. We then subtract the original decimal expansion. Notice how the peri-
odic parts line up perfectly and how they all drop out when we subtract.

�

�

�

�

100 359 5959595959

3 5959595959

99 356 000000

W

W

W

.

.

.

. . .

. . .

00000. . .

So, we see that 99W = 356, so W = 356/99, a rational number. Using a calcula-
tor, we can check that 356/99 has a decimal expansion of 3.5959595959. . . . This 
method always works. We just have to make sure that the periodic parts line up. 
So numbers whose decimal representation is periodic are always rational.

Divide and Conquer: Repeat
To find the decimal expansion for a rational number, we use long division. Notice 
that, as we perform the long division, the intermediate differences we get (through 

3 5959595959 3 59. .. . . and 9.3452769949949949� 994994 . . . 9.345276994�

c02.indd   128 22/08/12   11:35 PM



2.7 • Get Real 129

the subtraction) are always between 0 and the number by which we are dividing. 
Since there are only finitely many natural numbers between 0 and the number we 
are dividing by, at some point we will see a difference that we have already seen 
before. This is just another example of the Pigeonhole principle. Once this repeti-
tion begins, it will go on forever. The following example illustrates this observa-
tion more clearly.

Let’s find the decimal expansion of 1141/990 using long division:

)990 1141 00000
1 15252

990
1510

990

. . . .

. . . .

5200

5200
4950

2500
1980

Ah! A match! From this point on,
the expansion just keeps repeating
itself (try it and convince yourself).

We’ve just discovered exactly when a decimal expansion is a rational number. We 
record this insight formally as:

Decimal Expansion of Rationals and Irrationals.
A decimal expansion represents a rational number precisely when 
either the decimal expansion terminates or the decimal expan-
sion is eventually periodic. Thus, a decimal expansion is an irrational 
number precisely when it does not terminate and is not periodic.

We can now use this theorem to prove some interesting results. For example:

0.123456789. . . Is Irrational.
The real number

0.1234567891011121314151617181920212223242526. . . 

(formed by writing the natural numbers in order, in juxtaposition) is an  
irrational number.

Proof that “0.123456789. . .” Is Irrational
There are only two possibilities: 0.123. . . is either a rational number or an irra-
tional number. Let us assume it’s a rational number. If we could show that this 
possibility is in fact impossible, that would prove that the other possibility (that 
the number is irrational) must be true.
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If this number were a rational number, its decimal expansion would have to 
be eventually periodic. In other words, there would have to be a finite string 
of numbers in the decimal expansion that, from some point on, repeats forever. 
What would be the length of this finite string that repeats? We don’t know. All we 
are sure of is that the length is finite—let’s call that finite length of the repeating 
pattern L. For example, in the number 45.3219811981198119811. . . the repeating 
pattern “1981” has length 4, so here L would be 4.

Recall that our number is created by writing down the natural numbers in 
order, in juxtaposition. Thus every number that is made just from 1’s will eventu-
ally be written down. In other words, at some point we will see 11 and later 111 
and later still 1111 and even later still 11111, etc. Thus we see that there will be 
long runs of 1’s occurring in the decimal expansion. In fact, we will have arbi-
trarily long runs of 1’s. For example, the natural number consisting of a billion 
1’s in a row will eventually appear. In particular, we can find infinitely many runs 
of 1’s, each of which has more than 10 times L number of 1’s in a row (remember 
that L is the length of the repeating pattern). So at some point the repeating pat-
tern must march through a sea of 1’s. The only way that could happen is if the 
repeating pattern itself were made up exclusively of 1’s. If the repeating pattern 
were all 1’s, then from some point onward, all we would see in the decimal expan-
sion of this number would be 1’s, contrary to how the number was constructed. 
This contradiction tells us that our assumption that the number is rational must 
be false. Therefore, the decimal number 0.1234. . . is not rational and must be irra-
tional, which completes our proof.

No Holes, No Neighbors
Characterizing the decimal expansions of rational numbers allows us to journey 
deep into the dense jungle of the real number line. Gaze closely at the number 
line. Look really closely. Put your nose right up to the page. Stare deeply into the 
hypnotic line. Perhaps you are getting sleepy . . . well, snap out of it and wake 
up! Notice that there are no holes in the number line—instead the line flows 
smoothly and produces a continuous and unending stream of real numbers—the 
continuum. This “unholey” image leads to a question that has a strange answer.

�4. . . �3 �2 �1 0 1 2 3 4 5 . . . 

Suppose we are a particular real number—to ground our thinking, let’s sup-
pose we are 0. Now who are our immediate neighbors? In particular, what is the 
next real number after 0? Can we name it? Suppose someone guessed 1/2. We 
could easily show that 1/2 is not the next real number after 0; after all, 1/4 is closer 
to 0 than 1/2. Suppose that someone else guessed 3/702 (= 0.004273. . . ). We could 
take half of that number and find the number 3/1404 (= 0.002136. . . ), which is 
even closer to 0. In fact, if anyone gave us any number greater than 0, we could 
just divide that number in half and find another even smaller number that is also 
greater than 0. What can we conclude? The answer is that there is no next real 
number immediately following 0. The moment we specify a number bigger than 0,  
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we could find another number (in fact infinitely many) that is between 0 and the 
specified number. The real number line flows continuously without breaks and 
between any two points on the line we can always find lots of points in between 
them. Hence, there is no next real number after 0.

Our reasoning could be used to show that there is no next real number after 1 
or even after 2 . We have therefore verified the following:

There Is No Next Real Number.
Given any particular real number, there is no next 
real number immediately following it.

Redundancy in Representation of Reals
We now have a sense of the connections among points on the number line, their 
decimal expansions, and the notions of rational and irrational. Every point on 
the real number line can be represented as a decimal number, but we have not 
considered the following question:

Is there only one way to write a number in its decimal expansion?

Although it would be convenient for each real number to have only one deci-
mal expansion, unfortunately there are some real numbers that have more than 
one decimal expansion. We illustrate this fact with an example.

What rational number is 0.999999. . . ? We’ll call this number N (for Nines). 
Let’s answer this question using our method of multiplying by a power of 10, lin-
ing up the repeating period, and then subtracting.

10 9 9999

0 9999

9 9 0000

. . .

. . .

N

N

N

�

�  �

�

.

.

. .. . .

So 9N 5 9; and what must N be? N 5 1. We just proved that 1 5 0.99999. . . . Does 
this equation look strange? Sometimes mathematical results, even when proven 
rigorously, are so counterintuitive that we remain skeptical of their validity. The 
fact that 1 = 0.9999. . . is a great example of this phenomenon. Even though we 
have given a rigorous mathematical proof of this amazing fact, we now give an 
intuitive argument that may be more convincing.

Suppose we believe that 1 is not equal to 0.99999. . . (remember that those 9’s 
go on forever without ever stopping). Then one of these numbers would be big-
ger than the other. Which one would be larger? Certainly 1 would be larger than 
0.9999. . . . If these numbers were not equal, then there must be some numbers 
between 0.99999. . . and 1 on the number line. For example, the average of those 
two numbers would have to be between them. That average must be a number 
that is larger than 0.99999. . . and at the same time smaller than 1. What could that 
number be? It would have to start off with a 0 (otherwise it would not be less than 
1). What would the next digit be? It must be a 9 since anything else would make 

Don’t let personal biases 
get in the way of new 

discoveries.

Life Lesson
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the number smaller than 0.9999. . . . What about the next digit? It would have to 
be 9 as well. If we continue in this manner we see that we are building 0.99999. . . .  
But that is not bigger than 0.99999. . . . So there are no numbers between 0.9999. . .  
and 1, and hence they must be equal. Did you like this argument? It’s amusing to 
think about.

Here is another way of looking at all those 9’s. For some strange reason, people 
feel comfortable with the fact that 1/3 = 0.33333. . . and 2/3 = 0.6666. . . . Well, if we 
add those together we see 1 = 0.9999. . . ! We have proved the following:

0.9999. . . 5 1.
1 5 0.999999. . . .

What is another decimal expansion for the number 0.499999 . . . ? Use the ideas 
given above and give it a try.

Random Reals
Finally, before closing this section and this chapter we pose an intriguing question:

If we randomly pick a real number—that is, we take a pin, close our eyes, and 
place the pin on some point on the real number line—what is the likelihood 
that the number we picked is a rational number? Is it a 50-50 chance?

A reasonable answer would be 50-50 since a real number is either rational or 
irrational. Unfortunately, this reasonable-sounding answer is far from correct. 
Although we will not be able to give a rigorous answer to this question until we 
journey through the world of the infinite in the next chapter, we are able to give 
a plausible argument that answers the question.

How could we randomly pick a real number besides closing our eyes and drop-
ping a pin on a number line? Well, one way is to randomly choose digits among 0, 
1, 2, 3, . . . , 8, 9 and write them down to build a decimal number. We could get a 10-
sided die with the sides numbered from 0 to 9. Let’s suppose that we always start 
with 0 so our random number will be between 0 and 1. Now we roll a 10-sided die 
or have a random number generator spit out digits and we record them:

0 79356284565748388365300483628304726118394. 557378. . . .

We don’t stop! We do this forever and thus create a real number. What is the 
likelihood that this random number is a rational number? Well, for it to be ratio-
nal, from some point on, the number must have a pattern that repeats forever. 
But what does that mean? It means that from some point on, we keep repeating 
the identical pattern without ever deviating. How likely is it that we will repeat 
a finite pattern forever given that we are generating the digits randomly? The 
answer is: not likely at all—in fact, it should “never” happen. There would have to 
be an amazing and even unheard-of conspiracy in the random digits to have them 
all, from some point on, follow a periodic pattern. Thus the probability that we 
randomly generate a rational number is actually zero. So if we just randomly pick 
a real number, it is “certain” to be an irrational number.
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Irrationals Abound
This huge preponderance of irrational numbers might be a tough pill to swallow 
since we are so accustomed and comfortable with rational numbers and since we 
noticed earlier that the rationals seem to be everywhere on the number line. But, 
mathematically, rational numbers are actually hard to find. We will see exactly 
what “probability zero” and “certain” mean in the probability chapter. For now, if 
we accept the preceding informal analysis, we are faced with an extremely inter-
esting question: If a real number selected at random is “never” a rational number 
and “always” an irrational number (whatever the notions of “never” and “always” 
mean), then does that mean that there are, somehow, more irrational numbers than 
rational numbers? Certainly there are infinitely many rational numbers and infi-
nitely many irrational numbers. Could one of these infinite sets actually be greater 
than the other? Perhaps what first appears familiar and natural (the rational num-
bers) will in fact be the exotic and strange, whereas what appeared to be foreign 
and strange (irrational numbers) will actually turn out to be more the norm! These 
curious questions set the stage for our next adventure: the world of the infinite.

The rational and irrational numbers taken together form the real numbers—the col-
lection of points on a line. We are able to use the decimal expansion of a real number to 
locate any real number on the number line. The decimal expansion also allows us to dis-
tinguish rational numbers from irrational numbers. A number is rational precisely if its 
decimal expansion eventually repeats; otherwise it is irrational. Using these ideas, we are 
able to devise means of converting repeating decimals to fractions and also to prove that 
certain real numbers, such as 0.123456789101112. . . , are irrational, whereas, surprisingly, 
0.9999. . . 5 1. The real line presents a picture of numbers orderly arranged. No number 
has an immediate neighbor, a number just above it or just below it.

Our strategy for exposing this view of the real numbers was to seek a unified view 
of all the types of numbers we had developed before. We looked for a relationship that 
encompassed all the ideas we had generated, in this case, the ideas of rational and irra-
tional numbers. The simple ordering of numbers suggested that we could effectively rep-
resent all numbers as points on a line and that we could name each point on the line or 
number, rational or irrational, using a decimal representation. Some discoveries required 
us to give up biases and accept logical conclusions. Being open-minded about new ideas 
is a difficult and important lesson in every arena of life.

BACK
A Look

Seek unifying ideas. 
•

Keep an open mind.

Life Lessons

 . . . an irrational number . . . 
lies hidden in a kind of cloud of 

infinity. 
MICHAEL STIFEL
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In this section, Mindscapes marked (H) have hints for solutions at the back of 
the book. Mindscapes marked (ExH) have expanded hints at the back of the book. 
Mindscapes marked (S) have solutions.

Developing Ideas
 1. X marks the “X-act” spot.

On the number line above, place an X on the approximate location for each of 
the following numbers:

3
2

1
3

2 3 1 1 0 9 1 05 0 55, , . , . , . , . , . .� � �

 2. Moving the point. Simplify each of the expressions.

10 3 14 1000 0 123123 10 0 4999� � �( . ), ( . ), ( .. . . . . .
. . .

),
.

,
.98 6

100
0 333

10

 3. Watch out for ones! Express 1/9 in decimal form. (Hint: Use long division to 
divide 9 into 1.)

 4. Real redundancy. Suppose M = 0.4999. . . . Then what does 10M equal? Find 
two expressions for the quantity 10M  M and set those two expressions 
equal to each other. (Hint: One expression is simply 9M.) Can you solve your 
equation to discover something marvelous about M?

 5. Being irrational. Explain what it means for a number to be irrational.

Solidifying Ideas
 6. Always, sometimes, never. A number with an unending decimal expansion 

is (choose one: always, sometimes, never) irrational. Explain and illustrate 
your answer with examples.

 7. Square root of 5. The 5 has an unending decimal expansion, but it might 
eventually repeat. Is this statement true or false? Explain.

 8. A rational search (ExH). Find a rational number that is bigger than 
12.0345691 but smaller than 12.0345692.

 9. Another rational search. Find a rational number that is bigger than 3.14159 
but smaller than 3.14159001.

10.  An irrational search (H). Describe an irrational number that is bigger than 
5.7 but smaller than 5.72.

11.  Another irrational search. Describe an irrational number that is bigger than 
0.0001 but smaller than 0.00010001.

12. Your neighborhood. Suppose we tell you that we are thinking of a number 
that begins with 10.0398XXXXX, where “XXXXX” are digits that we have 
hidden from view. What is the smallest our number could possibly be? What 
is the largest our number could possibly be?

�1 0 1 2

MINDSCAPES    Invitations to Further Thought
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13. Another neighborhood. Suppose we tell you that we are thinking of a num-
ber that begins with 5.5501XXXXX . . . , where “XXXXX . . . ” are digits that 
we have hidden from view. What is the smallest our number could possibly 
be? What is the largest our number could possibly be?

In Mindscapes 14–16, express each fraction in its decimal expansion.

14. 
6
7

(S).

15. 17
20

.

16. 21.5
15

.

In Mindscapes 17–25, express each number as a fraction.

17. 1.28901.
18. 20.4545.
19. 12.999.
20. 2.222222. . . .
21. 43.12121212. . . (S).
22. 5.6312121212. . . .
23. 0.0101010101. . . .
24. 71.239999999. . . . (ExH).
25. Just not rational (H). Show that the number

0 0100100010000100000100000010000000100. . . ..

is irrational.

Creating New Ideas
26. Farey fractions. Let Fn be the collection of all rational numbers between 0 

and 1 (we write 0 as 0/1 and 1 as 1/1) whose numerators and denominators 
do not exceed n. So, for example,

F F1 2

0
1

1
1

0
1

1
2

1
1

� �, , , ,






























, , , , , ,F3

0
1

1
3

1
2

2
3

1
1

�

  Fn is called the nth Farey fraction. List F4, F5, F6, F7, and F8. Make a large 
number line segment between 0 and 1 and write in the Farey fractions. How 
can you generate F8 using F7? Generalize your observations and describe 
how to generate Fn. (Hint: Try adding fractions a wrong way.)

27. Even irrational. Show that the number

0 246810121416182022242628303234363840. . . .

is irrational.

28. Odd irrational (H). Show that the number

1 357911131517192123252729313335373941. . . .

is irrational.

MINDSCAPES    Invitations to Further Thought
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29. A proof for p. Suppose we look at the first one billion decimal digits of p. 
Those digits do not repeat. Does that prove that p is irrational? Why or why 
not? What if we examined the first trillion digits?

30. Irrationals and zero. Is there an irrational number that is closer to zero than 
any other irrational? If so, describe it. If not, give a sequence of irrational 
numbers that get closer and closer to zero. (Hint: Start by considering 2 2/  
and 2 3/ .)

31. Irrational with 1’s and 2’s (S). Is it possible to build an irrational number 
whose decimal digits are just 1’s and 2’s? If so, describe such a number and 
show why it’s irrational. If not, explain why.

32. Irrational with 1’s and some 2’s. Is it possible to build an irrational number 
whose decimal digits are just 1’s and 2’s and only finitely many 2’s appear? If 
so, describe such a number and show why it’s irrational. If not, explain why.

33. Half steps. Suppose you are just a point and are standing on the number line 
at 1 but are dreaming of 0. You take a step to the point 1/2, the midpoint 
between 0 and 1. You proceed to move closer to 0 by taking a step that is half 
of the previous one. You continue this process again and again. Will you ever 
land on 0? Explain. Is this observation hard to accept?

34. Half steps again (ExH). Suppose now that you are a very, very, very short 
line segment (your length is less than 1/100,000,000,000). You are standing 
on the number line so that your center is right on 1, but, again, you are 
dreaming of 0. You shift your segment so that your center is at 1/2, midway 
between 0 and 1. You proceed to move closer to 0 by taking a step that is half 
of the previous one. You continue this process again and again. Will your 
segment ever contain 0? Explain. Is this observation less puzzling than the 
previous Mindscape? Why?

35. Cutting p. Is it possible to cut up the interval between 3 and 4 into pieces of 
exactly the same size such that one of the pieces has the point p on its right 
edge? Why or why not?

Further Challenges
36. From infinite to finite. Find a real number that has an unending and nonre-

peating decimal expansion, with the property that if you square the number, 
the decimal expansion of the squared number terminates.

37. Rationals (H). Show that, between any two different real numbers, there is 
always a rational number.

38. Irrationals. Show that, between any two different real numbers, there is 
always an irrational number.

39. Terminator. Show that if a rational number has a decimal expansion that 
terminates (or alternatively, has a tail of zeros that goes on forever), then the 
rational number can be written as a fraction where the only prime numbers 
dividing the denominator are 2 and 5.

40. Terminator II. Show that if the denominator of a fraction has only factors of 
2 and 5, then the decimal expansion for that number must terminate in a tail 
of zeros.

In Your Own Words
41. Personal perspectives. Write a short essay describing the most interesting 

or surprising discovery you made in exploring the material in this section. 
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If any material seemed puzzling or even unbelievable, address that as well. 
Explain why you chose the topics you did. Finally, comment on the aesthet-
ics of the mathematics and ideas in this section. 

42. With a group of folks. In a small group, discuss and work through the argu-
ments that the number 0.12345678910. . . is irrational and that 0.99999. . . 5 1. 
After your discussion, write a brief narrative describing the arguments in 
your own words.

43. Creative writing. Write an imaginative story (it can be humorous, dramatic, 
whatever you like) that involves or evokes the ideas of this section.

44. Power beyond the mathematics. Provide several real-life issues—ideally, 
from your own experience—that some of the strategies of thought presented 
in this section would effectively approach and resolve.

For the Algebra Lover 

Here we celebrate the power of algebra as a powerful way of finding unknown 
quantities by naming them, of expressing infinitely many relationships and connec-
tions clearly and succinctly, and of uncovering pattern and structure.

45.  An unknown digit. Let x be a digit satisfying the decimal equation: 10  x 5 
0.xxxxx . . .  Solve for the unknown digit x.

46.  Is x rational? Suppose that I is a fixed but unknown irrational number. 
Consider the equation 4x  I 5 2/3. Is it possible to determine if the value for 
x that satisfies the equation is rational or irrational? Explain your answer. 

47.  Is y irrational? You decide to create the digits of a decimal number y between 
0 and 1 using the function f(n) 5 3n 1 1.  Here’s your system. Compute f(1) 
and put the result as the first digit of y to the right of the decimal point. 
Compute f(2) and put the result as the second digit of y. Compute f(3) and 
put the result as the third and fourth digits of y. Compute f(4) and put the 
result as the fifth and sixth digits of y. And so on. What’s the tenth digit of y? 
Do you think y is irrational? Why or why not?

48.  Is z irrational? Follow the same construction as described in the previous 
Mindscape to create a decimal number z. This time use the function g(n) 5  
n2 1 n 1 1, and answer the given questions about z.

49.  Triple digits (H). Suppose a, b, and c are digits that satisfy the three simulta-
neous equations

  4a  b  c 5 3

  2a  b 1 c 5 11

  a 1 b 1 3c 5 26

  Find the number with decimal expansion a.bc0000… .
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