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5 Net Force and 
Two-Dimensional Motion 

In 1922, one of the Zacchinis, a

famous family of circus

performers, was the first hu-

man cannon ball to be shot

across an arena into a net. To

increase the excitement, the

family gradually increased the

height and distance of the

flight until, in 1939 or 1940,

Emanuel Zacchini soared

over three Ferris wheels and

through a horizontal distance

of 69 m.

How could he know
where to place the
net, and how could he
be certain he would
clear the Ferris
wheels?

The answer is in this
chapter.



5-1 Introduction 

In this chapter, we will apply Newton’s Second Law of motion developed in Chapter 3
to the analysis of familiar two-dimensional motions. We start with an exploration of
projectile motion. When a particle-like object is launched close to the surface of the
Earth with a horizontal component of velocity and allowed to fall freely, we say it un-
dergoes projectile motion. The second two-dimensional motion we consider is uni-
form circular motion in which a particle-like object moves in a circle at a constant
speed. This motion can be produced by twirling a ball attached to a string in a circle or
by watching a point on the edge of a spinning wheel.

You will use the vector algebra introduced in Chapter 4 and extend the concepts
introduced in Chapters 2 and 3 to two dimensions. As you work with this chapter, you
will want to review relevant sections in these chapters.

5-2 Projectile Motion

Projectile motion occurs near the Earth’s surface whenever a ball rolls off a table, a
basketball arcs toward a basket, a hailstone rolls off a steep roof, or a ball bounces
(Fig. 5-1). All of these motions have curved paths. But why are the paths curved, and
what sort of curves are they? In Section 3-2 we presented data on objects moving hor-
izontally that provided evidence that in the absence of forces, moving objects tend to
continue moving at a constant velocity (Newton’s First Law). In Section 3-9 we pre-
sented data indicating that near the Earth’s surface, objects fall freely in a vertical di-
rection with an acceleration of magnitude 9.8 m/s2. Projectile motions from basket-
balls to hailstones all involve a combination of horizontal and vertical motions.
Galileo was the first to discover how to treat two-dimensional projectile motion as a
combination of horizontal and vertical motions.

Galileo’s Hypothesis
In his Dialog Concerning Two New Sciences published in 1632, Galileo (Fig. 5-2) ob-
serves:

“ . . . we have discussed the properties of uniform motion and of motion
naturally accelerated along planes of all inclinations. I now propose to set
forth those properties which belong to a body whose motion is compounded
of two other motions, namely, one uniform and one naturally accelerated. . . .
This is the kind of motion seen in a moving projectile; its origin I conceive to
be as follows:

Imagine any particle projected along a horizontal plane without friction;
then we know . . . that this particle will move along this same plane with a
motion which is uniform and perpetual. . . . But if the plane is limited and ele-
vated, then the moving particle . . . will on passing over the edge of the plane
acquire, in addition to its previous uniform and perpetual motion, a down-
ward propensity due to its own weight; so that the resulting motion which I
call projection is compounded of one which is uniform and horizontal and of
another which is vertical and naturally accelerated.”

Galileo went on to predict that the curve that describes projectile motion is the
parabola. He deduces this using a construction (Fig. 5-3) which shows how uniform
horizontal motion and uniformly accelerated vertical motion with displacements in-
creasing in proportion to the square of time can be combined or superimposed to
form a parabola. The superposition is not unlike that introduced in Chapter 3 with re-
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FIGURE 5-1 � A stroboscopic photograph
of an orange golf ball bouncing off a hard
surface. Between impacts, the ball under-
goes projectile motion that is characterized
by curved paths.

FIGURE 5-2 � Galileo (1564–1642) was
the first scientist to deduce that projectile
motion could be analyzed as a combina-
tion of two independent linear motions.



gard to the combination of forces. However, in this case the quantities must be at right
angles to each other.

Experimental Evidence for Galileo’s Hypothesis
Galileo’s hypothesis was based on both observations and reasoning. By observing
balls accelerating slowly on inclines and balls in free fall, he knew that their positions
increased as the square of time. He determined the constant velocity of a ball rolling
along a level ramp. Knowing the height of the ramp, he could predict how long the
vertical falling motion should take and hence how far in a horizontal direction the
ball should travel before it hit the floor, assuming the horizontal velocity was undis-
turbed by the introduction of the vertical falling motion. Since Galileo did not have
contemporary technology such as strobe photography or video analysis at his dis-
posal, his approach to understanding projectile motion was extraordinary.

It is instructive to confirm Galileo’s hypothesis regarding a body moving off the
edge of a ramp by using a digital video camera to record this motion, as in Fig. 5-4.
What would Galileo have observed? If he had drawn the horizontal position compo-
nent of the ball along the line of its original motion as shown in Fig. 5-4, he would see
that the horizontal distance the ball traveled each time period remains constant. That
is, the horizontal velocity is constant both before and after the ball reaches the edge
of the table. Thus, the horizontal motion must be independent of the falling motion.

Since our image shows that the ball has fallen a distance of approximately
(y2 � y1) � �0.85 m in a time interval of (t2 � t1) � 0.40 s, we see that these quanti-
ties are consistent with the kinematic equation 2-17 given by (y2 � y1) �
v1 y (t2 � t1) � 1/2 ay(t2 � t1)2. For this situation, the y-component of velocity equals
zero at time t1 (so that v1 y � 0.0 m/s) with the vertical acceleration component given
by ay � �9.8 m/s. This calculation suggests that the vertical motion is independent of
the horizontal motion.

Perhaps the most compelling evidence for the independence of the vertical mo-
tion is a stroboscopic photograph of a ball that is released electronically just at the
moment that a projectile is shot horizontally, as shown in Fig. 5-5. The vertical position
components of these two balls are identical.

In summary, using new technology we can easily conclude, as Galileo did about
400 years ago, that 

The horizontal and vertical motions of a projectile at right angles to each other are indepen-
dent, and the path of such a projectile can be found by combining its horizontal and vertical
position components.

Ideal Projectile Motion
When Galileo wrote about projectiles in the Two Sciences, he made it quite clear that
the moving object should be heavy and that friction should be avoided. In the next
section, as we use vector mathematics to consider projectile motion, we will limit
ourselves to “ideal” situations. We also assume the only significant force on an object
is a constant gravitational force acting vertically downward. For example, the bounc-
ing golf ball is undergoing ideal projectile motion between bounces because it is mov-
ing slowly enough that air resistance forces are negligible. On the other hand, flying
airplanes and ducks are not ideal projectiles because their sustained flight depends on
getting lift forces from air. Examples of ideal and nonideal projectile motion are
shown in Fig. 5-6. Ideal projectile motion can be defined as follows:

A particle-like object undergoes IDEAL PROJECTILE MOTION if the only significant force that
acts on it is a constant gravitational force along a vertical line.
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FIGURE 5-3 � Galileo’s diagram showing
how a parabola can be formed by a set of
linearly increasing horizontal coordinates
(b : e) and a set of vertical coordinates
that increase as the square of time (o : n).
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FIGURE 5-4 � Performing Galileo’s
thought experiment with modern equip-
ment. This digital video image shows the
location of a golf ball in the last frame,
along with white markers left by the soft-
ware showing the ball’s location every
tenth of a second as it rolls off the edge of
a table and falls toward the floor.

FIGURE 5-5 � One ball is released from
rest at the same instant that another ball is
shot horizontally to the right.



READI NG EXERC IS E 5-1: (a) Consider the light-colored falling golf ball on the
right in Fig. 5-5. Does its horizontal velocity change its vertical acceleration and the vertical ve-
locities it normally acquires in free fall along a straight vertical line? Explain. (b) Does the fact
that the light-colored golf ball on the right is falling have any effect on the rate that it is moving
in the x direction? Explain. �

READI NG EXERC IS E 5-2: How does the fact that the skateboarder in Fig. 5-7 has a
vertical acceleration and, therefore, vertical velocity affect his horizontal velocity while he is
“flying” above his skateboard? �
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In Figure 5-4, a golf ball is rolling off a tabletop which is 1.0 meter
above the floor. The golf ball has an initial horizontal velocity com-
ponent of v1 x � 1.3 m/s. Its location has been marked at 0.100 s in-
tervals.

(a) How long should the ball take to fall on the floor from the time
it leaves the edge of the table?

S O L U T I O N � The Ke y  I d e a here is that the golf ball under-
goes ideal projectile motion. Therefore, its horizontal and vertical
motions are independent and can be considered separately (we
need not consider the actual curved path of the ball). We choose a
coordinate system in which the origin is at floor level and upward is
the positive direction. Then, the first vertical position component of
interest in our fall is y1 � 1.0 m/s and our last vertical position of in-
terest is y2 � 0.0 m/s. We can use kinematic equation 2-17 to de-
scribe the descent along the y axis, so

(y2 � y1) � v1 y(t2 � t1) � (t2 � t1)2.

Noting that at the table’s edge the vertical velocity is zero, so 
v1 y � 0.00 m/s, we can solve our equation for (t2 � t1) to get

,

where in free fall the only force is the gravitational force, and so 

t2 � t1 � √ 2(y2 � y1)
ay

1
2 ay

ay � �g � �9.8 m/s2

and (y2 � y1) � (0.0 m � 1.0 m) � �1.0 m.

This gives

� 0.45 s.

(b) How far will the ball travel in the horizontal direction from the
edge of the table before it hits the floor?

S O L U T I O N � The Ke y  I d e a is that the ball will hit the floor
after it has fallen for (t2 � t1) � 0.45 s. Since its horizontal velocity
component doesn’t change, its average velocity is the same as its in-
stantaneous velocity. We can use the definition of average velocity
to calculate the horizontal distance it travels, since

we can solve this equation for x2 � x1 to get our distance:

(x2 � x1) � v1 x (t2 � t1) � (1.3 m/s)(0.45 s)

� 0.59 m.

An examination of Fig. 5-4 shows that this distance is reasonable.

v1 x � �v1 x� �
(x2 � x1)

t2 � t1
;

(t2 � t1) � √ 2(y2 � y1)
�g

� √ 2(�1.0 m)
�9.8 m/s2

TOUCHSTONE EXAMPLE 5-1: Golf Ball

FIGURE 5-6 � Video analysis software is used to trace the paths of two small balls of the same
size shot from a projectile launcher.The dots mark the location of the ball every 1/30 of a second.
(a) The left video frame shows the path of a dense plastic ball. (b) The right video frame shows a
Styrofoam ball path that is not as long or symmetric because it is influenced by air drag forces.

FIGURE 5-7 � The vertical component of
this skateboarder’s velocity is changing.
However, during the entire time he is in
the air, the skateboard stays underneath
him, allowing him to land on it.

film p/u
poo42-y
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5-3 Analyzing Ideal Projectile Motion

Now that we have established the independence of the horizontal and vertical compo-
nents of the motion of an ideal projectile, we can analyze these motions mathemati-
cally. To do this we use the vector algebra we have developed to express the effect of
the gravitational force in terms of the effect of each of its components along horizon-
tal and vertical axes.

Velocity Components and Launch Angle
A ball rolling off a level ramp has no launch angle with respect to the horizontal. How-
ever, in general, projectiles are launched at some angle � with respect to the horizontal
as shown in Fig 5-6(a). Suppose a projectile is launched at an angle �1 relative to the
horizontal direction with an initial magnitude of velocity . If we use a stan-
dard rectangular coordinate system, then we can use the definitions of sine and cosine
to find the initial x- and y-components of velocity at time t1 (Fig. 5-8). These compo-
nents are

v1 x � v1cos�1 and v1 y � v1sin�1. (5-1)

Alternatively, if the components of the initial velocity are known, we can rearrange
Eq. 5-1 to determine the initial velocity vector, , and the angle of launch, �1,

and . (5-2)

Solving for the launch angle at time t1 gives

. (5-3)

During two-dimensional motion, an ideal projectile’s position vector and velocity
vector change continuously, but its acceleration vector is constant— its value
doesn’t change and it is always directed vertically downward.

Position and Velocity Versus Time
In our standard coordinate system an ideal projectile experiences no net force in the
x direction , so its horizontal acceleration stays constant at zero during its
flight. The projectile experiences a constant gravitational force in the y di-
rection, so the y-component of its acceleration is a constant with a value of �g. Since
no acceleration is a form of constant acceleration, the acceleration is constant in both
directions. The object’s projectile motion acceleration is given by

(projectile motion accelerations).

From Chapter 2 (Eq. 2-17) we know that the changes in the object’s position compo-
nents are given by 

x2 � x1 � v1 x (t2 � t1) and y2 � y1 � v1 y(t2 � t1) � (position change),

(2-17)

while the object’s velocity component changes are given by Eq. 2-13 as

v2 x � v1 x � ax(t2 � t1) and v2 y � v1 y � ay(t2 � t1) (velocity change). (2-13)

1
2 ay(t2 � t1)2

a:x � 0 î  and  a:y � �g ĵ

F
:

y � �mg ĵ
(F

:

x � 0)

a:v:
r:

�1 � tan�1 � v1 sin�1

v1 cos�1
� � tan�1 � v1 y

v1 x
�

tan�1 �
v1 sin�1

v1 cos�1
�

v1 y

v1 x
v:1 � v1 x

 
î � v1 y

 
ĵ

v:1

�v:1 � � v1
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v1y
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FIGURE 5-8 � If a projectile is launched at
an initial angle �1 with respect to the hori-
zontal with a magnitude v1, its components
can be calculated by using the trigonomet-
ric functions.



If we call the time that we start measuring t1 � 0, then the equations are somewhat
simplified. However, independent of what time we start measuring, these two equa-
tions describe the motion of the object during a specified interval of time t2 � t1. They
are our primary equations of motion and are valid for every situation involving con-
stant acceleration, including cases where the acceleration is zero.

The Horizontal Motion
Suppose that at an initial time t � t1 the projectile has a position component along the x
axis of x1 and a velocity component of v1 x. We must now use the notation , v1 x, v1 y so
we can distinguish the initial velocity vector from its x- and y-components. We must
also specify which component of acceleration, ax or ay, we are using in an equation. Us-
ing our new notation, we can find the x-component of the projectile’s horizontal
displacement x2 � x1 at any later time t2 using x2 � x1 � v1 x(t2 � t1) � .
However, since there are no forces and hence no acceleration in the horizontal direc-
tion, the x-component of acceleration is zero. Noting that the only part of the initial
velocity that affects the horizontal motion is its horizontal component v1 x, we can
write this as:

x2 � x1 � v1 x (t2 � t1) (horizontal displacement). (5-4)

Because the horizontal component of the object’s initial velocity is given by
v1 x � v1cos �1, this equation for the displacement in the x direction can also be writ-
ten as 

x2 � x1 � (v1cos �1)(t2 � t1). (5-5)

But the ratio of the displacement to the time interval over which it occurs,
(x2 � x1)/(t2 � t1), is just the x-component of average velocity . If the average ve-
locity in the x direction is constant, this means that the instantaneous and average ve-
locities in the x direction are the same. Thus Eq. 5-5 becomes 

(5-6)

Experimental verification of the constancy of the horizontal velocity component for
ideal projectile motion is present in Figs. 5-4 and 5-5. As additional verification we can
draw a graph of the x-component of position as a function of time for the projectile
path depicted in Fig. 5-7a. This is shown in Fig. 5-9.

The Vertical Motion
The vertical motion of an ideal projectile was discussed in Section 3-9 for a particle
close to the surface of the Earth. Most important is that the acceleration resulting

�vx� �
x 2 � x 1

t2 � t1
� v1  x � v1 cos�1 �  a constant. 

�vx�

1
2ax(t2 � t2)2

v:1

v:1
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FIGURE 5-9 � A graph constructed from a video analysis of the
motion of the projectile depicted in Fig. 5-6a. The x-component
of position is plotted as a function of time. The coordinate system
is chosen so that the initial value x1 is zero at the launcher muz-
zle. The linearity of the graph confirms that the projectile’s x-
component of velocity is a constant given by the slope of the line
so that vx � v1 x � 2.3 m/s.
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FIGURE 5-10 � A graph constructed from
a video analysis of the motion of the projec-
tile depicted in Fig. 5-6a.The y-component
of position is plotted as a function of time.
The coordinate system is chosen so that the
initial value of the vertical position y1 is
zero at the launcher muzzle.A fit to the
curve is parabolic and gives a y-component
of acceleration of �9.7 m/s2 and an initial
vertical velocity component of �3.5 m/s.

from the attractive gravitational force that the Earth exerts on the object is constant
and directed downward. We denote its magnitude as g and recall that it has a value of
9.8 m/s2. If, as usual, we take upward to be the positive y direction, then since the grav-
itational force points downward we can replace the y-component of acceleration, ay,
for position change along the y axis with �g. This allows us to rewrite our primary
kinematic equation shown in Eq. 2-17 [(x2 � x1) � v1(t2 � t1) � ] for mo-
tion along a y axis as

y2 � y1 � v1 y(t2 � t1) � where ay � �g.

Note that we used only the y-component of the initial velocity in this equation. This is
because the vertical acceleration affects only the vertical velocity and position compo-
nents. Making the substitution v1 y � v1 sin �1 from Eq. 5-1, we get 

y2 � y1 � (v1 sin �1)(t2 � t1) � where ay � �g. (5-7)

Similarly, (primary equation 2-13) can be rewritten as

y2 y � v1 y � ay(t2 � t1),

or y2 y � (v1 sin �1) � ay(t2 � t1) where ay � �g. (5-8)

As is illustrated in Fig. 5-10, the vertical velocity component behaves just like that for
a ball thrown vertically upward. At the instant the velocity is zero, the object must be
at the highest point on its path, since the object then starts moving down. The magni-
tude of the velocity becomes larger with time as the projectile speeds up as it moves
back down.

The velocity components for a projectile shot from a small vertical cannon
mounted on a cart are shown in Fig. 5-11. Note that the horizontal velocity compo-
nent does not change. The vertical component decreases in magnitude and becomes
zero at the top of the path. This magnitude starts increasing again as the projectile de-
scends and is finally “recaptured” by the cannon.

In the experimental results presented in this section, the effect of the air on the
motion was negligible. Thus, we ignored air resistance and performed a mathematical
analysis for ideal projectiles. Ignoring the effects of air works well for a compact, dense
object such as a marble or a bowling ball, provided it is not launched at very high
speeds. However, air resistance cannot be ignored for a less dense object like a crum-
pled piece of paper thrown rapidly or the styrofoam ball shown in Fig. 5-7b. Remem-
ber that the ideal projectile motion equations 5-4 through 5-8 have been derived
assuming that resistance is negligible. These ideals projectile equations are summarized
in Table 5-1.We shall discuss details of the effect of the air on motion in Chapter 6.

v2 � v1 � ax(t2 � t1)

1
2ay(t2 � t1)2

1
2 (ay)(t2 � t1)2

1
2 ax(t2 � t1)2
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FIGURE 5-11 � Diagram showing sketches
of three video frames. This movie recorded
the motion of a cannon that shoots a pro-
jectile while moving. The projectile path
and velocity vector components were cal-
culated by modeling data acquired using
digital video software.

TA B L E 5 - 1
Kinematic Equations for Ideal Projectile Motion 

Quantity Horizontal Vertical

Forces (Eq. 3-7)

Acceleration Components

Velocity components at t1 (Eq. 5-1) (Eq. 5-1)

Position component Change between t1 and t2 (Eq. 5-4) (Eq. 5-7)

Velocity component Change between t1 and t2 (Eq. 5-8)

Note: Since g (the local gravitational field strength) is always positive, it is not a vector component. There
fore, if we follow the standard practice of defining the negative y axis as down, we must put an explicit 
minus sign in front of it.

v2 y � v1 y � ay (t2 � t1)v2  x � v1 x � 0

y2 � y1 � v1 y (t2 � t1) � 1
2 ay (t2 � t1)2x2 � x1 � v1  x(t2 � t1)

v1 y � v1 sin�1v1  x � v1 cos�1

ay � �g � �9.8 m/s2ax � 0

F
:

y � (�mg)ĵF
:

x � (0)î



In Fig. 5-12, a rescue plane flies at 198 km/h (� 55.0 m/s) and a con-
stant elevation of 500 m toward a point directly over a boating
accident victim struggling in the water. The pilot wants to release a
rescue capsule so that it hits the water very close to the victim.

(a) What should be the angle � of the pilot’s line of sight to the vic-
tim when the release is made?

S O L U T I O N � The Ke y  I d e a here is that, once released, the
capsule is a projectile, so its horizontal and vertical motions are in-
dependent and can be considered separately (we need not consider
the actual curved path of the capsule). Figure 5-12 includes a coor-
dinate system with its origin at the point of release, and we see
there that � is given by

� � tan�1 (5-9)
(x2 � x1)

h
,

where x2 is the horizontal coordinate of the victim at release (and
of the capsule when it hits the water), and h is the elevation of the
plane. That elevation is 500 m, so we need only x2 in order to find �.
We should be able to find x with Eq. 5-4: x2 � x1 � v1 x(t2 � t1).
This can be written as

(5-10)

where �1 is the angle between the initial velocity and the positive
x axis. For this problem, �1 � 0°.

We know x1 � 0 because the origin is placed at the point of
release. Because the capsule is released and not shot from the plane,
its initial velocity is equal to the plane’s velocity. Thus, we know
also that the initial velocity has magnitude v1 � 55.0 m/s and
angle �1 � 0� (measured relative to the positive direction of the x
axis). However, we do not know the elapsed time t2 � t1 the capsule
takes to move from the plane to the victim.

To find t2 � t1, we next consider the vertical motion and specifi-
cally Eq. 5-7:

(5-11)

Here the vertical displacement y2 � y1 of the capsule is �500 m
(the negative value indicates that the capsule moves downward).
Putting this and other known values into Eq. 5-7 gives us

�500 m � (55.0 m/s)(sin 0°)(t2 � t1)

Solving for t2 � t1, we find t2 � t1 � 10.1 s. Using that value in 
Eq. 5-10 yields

x2 � 0 m � (55.0 m/s)(cos 0°)(10.1 s),

or x2 � 555.5 m.

� 1
2(9.8 m/s2)(t2 � t1)2.

y2 � y1 � (v1 sin�1)(t2 � t1) � 1
2 g(t2 � t1)2.

v:1

v:1

x 2 � x 1 � (v1 cos�1)(t2 � t1),
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TOUCHSTONE EXAMPLE 5-2: Rescue Plane

READI NG EXERCIS E 5-3: Consider three points along an ideal
projectile’s path in space as shown in the figure and make three separate
sketches of: (a) the force vectors showing the net force on the projectile at
each point, (b) the acceleration vectors showing the acceleration of the
projectile at each point, (c) the approximate horizontal and vertical components of velocity at
each of the three points along with the velocity vector that is determined by these components. �

READI NG EXERC IS E  5-4 : Consider the projectile launch shown in Fig. 5-6a. (a) Ac-
cording to the data in Figs. 5-9 and 5-10 the initial x- and y-components of the velocity are v1x �
2.3 m/s and v1y � �3.5 m/s . Use these values to find the launch angle of the projectile. (b) Use
a protractor to measure the launch angle as indicated by the angle of the launcher shown in Fig.
5-6a. How do your calculated and measured launch angles compare? They should be approxi-
mately the same. �

READI NG EXERC IS E  5-5 : A fly ball is hit to the outfield. During its flight (ignore
the effects of the air), what happens to its (a) horizontal and (b) vertical components of veloc-
ity? What are the (c) horizontal and (d) vertical components of its acceleration during its ascent
and its descent, and at the topmost point of its flight? �

y

θ

φ
O

v1

Trajectory
Line of sight

h

x

v2

FIGURE 5-12 � A plane drops a rescue capsule while moving at
constant velocity in level flight. While the capsule is falling, its hori-
zontal velocity component remains equal to the velocity of the
plane.



Analyzing Ideal Projectile Motion   115

Then Eq. 5-9 gives us

� � tan�1 . (Answer)

(b) As the capsule reaches the water, what is its velocity in unit-
vector notation and as a magnitude and an angle?

S O L U T I O N � Again, we need the Ke y  I d e a that during the
capsule’s flight, the horizontal and vertical components of the cap-
sule’s velocity are independent of each other.

A second Ke y  I d e a is that the horizontal component of
velocity vx does not change from its initial value v1 x � v1 cos �1 be-
cause there is no horizontal acceleration. Thus, when the capsule
reaches the water,

v2 x � v1 x � v1 cos�1 � (55.0 m/s)(cos 0°) � 55.0 m/s.

v:

555.5 m
500 m

� 48�

A third Ke y  I d e a is that the vertical component of velocity
vy changes from its initial value v1 y � v1 sin�1 because there is a
vertical acceleration. Using Eq. 5-8 and the capsule’s time of fall
t2 � t1 � 10.1 s, we find that when the capsule reaches the water,

Thus, when the capsule reaches the water, it has the velocity

(Answer)

Using either the techniques developed in Section 4-4, or a vector-
capable calculator, we find that the magnitude of the final velocity v2

and the angle �2 are

v2 � 113 m/s and �2 � �61°. (Answer)

v:2 � (55.0 m/s)iˆ � (99.0 m/s)ĵ.

 � �99.0 m/s.

 � (55.0 m/s)(sin  0�) � (9.8  m/s2)(10.1 s)

v2 y � v1 sin �1 � g(t2 � t1)

Figure 5-13 illustrates the flight of Emanuel Zacchini over three
Ferris wheels, located as shown, and each 18 m high. Zacchini is
launched with speed v1 � 26.5 m/s, at an angle �1 � 53° up from the
horizontal and with an initial height of 3.0 m above the ground. The
net in which he is to land is at the same height.

(a) Does he clear the first Ferris wheel?

S O L U T I O N � A Ke y  I d e a here is that Zacchini is a human
projectile, so we can use the projectile equations. To do so, we place
the origin of an xy coordinate system at the cannon muzzle. Then
x1 � 0 and y1 � 0 and we want his height y2 when x2 � 23 m. How-
ever, we do not know the elapsed time t2 � t1 when he reaches that
height. To relate y2 to x2 without t2 � t1, we can solve Eq. 5-5 for
t2 � t1, which gives us 

Then we can replace t2 � t1 everywhere that it appears in Eq. 5-7,

(t2 � t1) �
x 2 � x 1

(v1 cos �1)
.

y2 � y1 � ( (t2 � t1)

We note that � tan �1 to obtain:

� 20.3 m.

Since he begins 3.0 m off the ground, he clears the first Ferris wheel
by about 5.3 m.

(b) If he reaches his maximum height when he is over the middle
Ferris wheel, what is his clearance above it?

S O L U T I O N � A Ke y  I d e a here is that the vertical compo-
nent vy of his velocity is zero when he reaches his maximum height.
We can apply Eq. 2-13 to his vertical motion to relate vy and his
height y3 � y1 to obtain:

� 2g(y3 � y1) � (v1 sin �1)2 � 2g(y3 � y1) � 0.

Note: look back at Section 2-5 for the development of Eq. 2-13 if
you don’t understand this step.

Solving for y3 � y1 gives us

which means that he clears the middle Ferris wheel by 7.9 m.

(c) How far from the cannon should the center of the net be posi-
tioned?

y3 � y1 �
(v1 sin �1)2

2g
�

(26.5 m/s)2(sin 53�)2

(2)(9.8 m/s2)
� 22.9 m,

v3 y
2 � v1 y

2

 � (tan 53�)(23 m) �
(9.8 m/s2)(23 m)2

2(26.5 m/s)2 (cos 53�)2

y2 � y1 � (tan �1)(x2 � x1) �
g(x2 � x1)2

2(v1 cos �1)2  

(� v:1 � sin �1)/(v1  cos �1)

� 1
2 g(t2 � t1)2.v1  sin �1)

TOUCHSTONE EXAMPLE 5-3: Ballistic Zacchini

18 m

23 m23 m

3.0 m

R

3.0 m
0 = 53°

v1

θ
Net

FIGURE 5-13 � The flight of a human cannonball over three Ferris
wheels and into a net.
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S O L U T I O N � The additional Ke y  I d e a here is that, because
Zacchini’s initial and landing heights are the same, the horizontal
distance from cannon muzzle to net is the value of x4 � x1 where
time t � t4 is when y4 is once again zero. Then, since y1 � 0 
Eq. 5-7 becomes

Since t4 � t1 � 0 we can divide both sides of this equation by t4 � t1

and solve for the time he is airborne:

Substituting this time interval in x2 � x1 � (t2 � t1) 
(Eq. 5-5) gives us the total horizontal distance he traveled:

� 69 m.

x4 � x1 �
2v2

1

g
 sin �1 cos �1 �

2(26.5 m/s)2

9.8 m/s2  sin(53�) cos(53�)

( v:1 cos �1)

t4 � t1 �
2v1   sin �1

g
.

0 � y4 � y1 � (v1  
sin �1)(t4 � t1) � 1

2g(t4 � t1)2.

We can now answer the questions that opened this chapter:
How could Zacchini know where to place the net, and how could
he be certain he would clear the Ferris wheels? He (or someone)
did the calculations as we have here. Although he could not take
into account the complicated effects of the air on his flight, Zacchini
knew that the air would slow him, and thus decrease his range from
the calculated value. So, he used a wide net and biased it toward the
cannon. He was then relatively safe whether the effects of the air in
a particular flight happened to slow him considerably or very little.
Still, the variability of this factor of air effects must have played on
his imagination before each flight.

Zacchini still faced a subtle danger. Even for shorter flights, his
propulsion through the cannon was so severe that he underwent a
momentary blackout. If he landed during the blackout, he could
break his neck. To avoid this, he had trained himself to awake
quickly. Indeed, not waking up in time presents the only real danger
to a human cannonball in the short flights today.

5-4 Displacement in Two Dimensions

We conclude this chapter with an exploration of objects that move in a circle at a con-
stant speed. Before we begin this exploration, we need to learn more about finding dis-
placement vectors in two dimensions—a task we began in Sections 2-2, 4-2, and 4-3.

How can we track the motion of a particle-like object that moves in a two-dimen-
sional plane instead of being constrained to move along a line? As was the case for
tracking motion along a line (treated in Chapter 2), it is useful to define a position
vector, , that extends from the origin of a chosen coordinate system to the object.
But this time, we have to choose a two-dimensional coordinate system. However, we
can use the vector algebra introduced in the last chapter to resolve (decompose) the
position vector into component vectors. This allows us to treat the two-dimensional
motions using the techniques developed to describe one-dimensional motions.

Using Rectangular Coordinates
If we decide to use rectangular coordinates, then we denote the rectangular compo-
nents of as x and y. We can use the unit-vector notation of Section 4-5 to resolve the
position vector into

(5-12)

where xî and yĵ are the rectangular component vectors. Note that for a rectangular co-
ordinate system, the components x and y are the same as the coordinates of the ob-
ject’s location (x, y).

The components x and y along the axes specify the particle’s location along the
coordinate axes relative to the origin. For instance, Fig. 5-14 shows a particle with rec-
tangular coordinates (�3 m, 2 m) that has a position vector given by

The particle is located 3 meters from the y axis in the �î direction and 2 meters from
the x axis in the �ĵ direction.

r: � (�3 m)î � (2 m)ĵ.

r: � x î � y ĵ,

r:

r:

x = –3 m
x

y

y = 2 mr

FIGURE 5-14 � The position vector for a
particle that has coordinates (�3 m, 2 m).

r:
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FIGURE 5-15 � Polar coordinates provide
an alternative way to locate a particle that
is confined to move in two dimensions.
These coordinates are especially useful in
the description of circular motion where
the distance of a particle from the origin
does not change.

As a particle moves, its position vector changes in such a way that the vector al-
ways extends to the particle from the reference point (the origin). If the position vec-
tor changes— say, from to during a certain time interval— then the particle’s
displacement during that time interval is

(5-13)

Using unit-vector notation for and we can rewrite this displacement as

.

By grouping terms having the same unit vector, we get

(5-14)

where the components (x1, y1) correspond to position vector and components 
(x2, y2) correspond to position vector . We can also rewrite the displacement by sub-
stituting 	x for (x2 � x1), and 	y for ( y2 � y1), so that

(5-15)

This expression is another example of a very important aspect of motion in more
than one dimension. Notice that the coordinates of the displacement in each direction
(	x, 	y) depend only on the change in the object’s position in that one direction, and
are independent of changes in position in the other directions. In other words, we
don’t have to simultaneously consider the change in the object’s position in every
direction. We can break the motion into two parts (motion in the x direction and mo-
tion in the y direction) and consider each direction separately. For motion in three
dimensions we could add a z direction and do very similar calculations.

Using Polar Coordinates
In dealing with circular motions or rotations it is often useful to describe positions
and displacements in polar coordinates. In this case we locate a particle using r or 
which represents the magnitude of its position vector and its angle �1 which is mea-
sured in a counterclockwise direction from a chosen axis. The relationship between
two-dimensional rectangular coordinates and polar coordinates is shown in Fig. 5-15.
The transformation between these coordinate systems is based on the definitions of
sine and cosine, so that

x � r cos(�) and y � r sin(�). (5-16)

Conversely, and (5-17)

In circular motion the distance of a particle from the center of the circle defining its
motion does not change. So the magnitude of displacement 	r or depends only
on the change in angle and is given by

	r � r(�2 � �1) (small angle circular displacement magnitude). (5-18)

for small angular differences, this expression should look familiar from mathematics
classes. There you learned that the relationship between arc length, s, the radius, r, and
angular displacement, 	� is s � r	�.

�	 r: �

� � tan�1� y
x �.r � √x2 � y2

r:
� r: �

	 r: � 	x î � 	y ĵ.

r:2

r:1

	 r: � (x2 � x1) î � (y2 � y1) ĵ,

	 r: � (x2î � y2 ĵ ) � (x1î � y1 ĵ)

r:1,r:2

	 r: � r:2 � r:1.

r:
r:2r:1

y axis

x axis

x

y
r

0

θ
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In Fig. 5-16, the position vector for a particle is initially

and then later is

What is the particle’s displacement from to ?

S O L U T I O N � The Ke y  I d e a is that the displacement is
obtained by subtracting the initial position vector from the later
position vector . That is most easily done by components:

� [9.0 � (�3.0)](m)î � [�3.5 � 4.0](m)ĵ (Answer)

� (12 m)î � (�7.5 m)ĵ.

	 r: � r:2 � r:1

r:2

r:1

	 r:

r:2r:1	 r:

r:2 � (9.0 m)î � (�3.5 m)ĵ.

r:1 � (�3.0 m)î � (4.0 m)ĵ

TOUCHSTONE EXAMPLE 5-4: Displacement

A rabbit runs across a parking lot on which a set of coordinate axes
has, strangely enough, been drawn. The coordinates of the rabbit’s
position as functions of time t are given by

x � (�0.31 m/s2)t2 � (7.2 m/s)t � 28 m (5-19)

and y � (0.22 m/s2)t2 � (�9.1 m/s)t � 30 m. (5-20)

(a) At t � 15 s, what is the rabbit’s position vector in unit-vector
notation and as a magnitude and an angle?

S O L U T I O N � The Key Idea here is that the x and y coordi-
nates of the rabbit’s position, as given by Eqs. 5-19 and 5-20, are
the components of the rabbit’s position vector . Thus, we can
write

(5-21)r:(t) � x(t)î � y(t)ĵ.

r:

r:

TOUCHSTONE EXAMPLE 5-5: Rabbit’s Trajectory

READI NG EXERC IS E  5-6 : (a) If a wily bat flies from x, y coordinates (�2 m, 4 m) to
coordinates (6 m, �2 m), what is its displacement in rectangular unit-vector notation? (b) Is

parallel to one of the two coordinate planes? If so, which plane? �	r:
	r:

Earlier
position

Actual path
of the particle

Later
position

y

x

r1

r2

r∆

FIGURE 5-16 � The displacement extends from the
head of the initial position vector to the head of a later position
vector regardless of what path is actually taken.r:2

r:1

	 r: � r:2 � r:1

x (m)
0

20

40

–20

–40

–60

y (m)

20 40 60 80

(a)

–41°

r

x (m)
0

20

40

–20

–40

–60

y (m)

20 40 60 80

(b)

25 s
20 s

15 s

10 s

5 s

t = 0 s

FIGURE 5-17 � (a) A rabbit’s position vector at
time t � 15 s. The components of are shown along
the axes. (b) The rabbit’s path and its position at five
values of t.

r:
r:
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(We write rather than because the components are functions
of t, and thus is also.)

At t � 15 s, the components of the position vector are

x � (�0.31 m/s2)(15 s)2 � (7.2 m/s)(15 s) � 28 m � 66 m,

and y � (0.22 m/s2)(15 s)2 � (�9.1 m/s)(15 s) � 30 m � �57 m.

Thus, at t � 15 s,

which is drawn in Fig. 5-17a.
To get the magnitude and angle of , we can use a vector-capable

calculator, or we can be guided by the Pythagorean theorem to write

� 87 m,

r � √x2 � y2 � √(66 m)2 � (�57 m)2

r:

r: � (66 m)î � (57 m)ĵ,

r:
r:r:(t) and from trigonometric definition,

� �41�

(Although � � 139° has the same tangent as �41°, study of the
signs of the components of rules out 139°.)

(b) Graph the rabbit’s path for t � 0 to t � 25 s.

S O L U T I O N � We can repeat part (a) for several values of t and
then plot the results. Figure 5-17b shows the plots for five values of t
and the path connecting them. We can also use a graphing calcula-
tor to make a parametric graph; that is, we would have the calcula-
tor plot y versus x, where these coordinates are given by Eqs. 5-19
and 5-20 as functions of time t.

r:

� � tan�1 y
x

� tan�1� �57 m
66 m �

5-5 Average and Instantaneous Velocity 

We have just shown that when tracking motions occurring in more than one dimen-
sion, position and displacement vectors can be resolved into rectangular component
vectors. Can this also be done with velocity vectors? As is the case for motion in one
dimension, if a particle moves through a displacement in a time interval 	t (as
shown in Fig. 5-18), then its average velocity is defined as 

or using familiar symbols

(5-22)

This tells us the direction of must be the same as the displacement . Using our
new definition of displacement in two dimensions (Eq. 5-15), we can rewrite this as 

. (5-23)

This equation can be simplified by noting that 	x /	t is defined in Chapter 2 as the
component of average velocity in the x direction. If we use appropriate definitions for
average velocity components in the y direction, then

. (5-24)

Here we are using the same notation introduced in Chapter 2 to denote the aver-
age velocity components. We use subscripts x and y to distinguish each of the average
velocity components. Also the angle brackets are used to distinguish average veloc-
ity from instantaneous velocity.

As we mentioned in Chapter 2, when we speak of the velocity of a particle, we
usually mean the particle’s instantaneous velocity . represents the limit the aver-v:v:

�  �

� v:� �
	x
	t

î �
	y
	t

ĵ � �vx� î � �vy�ĵ

� v:� �
	x î � 	y ĵ

	t
�

	x
	t

î �
	y
	t

ĵ

	 r:� v:�

� v:� �
	 r:

	t
.

average velocity � 
displacement
time interval

,

� v:�
	 r:
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For the rabbit in Touchstone Example 5-5, find the velocity at time
t � 15 s, in unit-vector notation and as a magnitude and an angle.

S O L U T I O N � There are two Ke y  I d e a s here: (1) We can find
the rabbit’s velocity by first finding the velocity components.v:

v: (2) We can find those components by taking derivatives of the
components of the rabbit’s position vector. Applying 
(Eq. 5-26) with vx � dx/dt to the expression for the rabbit’s x posi-
tion from Touchstone Example 5-5 (Eq. 5-19), we find the x-compo-
nent of v to be

v: � vxî � vyĵ

TOUCHSTONE EXAMPLE 5-6: A Rabbit’s Velocity

age velocity approaches as we shrink the time interval 	t to 0. Using the language
of calculus, we can also write as the derivative

. (5-25)

If we substitute , then in unit-vector notation:

This equation can be simplified by recognizing that dx/dt is vx and so on. Thus,

(5-26)

where vx is the component of along the x axis and vy is the component of along
the y axis. The direction of is tangent to the particle’s path at the instant in question.

Figure 5-19 shows a velocity vector of a moving particle and its x- and y-
components. Caution: When a position vector is drawn as in Fig. 5-14, it is represented
by an arrow that extends from one point (a “here”) to another point (a “there”).
However, when a velocity vector is drawn as in Fig. 5-19, it does not extend from one
point to another. Rather, it shows the direction of travel of a particle at that instant,
and the length of the arrow is proportional to the velocity magnitude. Since the unit
for a velocity is a distance per unit time and is not a length, you are free to define a
scale to use in depicting the relative magnitudes of a set of velocity vectors. For in-
stance, each 2 cm of length on a velocity vector on a diagram could represent a veloc-
ity magnitude of 1 m/s.

Equations 5-24 and 5-26, developed in this section, show that the component of
velocity of the object in one direction, such as the horizontal or x direction, can be
considered completely separately from the component of velocity of the object in an-
other direction, such as the vertical or y direction.

We assume that a curve that traces out a particle’s motion is continuous. Mathe-
matically, the tangent to the curve, its slope, and the instantaneous velocity are differ-
ent names for the same quantity. Thus, we see that the velocity vector in Fig. 5-19
points along the tangent line that describes the slope of the graph at that point.

READI NG EXERC IS E  5-7 : The figure below shows a
circular path taken by a particle about an origin. If the instanta-
neous velocity of the particle is , through
which quadrant is the particle moving when it is traveling (a)
clockwise and (b) counterclockwise around the circle? For both
cases, draw on the figure.

�

v:

v: � (2m/s)î � (2m/s)ĵ

v:
v:

v:v:

v: � vx î � vy ĵ,

v: �
d
dt

(x î � y ĵ) �
dx
dt

î �
dy
dt

ĵ.

r: � x î � y ĵ

v: � lim
	t:0

	 r:

	t
�

d r:

dt

v:
� v:�

r1
r2

Path

Tangent to curve
at t1

O

y

x

1
2

    r∆

FIGURE 5-18 � The displacement of a
particle during a time interval 	t from po-
sition 1 with position vector at time t1 to
position 2 with position vector at time
t2. The tangent to the particle’s path at po-
sition 1 is shown.

r:2

r:1

	 r:

Path

O

y

x

Tangent

vy

vx

v

v = v(t)

FIGURE 5-19 � A particle moves in a
curved path. At a time t, the velocity of a
particle is shown along with its compo-
nents vx and vy. The velocity vector points
in the same direction as the tangent to the
curve that traces the particle’s motion.

v:

y

II I

III IV
x
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� (�0.62 m/s2)t � 7.2 m/s.
(5-27)

At t � 15 s, this gives vx � �2.1 m/s. Similarly, since vy � dy/dt,
using the expression for the rabbit’s y position from Touchstone
Example 5-5 (Eq. 5-20), we find that the y-component is

� (0.44 m/s2)t � 9.1 m/s.
(5-28)

At t � 15 s, this gives vy � �2.5 m/s. Thus, by Equation 5-26,

(Answer)

which is shown in Fig. 5-20, tangent to the rabbit’s path and in the
direction the rabbit is running at t � 15 s.

To get the magnitude and angle of , either we use a vector-
capable calculator or we use the Pythagorean theorem and trigonom-
etry to write

� 3.3 m/s,
(Answer)

v � √v2
x � v2

y � √(�2.1 m/s)2 � (�2.5 m/s)2

v:

v: � �(2.1 m/s)î � (2.5 m/s)ĵ,

vy �
dy
dt

�
d
dt

 [(0.22 m/s2)t 2 � (�9.1 m/s)t � 30 m]

vx �
dx
dt

�
d
dt

 [(�0.31 m/s2)t2 � (7.2 m/s)t � 28 m)] and

� tan�1 1.19 � �130°.
(Answer)

(Although 50° has the same tangent as �130°, inspection of the
signs of the velocity components indicates that the desired angle is
in the third quadrant, given by 50° � 180° � �130°.)

� � tan�1 
vy

vx
� tan�1� �2.5 m/s

�2.1 m/s �

–130°

x (m)
0

20

40

–20

–40

–60

y (m)

20 40 60 80

x

v

Tangent FIGURE 5-20 � The rab-
bit’s velocity at t � 15
s. The velocity vector is
tangent to the path at the
rabbit’s position at that
instant. The components
of are shown.v:

v:

5-6 Average and Instantaneous Acceleration 

We have just shown that velocity vectors can be resolved into rectangular component
vectors. Can this also be done with acceleration vectors? As is the case for motion in
one dimension, if a particle-like object undergoes a velocity change from to in a
time interval 	t, its average acceleration during 	t is

or (5-29)

If we shrink 	t to zero about some instant, then in the limit the average acceleration 
approaches the instantaneous acceleration (or just acceleration) at that instant.That is,

(5-30)

If the velocity changes in either magnitude or direction (or both), the particle is accel-
erating. For example, a particle that moves in a circle at a constant speed (velocity
magnitude) is always changing direction and hence accelerating. We can write this
equation in unit-vector form by substituting for to obtain

.a: �
d
dt

 (vxî � vy ĵ) �
dvx

dt
 î �

dvy

dt
 ĵ

v: � vx î � vy ĵ

a: �
dv:

dt
.

a:
�a:�

�a:� �
v:2 � v:1

	t
�

	v:

	t
.

�a:�  � 
change in velocity

time interval
,

�a:�
v:2v:1
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FIGURE 5-21 � A two-dimensional accel-
eration of a particle at a time t is shown
along with its x- and y-components.

a:

For the rabbit in Touchstone Examples 5-5 and 5-6, find the acceler-
ation at time t � 15 s, in unit-vector notation and as a magnitude
and an angle.

S O L U T I O N � There are two Ke y  I d e a s here: (1) We can find
the rabbit’s acceleration by first finding the acceleration compo-
nents. (2) We can find those components by taking derivatives of
the rabbit’s velocity components. Applying ax = dvx /dt (Eq. 5-32) to
vx = (�0.62 m/s2)t � 7.2 m/s (Eq. 5-27 giving the rabbit’s x velocity
in Touchstone Example 5-6), we find the x-component of to be

ax �
dvx

dt
�

d
dt

[(�0.62 m/s2)t � 7.2 m/s)] � �0.62 m/s2.

a:

a:

a:
Similarly, applying ay � dv/dt (Eq. 5-32) to the rabbit’s y velocity
from Touchstone Example 5-6 (Eq. 5-28) yields the y-component as

We see that the acceleration does not vary with time (it is a con-
stant) because the time variable t does not appear in the expression
for either acceleration component. Therefore, by Eq. 5-31,

(Answer)

which is shown superimposed on the rabbit’s path in Fig. 5-22.

a: � (�0.62 m/s2)î � (0.44 m/s2)ĵ,

ay �
dvy

dt
�

d
dt

 [(0.44 m/s2)t�9.1 m/s] � 0.44 m/s2.

TOUCHSTONE EXAMPLE 5-7: Rabbit’s Acceleration

We can rewrite this as

(5-31)

where the components of in two dimensions are given by

and (5-32) 

Thus, we can find the components of by differentiating the components of . As is
the case for multidimensional position, displacement, and velocity vectors, an acceler-
ation vector can be resolved mathematically into component vectors in a rectangular
coordinate system.

As we saw in Chapter 2, the algebraic sign of an acceleration component (plus or
minus) represents the direction of velocity change. Speeding up is not always associ-
ated with a positive acceleration component. Just as we discussed for one-dimensional
motion, if the velocity and acceleration components in a given direction have the
same sign then they are in the same direction. In this case, the object will speed up. If
the acceleration and velocity components have opposite signs, then they are in oppo-
site directions. Under these conditions, the object will slow down. So slowing down is
not always associated with an acceleration that is negative. It is the relative directions
of an object’s velocity and acceleration that determine whether the object will speed
up or slow down.

Figure 5-21 shows an acceleration vector and its components for a particle
moving in two dimensions. Again, when an acceleration vector is drawn as in Fig. 5-21,
although its tail is located at the particle, the vector arrow does not extend from one
position to another. Rather, it shows the direction of acceleration for the particle, and
its length represents the acceleration magnitude. The length can be drawn to any con-
venient scale.

READI NG EXERC IS E  5-8 : In Fig. 5-21 the particle is moving along a curved trajec-
tory and its acceleration is not tangent to the curve of the particle’s trajectory. Under what cir-
cumstances, if any, would be tangent to the trajectory? Under what circumstances if any, could

be perpendicular to a tangent to the trajectory? In order to answer these questions, you might
want to examine the direction of the components of and use what you learned in Chapter 2
about the relationship between velocity and acceleration. �
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A particle with velocity at t � 0 un-
dergoes a constant acceleration of magnitude a � 3.0 m/s2 at an
angle � � 130� from the positive direction of the x axis. What is the
particle’s velocity at t � 5.0 s, in unit-vector notation and as a
magnitude and an angle?

S O L U T I O N � We first note that this is two-dimensional motion,
in the xy plane. Then there are two Ke y  I d e a s here. One is that,
because the acceleration is constant, Eq. 2-13 (v2 x � v1 x � ax	t)
applies. The second is that, because Eq. 2-13 applies only to
straight-line motion, we must apply it separately for motion parallel
to the x axis and motion parallel to the y axis. That is, we must find
the velocity components vx and vy from the equations

v2 x � v1 x � ax 	t and v2 y � v1 y � ay 	t.

In these equations, v1 x (� �2.0 m/s) and v1 y (� 4.0 m/s) are the x-
and y-components of , and ax and ay are the x- and y-components
of . To find ax and ay, we resolve either with a vector-capable
calculator or with trigonometry:

ax � a cos � � (3.0 m/s2)(cos 130�) � �1.93 m/s2,

ay � a sin � � (3.0 m/s2)(sin 130�) � �2.93 m/s2.

a:a:
v:1

v:2

a:
v:1 � (�2.0 m/s)î � (4.0 m/s)ĵ When these values are inserted into the equations for vx and vy, we

find that, at time t � 5.0 s,

v2 x ��2.0 m/s � (�1.93 m/s2)(5.0 s) � �11.65 m/s,

v2 y � 4.0 m/s � (2.30 m/s2)(5.0 s) � 15.50 m/s.

Thus, at t � 5.0 s, we have, after rounding,

(Answer)

We find that the magnitude and angle of are

(Answer)

and (Answer)

Check the last line with your calculator. Does 127° appear on the
display, or does �53° appear? Now sketch the vector v with its
components to see which angle is reasonable.

�2 � tan�1
 
v2 y

v2 x
� 127� �  130�.

v2 � √v2
2 x � v2

2 y � 19.4 m/s �  19 m/s,

v:2

v:2 � (�12 m/s)î � (16 m/s)ĵ.

TOUCHSTONE EXAMPLE 5-8: Changing Velocity

To get the magnitude and angle of , either we use a vector-
capable calculator or we use the Pythagorean theorem and
trigonometry. For the magnitude we have

� 0.76 m/s2.
(Answer)

For the angle we have

However, this last result, which is what would be displayed on your
calculator if you did the calculation, indicates that is directed to
the right and downward in Fig. 5-22. Yet, we know from the compo-
nents above that must be directed to the left and upward. To find
the other angle that has the same tangent as �35°, but is not dis-
played on a calculator, we add 180°:

(Answer)�35� � 180� � 145�.

a:

a:

� � tan�1 
ay

ax
� tan�1� 0.44 m/s2

�0.62 m/s2 � � �35�.

a � √a2
x � a2

y � √(�0.62 m/s2)2 � (0.44 m/s2)2

a: This is consistent with the components of . Note that has the
same magnitude and direction throughout the rabbit’s run because,
as we noted previously, the acceleration is constant.
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FIGURE 5-22 � The ac-
celeration of the rabbit
at t � 15 s. The rabbit
happens to have this
same acceleration at all
points of its path.

a:

5-7 Uniform Circular Motion 

If a single Olympic event best captures the motions described in this chapter, it’s the
hammer throw. In this event an athlete spins a heavy steel ball attached to a wire rope
with a handle in a circle. An athlete gains maximum distance by swinging a 16 lb ham-
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FIGURE 5-23 � A Scotsman twirls a mas-
sive steel ball in a circle at a highland
games competition. When he releases the
hammer, it will travel in a direction that is
tangent to its original circular path and un-
dergo projectile motion.

mer repeatedly around his head while standing still to build up speed (Fig. 5-23). Fi-
nally, the athlete rotates quickly with the hammer before releasing it at the front of a
throwing circle. Once the athlete releases the hammer, it begins to travel along a line
tangent to the circle in which it was spinning and undergoes projectile motion.

Circular motion, like that of the spinning hammer, is another motion in two di-
mensions that can be analyzed using Newton’s Second Law. Examples of motion that
are approximately circular include the revolution of the Earth around the Sun, a race
car zooming around a circular track, an electron moving near the center of a large
electromagnet, and a stone tied to the end of a string that is twirled in a circle above
one’s head. In all of these cases if the object’s speed is constant, we define its motion
as uniform circular motion.

A particle that travels around a circle or a circular arc at constant (uniform) speed is said to
be undergoing UNIFORM CIRCULAR MOTION.

Not all circular motion is uniform. For example, a Hot Wheels® car or roller coaster
cart doing a loop-the-loop slows down near the top of the loop and speeds up near
the bottom. Analyzing loop-the-loop motions is more complex than analyzing uni-
form circular motion. For this reason, once again we start with an idealization that of
uniform circular motion.

Centripetal Force
Consider an object, such as an ice hockey puck, that glides along a frictionless surface.
Newton’s First Law tells us that you cannot change either its direction or its speed
without exerting a force on it. Giving the puck a kick along its line of motion will
change its speed but not its direction. How can you have the opposite effect? How
can you change the puck’s direction without changing its speed? To do this you have
to kick perpendicular to its direction of motion. This is an important statement re-
garding the accelerations that result when we apply a force.

If a nonzero net force acts on an object, at any instant it can be decomposed into a compo-
nent along the line of motion and a component perpendicular to the motion. The compo-
nent of the net force that is in line with the object’s motion produces only changes in the
magnitude of the object’s velocity (its speed). The component of the net force that is perpen-
dicular to the line of motion produces only changes in the direction of the object’s velocity.

What happens if you give the puck a series of short kicks but adjust their direc-
tions constantly so the kicks are always perpendicular to the current direction of
motion? Does this lead to circular motion? We can use Newton’s Second Law to an-
swer this question. To help visualize the net force needed to maintain uniform circular
motion, we consider a similar situation to that of the puck. Imagine twirling a ball at
the end of a string in a perfectly horizontal circle of radius r. In order to keep the ball
moving in a circle, you are constantly changing the direction of the force that the
string exerts on the spinning ball. That is, there must constantly be a component of the
net force that is perpendicular to the motion. The situation is complicated by the fact
that there are actually two forces on the ball as shown in Fig. 5-24— the string force
and the gravitational force.

To apply Newton’s Second Law to the analysis of this motion, we must find the
net force on the ball by taking the vector sum of the two forces acting on it. We start
by resolving the string force into horizontal and vertical components, as shown in Fig.
5-24. Since the ball is rotating horizontally and so does not move up or down in a
vertical direction, the net vertical force on it must be zero. Since the vertical force
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FIGURE 5-24 � If you spin a ball in a cir-
cle, the net force on the ball consists of a
central or centripetal force that lies
in a horizontal plane. It points toward the
center of the circular path.

F
:

 string
x

components cancel, the net force is just the horizontal component of the string force
vector, . If you carefully consider the situation depicted in Fig. 5-24, you should
be convinced of two important points. First, the direction of the net force on the ball
( ) is always perpendicular to the line of motion of the ball. This means that the
force results only in changes in the direction of the object’s velocity. It does not cause
changes in the object’s speed. Second, the direction of the net force, , is con-
stantly changing so that it always points toward the center of the circle in which the
ball moves. We use the adjective centripetal to describe any force with this character-
istic. The word centripetal comes from Latin and means “center-seeking.”

Centripetal is an adjective that describes any force or superposition of forces that is directed
toward the center of curvature of the path of motion.

It is important to note that the horizontal component of the string force is the
centripetal force involved in the ball’s motion. There is not another force, “the cen-
tripetal” force, that must be added to the free-body diagram in Fig. 5-24.

If you suddenly let go of the string, the ball will fly off along a straight path that is
tangent to the circle at the moment of release. This “linear flying off” phenomenon
provides evidence that you cannot maintain circular motion without a centripetal or
center-seeking force.

If we use a polar coordinate system with its origin at the center of the circular
path, we can consider the centripetal force to be a kind of anti-radial force that points
inward rather than outward in the direction of the circle’s radius vector .

Centripetal Acceleration
A very simple example of uniform circular motion is shown in Fig. 5-25. There, an air
hockey puck moves around in a circle at constant speed v while tied to a string looped
around a central peg. Is this accelerated motion? We can predict that it is for two
reasons:

• First, there is a net force on the puck due to the force exerted by the string. There
is no vertical acceleration, so the upward force of the air jets and the downward
gravitational force must cancel each other. According to Newton’s Second Law, if
there is a net force on an object there must be an acceleration.

• Second, although the puck moves with constant speed, the direction of the puck
velocity is continuously changing. Recall that acceleration is related to the
change in velocity (not speed), so we conclude that this motion is indeed acceler-
ated motion.

What direction is this acceleration? Newton’s Second Law tells us that the accel-
eration of an object of mass m is in the same direction as the force causing it and is
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FIGURE 5-25 � A sketch of the locations
of an air hockey puck of mass m moving
with constant speed v in a circular path of
radius r on a horizontal frictionless air
table. Video analysis software was used to
mark puck locations in each frame. The
centripetal force on the puck, , is the
pull from the string directed inward
toward the center of the circle traced out
by the path of the puck.
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FIGURE 5-26 � (a) Sketch based on a
video of an object moving counterclock-
wise with constant speed in a circular path
with the velocity vectors corresponding to
its location at times t1 and t2. (b) Shows
vectors and and their sum 	 at
the location of the object at an average
time of (t1 � t2)/2.

v:�v:1v:2

given by Eq. 3-1, which is . This suggests that, in uniform circular motion, the
acceleration should also be directed radially inward. An acceleration that is directed
radially inward is called a centripetal acceleration.

Next we will use the general definition of acceleration, a knowledge of geometry,
and Newton’s Second Law to show that uniform circular motion requires a cen-
tripetal acceleration of constant magnitude that depends on the radius of the path of
a rotating object as well as its speed.

Proof that the acceleration is centripetal and has a constant magnitude: Let’s start
by considering the definition of average acceleration in Eq. 5-29,

(average acceleration).

Since 	t is a scalar, the acceleration must have the same direction as the difference
between the two velocity vectors, . As usual the difference between the veloc-
ity vectors is actually the vector sum of and the additive inverse of . Since the
speed is constant (as indicated by the equally-spaced, frame-by-frame position mark-
ers on the video image), the length of the velocity vectors and their additive inverses
are the same at times t1 and t2. Another consequence of the speed being constant is
that halfway between times t1 and t2, the puck is also midway between the two posi-
tions. If we place the tails of and arrows at the midpoint between the two loca-
tions, we find that the vector sum points toward the center of the circular path taken
by the object. This is shown in Fig. 5-26. So the acceleration is indeed centripetal (cen-
ter-seeking). Furthermore, we could have created the same construction using any
two points corresponding to other times that have the same difference 	t. It is obvious
that the direction of the velocity change would be different, but it would still point to-
ward the center. Furthermore, the magnitude of the 	v vector, and hence the acceler-
ation magnitude, would be constant.

How does the centripetal acceleration depend on speed and path radius? We will
prove that the magnitude of the acceleration of an object in uniform circular motion
is given by 

(centripetal acceleration), (5-33)

where R is the radius of the circular path of the object and or v represents its
speed. Here we start our proof by considering an object in Fig. 5-27, which happens to
be moving in a circle in a counterclockwise direction at a constant speed. We choose
to describe its motion in polar coordinates. We define �1 as zero at time t1 and denote
its location as . The object then moves at constant speed v through an angle �2 � �
to a new location at time t2. Note that, in circular motion, velocity vectors are al-
ways perpendicular to their position vectors. This means that the angle between posi-
tion vectors and is the same as the angle between velocity vectors and .
Furthermore, we note that if then . Also, .
Thus the triangles shown in Fig. 5-27 are similar. According to Eq. 5-15 for small an-
gles, 	r � r(�2 � �1) � r�. so we can write the ratio of magnitudes as

.

We can solve the similar triangle ratios for the change in velocity and substitute into
the expression that defines the magnitude of acceleration in terms of the magnitude
of velocity change over a change in time to get 
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FIGURE 5-27 � Between times t1 and t2, a
particle: (a) moves from location to .
The enclosed arc length 	s is curved and
slightly longer than the magnitude of the
vector displacement . (b) The velocity
vector, which is always perpendicular to
the position vector, changes direction but
not magnitude. (c) Because the velocity
vector is always perpendicular to the posi-
tion vectors, the angle � between them is
the same as the angle between the position
vectors.

� 	 r: �

r:2r:1

However, the speed v is given by the arc length 	s along the circular path divided by
the time interval, so that v � 	s/	t. In the limit where the change in time is very small,
the change in arc length 	s and the magnitude of the displacement 	r are essentially
the same, so

(when the time interval becomes small).

Finally, we can replace 	r/	t in the centripetal acceleration equation above with the
particle speed v to get

(centripetal acceleration). (5-34)

Determining Average Speed, Period, and 
Frequency of Rotation
Often, we want to know how long it will take an object undergoing uniform circular
motion to complete an entire revolution. For example, we might want to know how
long it takes a race car on a circular track to complete one lap. This calculation is sim-
plified because objects in uniform circular motion are moving at constant speeds. This
means that the magnitude of velocity is constant, and therefore average and instanta-
neous values are the same. We can then use the relation for the speed of an object,

The distance traveled in one revolution is just the circumference of the circle
(2
r). The time for a particle to go around a closed path exactly once has a special
name. It is called the period of revolution, or simply the period of the motion. The pe-
riod is represented with the symbol T, so,

(average speed).

Recalling that the magnitudes of the average and instantaneous velocities are the
same since the object is moving at constant speed, we can solve this expression for the
period:

(period of revolution). (5-35)T �
2
r
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Another way to describe the motion of a particle moving in a circle is to cite the
number of revolutions that the particle makes in a specific amount of time. This num-
ber of revolutions in a given time is known as the frequency, f, of revolution. From the
definitions we have given for period and frequency, they are related by the expression

(frequency).

Examples of Centripetal Forces
What are the forces involved in uniform circular motion? Suppose you were to un-
dergo two different types of uniform circular motion— traveling in a tight circle while
driving a car and orbiting the Earth in the space shuttle. You are experiencing cen-
tripetal forces that cause you to undergo a centripetal acceleration. In one case you
feel that you are being rammed against the car door. In the other case you feel
“weightless.” Let us examine the forces involved in these two examples of uniform
circular motion more closely.

Rounding a curve in a car : You are sitting in the center of the rear seat of a car
moving at a constant high speed along a flat road. When the driver suddenly turns left,
rounding a corner in a circular arc, you slide across the seat toward the right and then
jam against the car door for the rest of the turn. What is going on?

While the car moves in the circular arc, it is in uniform circular motion. That is, it
has an acceleration that is directed toward the center of the circle. By Newton’s
Second Law, , a force must cause this acceleration. Moreover, the force must
also be directed toward the center of the circle. Thus, it is a centripetal force, where
the adjective (centripetal) indicates the direction. In this example, the centripetal
force is a frictional force on the tires from the road. Without it, the turn would not be
possible. For example, imagine what would happen if you hit a patch of low-friction
ice while trying to make such a turn.

If you are to move in uniform circular motion along with the car, there must also
be a centripetal force on you as well. In our case, apparently the frictional force on
you from the seat was not great enough to make you go in a circle with the car. Thus,
the seat slid beneath you, until the right door of the car jammed into you. Then its
push on you provided the needed centripetal force on you, and you joined the car’s
uniform circular motion. For you, the centripetal force is the push from the car door.

Orbiting the Earth: This time you are a passenger in the space shuttle Atlantis. As
it (and you) orbit Earth, you float through your cabin. What is going on?

Both you and the shuttle are in uniform circular motion and have accelerations di-
rected toward the center of the orbital circle. Again by Newton’s Second Law, cen-
tripetal forces must cause these accelerations. This time the centripetal forces are grav-
itational pulls (the pull on you and the pull on the shuttle) by Earth, radially inward,
toward the center of the Earth. You feel weightless, even though the Earth is pulling
on you, because both you and the space shuttle are accelerating at the same rate. This
is like feeling lighter when you descend in the elevator discussed in Section 2-4.

Differences between centripetal forces: In both car and shuttle, you are in uniform cir-
cular motion, acted on by a centripetal force—yet your sensations in the two situations
are quite different. In the car, jammed up against the door, you are aware of being com-
pressed by the door. In the orbiting shuttle, however, you are floating around with no
sensation of any force acting on you. Why this difference? The difference is due to the
nature of the two centripetal forces. In the car, the centripetal force is due to the push on
the part of your body touching the car door. You can sense the compression on that part
of your body. In the shuttle, the centripetal force is due to Earth’s gravitational pull on
every atom of your body. Thus, there is no compression (or pull) on any one part of your
body and no sensation of force acting on you. (The sensation is said to be one of “weight-
lessness,” but that description is tricky. The Earth’s pull on you has certainly not disap-
peared and, in fact, is only a little less than it would be when you are on the ground.)

F
:

� ma:

f �
1
T
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Recall also the example of a centripetal force shown in Fig. 5-25. There a hockey
puck moves around a circle at constant speed v while tied to a string looped around a
central peg. In this case the centripetal force is the radially inward pull on the puck
from the string. Without that force, the puck would go off in a straight line instead of
moving in a circle.

In the examples discussed above, the source of the centripetal force was different
in each situation. The frictional force, the push of the right door of the car, the gravita-
tional attraction of Earth, and the pull of a string, were all centripetal forces that we
considered. This is an important point that was made earlier but is worth repeating. A
centripetal force is not a new kind of force. It is not an additional force. The name
merely indicates the direction in which the force acts. Under the right circumstances, a
frictional force, a gravitational force, the force from a car door or a string, or any
other kind of force can be centripetal. However, for any situation:

A centripetal force accelerates a body by changing the direction of the body’s velocity with-
out changing the body’s speed.

From Newton’s Second Law with the centripetal acceleration given by a � v2/r,
we can determine what magnitude of the centripetal force, , is needed to keep an
object moving in a circle at a constant speed v. This is given by

(magnitude of centripetal force). (5-36)

Because the speed v and radius r are constant, so are the magnitudes of the accel-
eration and the force. However, the directions of the centripetal acceleration and
force change continuously so as to always point toward the center of a circle. There-
fore, unlike the situation for ideal projectile motion, the motions in a chosen x and y
direction cannot be treated as independent of each other.

Centripetal Versus Linear Forces and Accelerations
We find it interesting to contrast the forces involved in projectile motion with those of
uniform circular motion. In both situations, a particle experiences a net force and
accelerates. In projectile motion, the net force is linear with only a vertical component
in rectangular coordinates. The acceleration results from a change in the magnitude of
vertical velocity vectors and no change in direction.

In uniform circular motion, we can describe the forces in polar coordinates. In
this case, we have a constant force pointing inward antiparallel to the r axis and no
force in the direction of increasing �. But since the r axis is changing direction at a
constant rate, the magnitude of the velocity is the same and its acceleration is due to
direction changes.

In summary, linear accelerations are due purely to changes in the magnitude of the velocity,
whereas uniform circular accelerations are due purely to changes in the direction of the
velocity.

READI NG EXERC IS E  5-9 : Some people say that a centripetal force throws objects
outward. For instance, in the example of the car rounding a turn in the discussion above, some
might say that the passenger is thrown right when the car turns left. Is it true that centripetal
forces throw objects outward? If so, explain how. If not, explain what is really going on. �

F  cent � ma �
mv2

r

F
:

 cent
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Little Casey Jones is getting an electric train set for Christmas. In
the box, he finds 8 pieces of track—4 pieces of straight track and 4
quarter-circle tracks. The straight tracks are 50 cm long, and the
quarter-circle tracks will form a circle of radius 50 cm if they are all
put together. Casey assembles them into the figure shown at the
right in Fig. 5-28. Casey sets the engine on the track and brings it up
to a constant speed. The engine has a mass M, and once it is up to
speed, it takes 2.0 seconds to make one circuit of the track (at the
speed Casey likes to use).

(a) Without actually calculating values, compare the instantaneous
velocities of the engine and when it is at points A, B,
C, and D.

S O L U T I O N � Since the engine is traveling at a constant speed,
this tells us that the magnitudes of these four velocity vectors are all
the same; , the speed at which the
engine is moving.

However, each of these four velocity vectors has a different di-
rection from each of the other three. A Key  Idea here is that at
each instant in time, the engine’s velocity vector points in the direc-
tion that the engine is moving. We are not told whether the engine is
going around the track in a clockwise or a counterclockwise sense.
Let’s say it is going around in a clockwise sense, as shown in Fig. 5-29.

A second Key  I dea is that the velocity vector is always tan-
gent to the path that the object is following. Thus, would point
upward along the track; would point upward and to the right,
tangent to the curved track; would point downward, antiparallel
to ; and would point downward and to the left, antiparallel to

. The directions of these four vectors are shown in Fig. 5-29.
(Answer)

v:A

v:Bv:C

v:D

v:A

v:C

� v:A � � � v:B � � � v:C � � � v:D � � v

v:Dv:A,  v:B,  v:C, 

(b) Calculate the average velocity at the engine, , for the time
interval it takes to go from point C to point D.

S O L U T I O N � The Ke y  I d e a here is that the average velocity
is given by Eq. 5-22:

From the dimensions of the track given in Fig. 5-28, we see that
point D is 50 cm (from the straight segment) � 100 cm (from the
two curved segments added together) � 150 cm to the right of
point C. We also see that the distance along the track from C to D is
one-half of the length of one full circuit of the track. Since the en-
gine is traveling at a constant speed, this means that it must take
one-half of the time for one full circuit to go from C to D. Thus
	tCD � So the magnitude of the engine’s average
velocity here is

directed to the right in Fig. 5-28. (Answer)

(c) Calculate the instantaneous acceleration and of the en-
gine when it is at points A and C.

S O L U T I O N � The Ke y  I d e a here is that the instantaneous
acceleration is The acceleration will be zero only when
both the magnitude and the direction of the velocity remain con-
stant. If either the magnitude or the direction of the velocity are
changing, then the acceleration will not be zero.

As the engine goes around the track, we are told that the mag-
nitude of its velocity remains constant. On a straight track segment,
such as at point C, the direction of travel of the engine is also con-
stant, so (Answer)

On a curve, such as point A, the engine’s direction of travel is
changing, since it is turning right. In this case since the train is mo-
mentarily moving in a circle, we can use the expression for cen-
tripetal acceleration (Eq. 5-33) to determine that and
that is directed down and to the right, as shown in Fig. 5-29.

To calculate the magnitude of , we note that the total length
of track is 
so that

and since the radius of the circle the train is momentarily moving in
is 50 cm,

directed inward toward the center of the curve. (Answer)

aA �
v2

A

rA
�

(257 cm/s)2

50 cm
� 1322 cm/s2,

vA �
514 cm

2 s
� 257 cm/s,

2
r � 4L � (2
 � 50 cm) � (4 � 50 cm) � 514 cm,
a:c

a:A

a:A � v2
A/rA

a:C � 0.

a: � dv:/dt.

a:Ca:A

� �v:�CD � �
� 	r:CD �
	tCD

�
150 cm

1.0 s
� 150 cm/s,

1
2 (2.0 s) � 1.0 s.

�v:�CD �
	 r:CD

	tCD
�

r:D � r:C

tD � tC
.

�v:�CD

TOUCHSTONE EXAMPLE 5-9: Little Casey Jones

50 cm

50 cm
A

C

B

D

1465

FIGURE 5-28 � Little Casey Jones’ new train set.
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vD
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(aC = 0)

FIGURE 5-29 � The directions
of the engine’s velocity and ac-
celeration at a number of points
around the track.
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SEC. 5-3 � ANALYZING IDEAL PROJECTILE MOTION

In some of these problems, exclusion of the effects of the air is un-
warranted but helps simplify the calculations.

1. Rifle and Bullet A rifle is aimed horizontally at a target 30 m
away. The bullet hits the target 1.9 cm below the aiming point. What
are (a) the bullet’s time of flight and (b) its speed as it emerges
from the rifle?

2. A Small Ball A small ball rolls horizontally off the edge of a
tabletop that is 1.20 m high. It strikes the floor at a point 1.52 m
horizontally away from the edge of the table. (a) How long is the
ball in the air? (b) What is its speed at the instant it leaves the
table?

3. Baseball A baseball leaves a pitcher’s hand horizontally at a
speed of 161 km/h. The distance to the batter is 18.3 m. (Ignore the
effect of air resistance.) (a) How long does the ball take to travel
the first half of that distance? (b) The second half? (c) How far does
the ball fall freely during the first half? (d) During the second half?
(e) Why aren’t the quantities in (c) and (d) equal?

4. Dart A dart is thrown horizontally with an initial speed of
10 m/s toward point P, the bull’s-eye on a dart board. It hits at point
Q on the rim, vertically below P 0.19 s later. (a) What is the distance
PQ? (b) How far away from the dart board is the dart released?

5. An Electron An electron, with an initial horizontal velocity of
magnitude 1.00 � 109 cm/s, travels into the region between two hor-
izontal metal plates that are electrically charged. In that region, it
travels a horizontal distance of 2.00 cm and has a constant down-
ward acceleration of magnitude 1.00 � 1017 cm/s2 due to the
charged plates. Find (a) the time required by the electron to travel
the 2.00 cm and (b) the vertical distance it travels during that time.
Also find the magnitudes of the (c) horizontal and (d) vertical ve-
locity components of the electron as it emerges.

6. Mike Powell In the 1991 World Track
and Field Championships in Tokyo, Mike
Powell (Fig. 5-30) jumped 8.95 m, break-
ing the 23-year long-jump record set by
Bob Beamon by a full 5 cm. Assume that
Powell’s speed on takeoff was 9.5 m/s
(about equal to that of a sprinter) and that
g � 9.80 m/s2 in Tokyo. How much less
was Powell’s horizontal range than the
maximum possible horizontal range (ne-
glecting the effects of air) for a particle
launched at the same speed of 9.5 m/s?

7. Catapulted A stone is catapulted at
time t � 0, with an initial velocity of mag-
nitude 20.0 m/s and at an angle of 40.0° above the horizontal. What
are the magnitudes of the (a) horizontal and (b) vertical compo-
nents of its displacement from the catapult site at t � 1.10 s? Re-
peat for the (c) horizontal and (d) vertical components at t � 1.80 s,
and for the (e) horizontal and (f) vertical components at t � 5.00 s.

8. Golf Ball A golf ball is struck at ground level. The speed of the
golf ball as a function of the time is shown in Fig. 5-31, where t � 0
at the instant the ball is struck. (a) How far does the golf ball travel

horizontally before returning to
ground level? (b) What is the maxi-
mum height above ground level at-
tained by the ball?

9. Fast Bullets A rifle that shoots bul-
lets at 460 m/s is to be aimed at a target
45.7 m away and level with the rifle.
How high above the target must the ri-
fle barrel be pointed so that the bullet
hits the target?

10. Slow-Pitch The pitcher in a slow-pitch softball game releases
the ball at a point 3.0 ft above ground level. A stroboscopic plot of
the position of the ball is shown in Fig. 5-32, where the readings are
0.25 s apart and the ball is released at t � 0. (a) What is the initial
speed of the ball? (b) What is the speed of the ball at the instant it
reaches its maximum height above ground level? (c) What is that
maximum height?

FIGURE 5-32 � Problem 10.

11. Maximum Height Show that the maximum height reached by a
projectile is ymax � (v1 sin �1)2/2g.

12. You Throw a Ball You throw a
ball toward a wall with a speed of
25.0 m/s and at an angle of 40.0°
above the horizontal (Fig. 5-33). The
wall is 22.0 m from the release point
of the ball. (a) How far above the re-
lease point does the ball hit the
wall? (b) What are the horizontal
and vertical components of its veloc-
ity as it hits the wall? (c) When it
hits, has it passed the highest point
on its trajectory?

13. Shot into the Air A ball is shot from the ground into the air. At
a height of 9.1 m. Its velocity is observed to be � (7.6 m/s) �
(6.1 m/s) ( horizontal, upward). (a) To what maximum height
does the ball rise? (b) What total horizontal distance does the ball
travel? What are (c) the magnitude and (d) the direction of the
ball’s velocity just before it hits the ground?

14. Two Seconds Later Two seconds after being projected from
ground level, a projectile is displaced 40 m horizontally and 53 m ver-
tically above its point of projection. What are the (a) horizontal and
(b) vertical components of the initial velocity of the projectile? (c) At
the instant the projectile achieves its maximum height above ground
level, how far is it displaced horizontally from its point of projection? 

ĵîĵ
îv:FIGURE 5-30 �

Problem 6.
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15. Football Player A football player punts the football so that it
will have a “hang time” (time of flight) of 4.5 s and land 46 m away.
If the ball leaves the player’s foot 150 cm above the ground, what
must be (a) the magnitude and (b) the direction of the ball’s initial
velocity?

16. Launching Speed The launching speed of a certain projectile is
five times the speed it has at its maximum height. Calculate the ele-
vation angle �1 at launching.

17. Airplane and Decoy A certain
airplane has a speed of 290.0 km/h
and is diving at an angle of 30.0° be-
low the horizontal when the pilot re-
leases a radar decoy (Fig. 5-34). The
horizontal distance between the re-
lease point and the point where the
decoy strikes the ground is 700 m.
(a) How long is the decoy in the air?
(b) How high was the released
point?

18. Soccer Ball A soccer ball is
kicked from the ground with an ini-
tial speed of 19.5 m/s at an upward angle of 45°. A player 55 m away
in the direction of the kick starts running to meet the ball at that in-
stant. What must be his average speed if he is to meet the ball just
before it hits the ground? Neglect air resistance.

19. Stairway A ball rolls horizontally off the top of a stairway with
a speed of 1.52 m/s. The steps are 20.3 cm high and 20.3 cm wide.
Which step does the ball hit first?

20. Volleyball For women’s volleyball the top of the net is 2.24 m
above the floor and the court measures 9.0 m by 9.0 m on each side
of the net. Using a jump serve, a player strikes the ball at a point
that is 3.0 m above the floor and a horizontal distance of 8.0 m from
the net. If the initial velocity of the ball is horizontal, (a) what mini-
mum magnitude must it have if the ball is to clear the net and (b)
what maximum magnitude can it have if the ball is to strike the
floor inside the back line on the other side of the net?

21. Airplane An airplane, diving at an angle of 53.0° with the verti-
cal, releases a projectile at an altitude of 730 m. The projectile hits
the ground 5.00 s after being released. (a) What is the speed of the
aircraft? (b) How far did the projectile travel horizontally during its
flight? What were the (c) horizontal and (d) vertical components of
its velocity just before striking the ground?

22. Tennis Match During a tennis match, a player serves the ball at
23.6 m/s, with the center of the ball leaving the racquet horizontally
2.37 m above the court surface. The net is 12 m away and 0.90 m
high. When the ball reaches the net, (a) does the ball clear it and (b)
what is the distance between the center of the ball and the top of
the net? Suppose that, instead, the ball is served as before but now
it leaves the racquet at 5.00° below the horizontal. When the ball
reaches the net, (c) does the ball clear it and (d) what now is the
distance between the center of the ball and the top of the net?

23. The Batter A batter hits a pitched ball when the center of the
ball is 1.22 m above the ground. The ball leaves the bat at an angle
of 45° with the ground. With that launch, the ball should have a hor-
izontal range (returning to the launch level) of 107 m. (a) Does the
ball clear a 7.32-m-high fence that is 97.5 m horizontally from the
launch point? (b) Either way, find the distance between the top of
the fence and the center of the ball when the ball reaches the fence.

24. Detective Story In a detective story, a body is found 4.6 m from
the base of a building and 24 m below an open window. (a) Assum-
ing the victim left that window horizontally, what was the victim’s
speed just then? (b) Would you guess the death to be accidental?
Explain your answer.

25. Football Kicker A football kicker can give the ball an initial
speed of 25 m/s. Within what two elevation angles must he kick the
ball to score a field goal from a point 50 m in front of goalposts
whose horizontal bar is 3.44 m above the ground? (If you want to
work this out algebraically, use sin2� � cos2� � 1 to get a relation
between tan2� and 1/cos2�, substitute, and then solve the resulting
quadratic equation.)

SEC. 5-4 � DISPLACEMENT IN TWO DIMENSIONS

26. Position Vector for an Electron The position vector for an elec-
tron is � (5.0 m) î � (3.0 m) . (a) Find the magnitude of . (b)
Sketch the vector on a right-handed coordinate system.

27. Watermelon Seed A watermelon seed has the following coordi-
nates: x � �5.0 m and y � 8.0 m. Find its position vector (a) in
unit-vector notation and as (b) a magnitude and (c) an angle rela-
tive to the positive direction of the x axis. (d) Sketch the vector on a
right-handed coordinate system. If the seed is moved to the coordi-
nates (3.00 m, 0 m), what is its displacement (e) in unit-vector nota-
tion and as (f) a magnitude and (g) an angle relative to the positive
direction of the x axis?

28. Radar Station A radar station detects an airplane approaching
directly from the east. At first observation, the range to the plane is
360 m at 40° above the horizon. The airplane is tracked for another
123° in the vertical east–west plane, the range at final contact being
790 m. See Fig. 5-35. Find the displacement of the airplane during
the period of observation.

FIGURE 5-35 � Problem 28.

29. Position Vector for a Proton The position vector for a proton 
is initially 1 � (5.0 m)î � (�6.0 m) and then later is 2 �
(�2.0 m)î � (6.0 m) . (a) What is the proton’s displacement vector,
and (b) to what plane is that vector parallel?

30. Kidnapped You are kidnapped by armed political-science ma-
jors (who are upset because you told them that political science is
not a real science). Although blindfolded, you can tell the speed of
their car (by the whine of the engine), the time of travel (by men-
tally counting off seconds), and the direction of travel (by turns
along the rectangular street system). From these clues, you know
that you are taken along the following course: 50 km/h for 2.0
min, turn 90° to the right, 20 km/h for 4.0 min, turn 90° to the
right, 20 km/h for 60 s, turn 90° to the left, 50 km/h for 60 s, turn
90° to the right, 20 km/h for 2.0 min, turn 90° to the left, 50 km/h
for 30 s. At that point, (a) how far are you from your starting point
and (b) in what direction relative to your initial direction of travel
are you?

ĵ
r:ĵr:
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31. Drunk Skunk Figure 5-36
shows the path taken by my drunk
skunk over level ground, from initial
point 1 to final point 2. The angles
are �1 � 30.0°, �2 � 50.0°, and �3 �
80.0°, and the distances are d1 �
5.00 m, d2 � 8.00 m, and d3 � 12.0
m. In magnitude-angle notation,
what is the skunk’s displacement
from 1 to 2?

SEC. 5-5 � AVERAGE AND

INSTANTANEOUS VELOCITY

32. Squirrel Path Figure
5-37 gives the path of a
squirrel moving about
on level ground, from
point A (at time t � 0),
to points B (at t � 5.00
min), C (at t � 10.0
min), and finally D (at t
� 15.0 min). Consider
the average velocities of
the squirrel from point
A to each of the other
three points. (a) Of those
three average velocities,
which has the least mag-
nitude, and what is the
average velocity in magnitude-angle notation? (b) Which has the
greatest magnitude, and what is the average velocity in magnitude-
angle notation?

33. Train A train moving at a constant speed of 60.0 km/h moves
east for 40.0 min. then in a direction 50.0° east of north for
20.0 min, and finally west for 50.0 min. What is the average velocity
of the train during this trip?

34. Ion’s Position An ion’s position vector is initially 1 �
(5.0 m)î � (�6.0 m) , and 10 s later it is 2 � (�2.0 m)î � (8.0 m) .
What is its average velocity during the 10 s?

35. Electron’s Position The position of an electron is given by
(a) What is the elec-

tron’s velocity (t)? At t � 2.00 s, what is (b) in unit-vector nota-
tion and as (c) a magnitude and (d) an angle relative to the positive
direction of the x axis?

36. Oasis Oasis A is 90 km west of oasis B. A camel leaves oasis A
and during a 50 h period walks 75 km in a direction 37° north of
east. The camel then walks toward the south a distance of 65 km in
a 35 h period after which it rests for 5.0 h. (a) What is the camel’s
displacement with respect to oasis A after resting? (b) What is the
camel’s average velocity from the time it leaves oasis A until it fin-
ishes resting? (c) What is the camel’s average speed from the time it
leaves oasis A until it finishes resting? (d) If the camel is able to go
without water for five days (120 h), what must its average velocity
be after resting if it is to reach oasis B just in time?

37. Jet Ski You are to ride a jet-cycle over a lake, starting from rest
at point 1: First, moving at 30° north of due east:

1. Increase your speed at 0.400 m/s2 for 6.00 s.

2. With whatever speed you then have, move for 8.00 s.
3. Then slow at 0.400 m/s2 for 6.00 s.

Immediately next, moving due west:

4. Increase your speed at 0.400 m/s2 for 5.00 s.
5. With whatever speed you then have, move for 10.0 s.
6. Then slow at 0.400 m/s2 until you stop.

In magnitude-angle notation, what then is your average velocity for
the trip from point 1?

SEC. 5-6 � AVERAGE AND INSTANTANEOUS ACCELERATION

38. A Proton A proton initially has 1 � (4.0 m/s)î � (�2.0 m/s)
and then 4.0 s later has 2 � (�2.0 m/s)î � (�2.0 m/s) . For that 
4.0 s. what is the proton’s average acceleration � � (a) in unit-vector
notation and (b) as a magnitude and a direction?

39. Particle in xy Plane The position of a particle moving in
an xy plane is given by 

. Calculate (a) , (b) , and (c) for 
t � 2.00 s.

40. Iceboat An iceboat sails across the surface of a frozen lake with
constant acceleration produced by the wind. At a certain instant the
boat’s velocity is 1 � (6.30 m/s) î � (�8.42 m/s) . Three seconds
later, because of a wind shift, the boat is instantaneously at rest.
What is its average acceleration for this 3 s interval?

41. Particle Leaves Origin A particle leaves the origin with an 
initial velocity 1 � (3.00 m/s)î and a constant acceleration �
(�1.00 m/s2)î � (�0.500 m/s2) . When the particle reaches its 
maximum x coordinate, what are (a) its velocity and (b) its position
vector?

42. Particle A Particle B Particle A
moves along the line y � 30 m with
a constant velocity of magnitude
3.0 m/s and directed parallel to the
positive x axis (Fig. 5-38). Particle B
starts at the origin with zero speed
and constant acceleration (of mag-
nitude 0.40 m/s2) at the same instant
that particle A passes the y axis.
What angle � between and the
positive y axis would result in a colli-
sion between these two particles? (If
your computation involves an equa-
tion with a term such as t 4, substitute u � t 2 and then consider solv-
ing the resulting quadratic equation to get u.)

43. Particle Starts from Origin A particle starts from the origin at
t � 0 with a velocity of 1 � (8.0 m/s) and moves in the xy plane
with a constant acceleration of � (4.0 m/s2)î � (2.0 m/s2) . At the
instant the particle’s x coordinate is 29 m, what are (a) its y coordi-
nate and (b) its speed?

44. The Wind and a Pebble A moderate wind accelerates a smooth
pebble over a horizontal xy plane with a constant acceleration

.

At time t � 0, its velocity is (4.00 m/s) î. In magnitude-angle nota-
tion, what is its velocity when it has been displaced by 12.0 m paral-
lel to the x axis?

a: � (5.00 m/s2) î � (7.00 m/s2) ĵ

ĵa:
ĵv:

a:

a:

v:

ĵ
a:v:

ĵv:

a:v:r:[(6.00 m) � (7.00 m/s4) t 4] ĵ

r:(t) � [(2.00 m/s3) t 3 � (5.00 m/s) t] î �
r:

a:
ĵv:

ĵv:

v:v:
r:(t) � [(3.00 m/s) t] î � [(�4.00 m/s2) t 2] ĵ.
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45. Particle Acceleration A particle moves so that its position as a
function of time is . Write expressions
for (a) its velocity and (b) its acceleration as functions of time.

SEC. 5-7 � UNIFORM CIRCULAR MOTION

46. Sprinter What is the magnitude of the acceleration of a sprinter
running at 10 m/s when rounding a turn with a radius of 25 m?

47. Sprinter on Circular Path A sprinter runs at 9.2 m/s around a
circular track with a centripetal acceleration of magnitude 3.8 m/s2.
(a) What is the track radius? (b) What is the period of the motion?

48. Rotating Fan A rotating fan completes 1200 revolutions every
minute. Consider the tip of a blade, at a radius of 0.15 m. (a)
Through what distance does the tip move in one revolution? What
are (b) the tip’s speed and (c) the magnitude of its acceleration? (d)
What is the period of the motion?

49. An Earth Satellite An Earth satellite moves in a circular orbit
640 km above Earth’s surface with a period of 98.0 min. What are
(a) the speed and (b) the magnitude of the centripetal acceleration
of the satellite?

50. Merry-Go-Round A carnival merry-go-round rotates about a
vertical axis at a constant rate. A passenger standing on the edge of
the merry-go-round has a constant speed of 3.66 m/s. For each of
the following instantaneous situations, state how far the passenger
is from the center of the merry-go-round, and in which direction.
(a) The passenger has an acceleration of 1.83 m/s2, east. (b) The pas-
senger has an acceleration of 1.83 m/s2, south.

51. Astronaut An astronaut is rotated in a horizontal centrifuge at
a radius of 5.0 m. (a) What is the astronaut’s speed if the centripetal
acceleration has a magnitude of 7.0g? (b) How many revolutions
per minute are required to produce this acceleration? (c) What is
the period of the motion?

52. TGV The fast French train known as the TGV (Train à Grande
Vitesse) has a scheduled average speed of 216 km/h. (a) If the train
goes around a curve at that speed and the magnitude of the acceler-
ation experienced by the passengers is to be limited to 0.050g, what
is the smallest radius of curvature for the track that can be toler-
ated? (b) At what speed must the train go around a curve with a
1.00 km radius to be at the acceleration limit?

53. Object on the Equator (a) What is the magnitude of the cen-
tripetal acceleration of an object on Earth’s equator due to the ro-
tation of Earth? (b) What would the period of rotation of Earth
have to be for objects on the equator to have a centripetal accelera-
tion with a magnitude of 9.8 m/s2?

54. Supernova When a large star becomes a supernova, its core
may be compressed so tightly that it becomes a neutron star, with a
radius of about 20 km (about the size of the San Francisco area). If
a neutron star rotates once every second, (a) what is the speed of a

particle on the star’s equator and (b) what is the magnitude of the
particle’s centripetal acceleration? (c) If the neutron star rotates
faster, do the answers to (a) and (b) increase, decrease, or remain
the same?

55. Ferris Wheel A carnival Ferris wheel has a 15 m radius and
completes five turns about its horizontal axis every minute. (a)
What is the period of the motion? What is the centripetal accelera-
tion of a passenger at (b) the highest point and (c) the lowest point,
assuming the passenger is at a 15 m radius?

56. A Particle at Constant Speed A
particle P travels with constant
speed on a circle of radius r � 3.00
m (Fig. 5-39) and completes one rev-
olution in 20.0 s. The particle passes
through O at time t � 0. State the
following vectors in magnitude-an-
gle notation (angle relative to the
positive direction of x). With respect
to O, find the particle’s position vec-
tor at the times t of (a) 5.00 s, (b)
7.50 s, and (c) 10.0 s.

(d) For the 5.00 s interval from
the end of the fifth second to the
end of the tenth second, find the particle’s displacement. (e) For the
same interval, find its average velocity. Find its velocity at (f) the
beginning and (g) the end of that 5.00 s interval. Next, find the ac-
celeration at (h) the beginning and (i) the end of that interval.
57. Stone on a String A boy whirls a stone in a horizontal circle
of radius 1.5 m and at height 2.0 m above level ground. The string
breaks, and the stone flies off horizontally and strikes the ground af-
ter traveling a horizontal distance of 10 m. What is the magnitude of
the centripetal acceleration of the stone while in circular motion?

58. Cat on a Merry-Go-Round A cat rides a merry-go-round while
turning with uniform circular motion. At time t1 � 2.00 s, the cat’s
velocity is

measured on a horizontal xy coordinate system. At time t2 � 5.00 s,
its velocity is

What are (a) the magnitude of the cat’s centripetal acceleration and
(b) the cat’s average acceleration during the time interval t2 � t1?

59. Center of Circular Path A particle moves horizontally in uni-
form circular motion, over a horizontal xy plane. At one instant, it
moves through the point at coordinates (4.00 m, 4.00 m) with a ve-
locity of (�5.00 m/s) î and an acceleration of (12.5 m/s2)ĵ. What are
the coordinates of the center of the circular path?

v:2 � (�3.00 m/s)î � (�4.00 m/s)ĵ.

v:1 � (3.00 m/s)î � (4.00 m/s)ĵ,

r:(t) � (1 m) î � [(4 m/s2) t 2] ĵ
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60. Keeping Mars in Orbit Although the planet Mars orbits the
Sun in a Kepler ellipse with an eccentricity of 0.09, we can approxi-
mate its orbit by a circle. If you have faith in Newton’s laws then
you must conclude that there is an invisible centripetal force hold-
ing Mars in orbit. The data on the orbit of Mars around the sun are
shown in the Fig. 5-40.

FIGURE 5-40 � Problem 60.

(a) Calculate the magnitude of the centripetal force needed to hold
Mars in its circular orbit. Please use the proper number of signifi-
cant figures. (b) What is the direction of the force as Mars orbits
around the Sun? (c) What is the most likely source of this force?
(d) Could this force have anything in common with the force that
attracts objects to the Earth?

61. Playing Catch A boy and a girl are tossing
an apple back and forth between them. Figure 5-
41 shows the path the apple followed when
watched by an observer looking on from the side.
The apple is moving from left to right. Five
points are marked on the path. Ignore air resis-
tance. (a) Make a copy of this figure. At each of
the marked points, draw an arrow that indicates
the magnitude and direction of the force on the apple when it
passes through that point. (b) Make a second copy of the figure.
This time, at each marked point, place an arrow indicating the mag-
nitude and direction of the apple’s velocity at the instant it passes
that point. (c) Did you change your answer to the first question af-
ter solving the second? If so, explain what you were thinking at first
and why you changed it.

62. The Cut Pendulum A pendulum (i.e., a string with a ball at the
end) is set swinging by holding it at the point marked A in Fig. 5-42a

and releasing it. The x and y coordinates
are shown with the origin at the crossing
point of the axes and the positive direc-
tions indicated by the arrowheads. (a) Dur-
ing one swing, the string breaks exactly at
the bottom-most point of the swing (the
point labeled B in the figure) as the ball is
moving from A to B toward C. Make a
copy of this figure. Using solid lines, sketch
on the figure the path of the ball after the
string has broken. Sketch qualitatively the x and y coordinates of the
ball and the x- and y-components of its velocity on graphs like those
shown in Fig. 5-42b. Take t � 0 to be the instant the string breaks. (b)
During a second trial, the string breaks again, but this time at the top-
most point of the swing (the point labeled C in the figure). Using
dashed lines, sketch on the figure the path of the ball after the string
has broken. Sketch qualitatively the x and y coordinates of the ball
and the x- and y-components of its velocity on graphs like those
shown in Fig. 5-42b.Take t � 0 to be the instant the string breaks.

FIGURE 5-42b � Problem 62.
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Additional Problems

mSun = 2.00 × 1030 kg

mMars = 0.107 Earth masses  or
          = 6.42 × 1023 kg

dMars = 1.523 AU = 2.28 × 1011 m

distance from the sun (= radius of circular orbit)

<v> = 24.13 km/s (mean orbital velocity)

FIGURE 5-41 �

Problem 61.
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63. Projectile Graphs A pop-
gun is angled so that it shoots a
small dense ball through the air
as shown in Fig. 5-43a.

(a) Sketch the path that the
ball will follow on the figure.
For the graphs shown in Fig. 5-
43b, the horizontal axis repre-
sents the time. The vertical axis
is unspecified. For each of the
following quantities, select the
letter of the graph that could
provide a correct graph of the quantity for the ball in the situation
shown (if the vertical axis were assigned the proper units). Use the
x and y coordinates shown in the picture. The arrow heads point in
the positive direction. If none of the graphs could work, write N.
The time graphs begin just after the ball leaves the gun.

(b) y coordinate
(c) x-component of the velocity
(d) y-component of the net force
(e) y-component of the velocity
(f) x coordinate
(g) y-component of the acceleration
(h) x-component of the net force

FIGURE 5-43b � Problem 63.

64. Shoot and Drop In the demon-
stration discussed in Section 5-2, two
identical objects were dropped, one
straight down and the other shot off
to the side by a spring. Both objects
seemed to hit the ground at about
the same time. Explain why this hap-
pens in terms of the physics we have
learned. Does it matter how fast we
shoot the one launched sideways?
How would the outcome of this ex-
periment change if the objects had
different masses? (Hint: See Fig. 5-6.)

65. Billiards over the Edge Two identical billiard balls are labeled
A and B. Maryland Fats places ball A at the very edge of the table.

He places ball B at the other side.
He strikes ball B with his cue so
that it flies across the table and off
the edge. As it passes A, it just
touches ball A lightly, knocking it
off. Figure 5-45a shows the balls
just at the instant they have left
the table. Ball B is moving with a
speed v1, and ball A is essentially
at rest.

(a) Which ball do you think will hit
the ground first? Explain your rea-
sons for thinking so.

Figure 5-45b shows a number of graphs of a quantity vs. time.
In each case, the horizontal axis is the time axis. The vertical axis is
unspecified. For each of the items below, select which graph could
be a plot of that quantity vs. time. If none of the graphs are possible,
write N. The time axes are taken to have t � 0 at the instant both
balls leave the table. Use the x and y axes shown in the figure.
(b) the x-component of the velocity of ball B? (c) the y-component
of the velocity of ball A? (d) the y-component of the acceleration of
ball A? (e) the y-component of the force on ball B? (f) the y-com-
ponent of the force on ball A? (g) the x-component of the velocity
of ball A? (h) the y-component of the acceleration of ball B?

FIGURE 5-45b � Problem 65.
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66. Properties of a Projectile A heavy
projectile is thrown and follows a path
something like the one shown in Fig. 5-
46. For each of the quantities in the list
(a)– (d) below, select a direction from
one of the directions A–G specified. If
you think that none of the choices apply,
write N.

Quantities:

(a) The projectile’s velocity when it is at the highest point
(b) The force on the projectile when it is part way up
(c) The force on the projectile when it is at the highest point
(d) The projectile’s acceleration when it is part way down

Choices:

A. Points straight up

B. Points straight down

C. Points directly to the left

D. Points directly to the right

E. Is equal to zero

F. Points somewhat upward and to the right

G. Points somewhat upward and to the left

N. None of the above

67. Passing by the Spanish Guns In C. S. Forster’s novel Lieutenant
Hornblower (set in the early 1800s), a British naval vessel tries to
sneak by a Spanish garrison. The ship passes as far away from the
Spanish guns as it can—a distance s. The Spanish gunner knows that
his gun has a muzzle velocity equal to v1. (a) Once the gun is fired,
what controls the motion or the cannonball? Write the equations that
determine the vector acceleration of the cannonball after it leaves
the cannon. You may ignore air resistance. (b) Suppose the gunner
inclines his gun upward an angle � to the horizontal. Solve the equa-
tions you have written in part (a) to obtain expressions that can be
evaluated to give the position of the cannonball at any time, t. (c) If
the gunner wants the cannonball to hit the ship, he must choose his
angle correctly. Explain how he can calculate the correct angle.
(Again, you may ignore air resistance.) (d) If the muzzle velocity of
the cannon is 100 m/s and the ship is a distance of 1/2 a kilometer
away, find the angle the gunner should use. (Take g to be 10 m/s2.)

FIGURE 5-47 � Problem 67.

You may need one or more of the following trigonometric identities
(i.e., these are true for all angles, �):

sin2 � � cos2 � � 1 cos2 � � sin2 � � cos2�

tan � � (sin �)/(cos �) 2 sin � cos � � sin2�

68. Who Killed Adam Able? A person shoved out of a window
makes just as good a projectile as a golf ball rolling off a table.

Read the murder mystery entitled A Damnable Man that follows.
In order to solve the crime, read the section on projectile motion in
your text carefully and reason out for yourself what variables might
be important in solving the crime. In fact, not all of the information
given in the mystery is relevant and some information, which you
can find for yourself by observation and experiment, is missing.
Solve the crime by presenting a clear explanation of the equations
and calculations you used. (Hint: If you are in the physics lab and
shove your lab partner fairly hard, you will likely find that your
partner ends up with a speed of about 2 m/s.)

A Damnable Man
by Kevin Laws

It is a warm, quiet, humid night in the city— the traffic has died
away and there isn’t even a cooling breeze. There is a busy hotel
that is so well built that sounds don’t carry through the windows.
The hotel has impressively large rooms. This is obvious from the
outside because there is more space between floors and rooms than
normal. The rooms appear to have 14-foot-high ceilings, nice plate
glass windows that slide open, and fully two-foot-thick floors for
ducting and sound insulation. This is the type of hotel that people
like to stay at when someone else is paying the bill.

Outside the hotel, a man is speaking quietly with the doorman,
then begins to measure the plush runway carpet for replacement.
He is reeling out the tape measure between the hotel and the curb
when a scream breaks the quiet. Looking up, he sees a man falling
toward him. Stunned, he drops the tape measure and runs for the
safety of the hotel. The doorman stands, horrified, as the man com-
pletes his fall with a sickening sound, ensuring that the carpet must
be replaced. At intense times, people can think of the strangest
things, and the carpet-man finds this to be true . . . all he can think
of are the bloodstains left on his tape measure. Even if they are
cleaned off, he doesn’t think he can use it again without thinking of
tonight. Even measuring with another will be hard, and 18 feet will
be indelibly marked in his memory— that’s where the blood stains
are.

The police arrive and quickly conclude that it is not a suicide—
among the victim’s personal effects, they find pictures and records
that indicate he has been blackmailing four other occupants of the
hotel. He also has bruises on his shins where the ledge at the bot-
tom of the tall hotel window would have hit them; he must have
been pushed pretty hard. Adam Able is the dead man’s name, as it
appears on the driver’s license in his wallet. His license indicates
that Adam was 5' 11" tall and weighed 160 lb. He has been black-
mailing Adrianna Myers, a frail widow in Room 356; Steven Caine,
a newspaper reporter in Room 852; Mark Johnson, a body builder
in Room 1956; and Stanley Michaels, an actor in Room 2754. All of
the suspects admit they were in their rooms at the time of the mur-
der. WHO KILLED ADAM ABLE?

69. Digital Projectile One In this problem and the one that follows
you will be asked to use VideoPoint, VideoGraph, or some other
software program and a spreadsheet to explore and analyze the na-
ture of a projectile launch depicted in a digital movie. If you use
VideoPoint, one appropriate movie has filename PASCO106. In this
movie a small ball of mass 9.5 g is launched at an angle, �, with re-
spect to the horizontal. Your instructor may suggest an alternative
file for your use.

Open the movie PASCO106. For simplicity you might want to set
the origin in the video analysis at the location of the ball at time t �
0. Also, for immediate visual feedback on your results you should

FIGURE 5-46 �

Problem 66.
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use the View Window to set up graphs of x vs. t and y vs. t before
you begin the analysis.

(a) What is the approximate launch angle �? Measure this angle
with respect to the horizontal. Explain how you found the angle.
(b) Explain in which direction, x or y, the ball has a constant veloc-
ity and cite the real evidence (not just theoretical) for this constant
velocity. (Hint: Use markers of various sorts on the digital movie to
demonstrate that the ball is moving at a constant velocity in one of
the directions and not in the other.)
(c) Explain in which direction, x or y, the ball is accelerating. Cite
real evidence (not just theoretical) for this acceleration. (Hint: Use
markers of various sorts on the digital movie.)
(d) Theoretically, what is the net vertical force on the 9.5 g ball
when it is rising? Falling? Turning around? What is the observa-
tional basis for this theoretical assumption?
(e) Theoretically, what is the net horizontal force on the 9.5 g ball
when it is rising? Falling? Turning around? What is the observa-
tional basis for this theoretical assumption?
(f) What do you predict will happen to the shapes of the x vs. t and
y vs. t graphs if you rotate your coordinate system so that the x axis
points in the vertical direction and the y axis points in the horizon-
tal direction?
(g) In the main VideoPoint display screen showing the launch and
the x and y vs. t graphs of it, rotate your coordinate system so that
the x axis points in the vertical direction and the y axis points in the
horizontal direction. What happens to the shapes of the graphs? Is
this what you predicted?

70. Digital Projectile Two In this problem you will use VideoPoint,
VideoGraph, or some other software program and a spreadsheet to
explore and analyze the nature of a projectile launch depicted in a
digital movie. If you use VideoPoint, one appropriate movie has
filename PASCO106. In this movie a small ball of mass 9.5 g is
launched at an angle, �, with respect to the horizontal. Your instruc-
tor may suggest an alternative file for your use.

Open the movie PASCO106. Use the VideoPoint software and
spreadsheet modeling to find the equation that describes: the hori-
zontal motion x vs. t and the equations that describe the vertical
motion y vs. t.

(a) Hand in the printout of your two models. Place your name, date
and section # on it, and answer questions (b) through (d) at the bot-
tom of the page.

(b) According to your horizontal model, what is the equation that
describes the horizontal position of the ball, x, as a function of
time? What is its horizontal acceleration, ax? What is its initial hori-
zontal velocity, v1 x?
(c) According to your vertical model, what is the equation that de-
scribes the vertical position, y, of the ball as a function of time?
What is the value of the ball’s vertical acceleration, ay? What is its
initial vertical velocity, v1 y?
(d) Use the components v1 x and v1 y to compute the initial speed of
the ball. What is the launch angle with respect to the horizontal?
(e) Compare your answer to part (d) to your approximation from
part (a) of the previous problem.

71. Curtain of Death A large metallic asteroid strikes Earth and
quickly digs a crater into the rocky material below ground level by
launching rocks upward and outward. The following table gives five
pairs of launch speeds and angles (from the horizontal) for such
rocks, based on a model of crater formation. (Other rocks, with in-
termediate speeds and angles, are also launched.) Suppose that you
are at x � 20 km when the asteroid strikes the ground at time t � 0
and position x � 0 (Fig. 5-48). (a) At t � 20 s, what are the x and y
coordinates of the rocks headed in your direction from launches A
through E? (b) Plot these coordinates and then sketch a curve
through the points to include rocks with intermediate launch
speeds and angles. The curve should give you an idea of what you
would see as you look up into the approaching rocks and what di-
nosaurs must have seen during asteroid strikes long ago.

FIGURE 5-48 � Problem 71.

Launch Speed (m/s) Angle (degrees)

A 520 14.0

B 630 16.0

C 750 18.0

D 870 20.0

E 1000 22.0
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