
TOPIC 8
Probability

8.1 Overview
8.1.1 Introduction
The concept of randomness and random events is a fea-
ture of our lives. Unless we are one of identical twins,
the complete set of genes we inherit from our parents is
unique, a result of a random selection event at the time
of conception.

Randomness is associated with a sense of ‘fairness’,
an unbiasedness — who serves first in a tennis match
or which cricket side bats first is determined by the toss
of a coin, for example.

Probability theory gives us the means of measuring
the likeliness of outcomes of a random event. Although
the origins of probability lie in the gambling addictions
of Cardano, the 16th-century Italian mathematician,
and in the work of the 17th-century French mathematicians Pascal and Fermat, initially on behalf of a gam-
bler Chevalier de Méré, probability has far more diverse applications today. Importantly, it is essential for
quantum physics, the science of subatomic particles where properties such as position can only be expressed
in terms of probabilities.

Probability theory developed substantially throughout the 20th century. As a branch of mathematics and
statistics it is widely used in the finance and insurance industries, in market analysis and in the sciences,
including actuarial science and biological sciences.

Population genetics applies probability theory in investigating changes in the genetic structure of a popu-
lation brought about by selection, mutation, inbreeding and other phenomena. One of the principal founders
of population genetics was R.A. Fisher, an Englishman who in later life emigrated to Adelaide.

Probability is also heavily used in game theory. As a game can be considered a situation involving parties
with conflicting interests, game theory has particular applications in Economics. It is argued that it can also
model human behaviour and be applied to political problems.

LEARNING SEQUENCE
8.1 Overview
8.2 Probability review
8.3 Conditional probability
8.4 Independence
8.5 Counting techniques
8.6 Binomial coefficients and Pascal’s triangle
8.7 Review: exam practice

Fully worked solutions for this topic are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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8.1.2 Kick off with CAS
Probability
1. Using CAS technology, calculate each of the following.

a. 4 × 3 × 2 × 1
b. 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1
c. 11 × 10 × 9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1
d. 15 × 14 × 13 × 12 × 11 × 10 × 9 × 8 × 7 × 6 × 5 × 4 × 3 × 2 × 1

2. Using CAS technology, calculate each of the following.
4!a. 8!b. 11!c. 15!d.

3. What do you notice about your answers to questions 1 and 2?
4. Consider the 3 balls shown.

If the order of the colours is important, in how many ways can the balls be arranged?
5. The answer to question 4 is displayed.

Use CAS technology to calculate the value of 3P3.
How does the answer compare to the answer to question 4?

6. Using the same three balls, in how many ways can they be arranged if the order of the colours is not
important?

7. Use CAS technology to calculate the value of 3C3.
How does the answer compare to the answer to question 6?

8. Consider the macaroons in the picture.

In how many ways can 3 out of the 4 macaroons be arranged if:
the order mattersa. the order doesn’t matter?b.

9. Calculate 4P3 and 4C3. How do these answers relate to your answers to question 8?

Please refer to the Resources section in the Prelims of your eBookPLUS for a comprehensive step-by-step guide on
how to use your CAS technology.
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8.2 Probability review
The language and the notation used in the theory of probability is that which appears in set theory. Some set
notation has already been introduced in earlier topics.

8.2.1 Notation and fundamentals: outcomes, sample spaces
and events

1

2

3
45

6

7

8
Consider the experiment or trial of spinning a wheel which is divided into eight equal
sectors, with each sector marked with one of the numbers 1 to 8. If the wheel is
unbiased, each of these numbers is equally likely to occur.

The outcome of each trial is one of the eight numbers.
The sample space, 𝜉, is the set of all possible outcomes: 𝜉 = {1, 2, 3, 4, 5, 6, 7, 8}.
An event is a particular set of outcomes which is a subset of the sample space.

For example, if M is the event of obtaining a number which is a multiple of 3, then
M = {3, 6}. This set contains two outcomes. This is written in set notation as n(M) = 2.

The probability of an event is the long-term proportion, or relative frequency, of its occurrence.

For any event A, the probability of its occurrence is Pr(A) = n(A)
n(𝜉)

.

Hence, for the event M:

Pr (M) = n (M)
n (𝜉)

=
2
8

=
1
4

This value does not mean that a multiple of 3 is obtained once in every four spins of the wheel. However,
it does mean that after a very large number of spins of the wheel, the proportion of times that a multiple

of 3 would be obtained approaches . The closeness of this proportion to would improve in the long term

as the number of spins is further increased.

For any event A, 0 ≤ Pr(A) ≤ 1.

• If Pr(A) = 0 then it is not possible for A to occur. For example, the chance that the spinner lands on a
negative number would be zero.

• If Pr(A) = 1 then the event A is certain to occur. For example, it is 100% certain that the number the
spinner lands on will be smaller than 9.

The probability of each outcome Pr(1) = Pr(2) = Pr(3) = ... = Pr(8) = for this spinning wheel. As each

outcome is equally likely to occur, the outcomes are equiprobable. In other situations, some outcomes may
be more likely than others.

1
4

1
4

1

8

For any sample space, Pr(𝜉) =
n(𝜉)
n(𝜉)

= 1 and the sum of the probabilities of each of the outcomes in any

sample space must total 1.
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Complementary events
For the spinner example, the event that the number is not a multiple of 3 is the complement of the event M.
The complementary event is written as M′ or as M.

Pr (M′) = 1 − Pr (M)

= 1 −
1
4

=
3
4

For any complementary events, Pr(A) + Pr(A′) = 1 and therefore, Pr(A′) = 1 − Pr(A).

WORKED EXAMPLE 1

A spinning wheel is divided into eight sectors, each of which is marked with one of the numbers
1 to 8. This wheel is biased so that Pr(8) = 0.3, while the other numbers are equiprobable.
Calculate the probability of obtaining the number 4.a.

If A is the event the number obtained is even, calculate Pr(A) and Pr(A′).b.

THINK WRITE

a. 1. State the complement of obtaining the
number 8 and the probability of this.

a. The sample space contains the numbers 1 to 8 so
the complement of obtaining 8 is obtaining one of
the numbers 1 to 7.
As Pr(8) = 0.3 then the probability of not
obtaining 8 is 1 − 0.3 = 0.7.

2. Calculate the required probability. Since each of the numbers 1 to 7 are
equiprobable, the probability of each number is
0.7
7

= 0.1.

Hence, Pr(4) = 0.1.

b. 1. Identify the elements of the event. b. A = {2, 4, 6, 8}
2. Calculate the probability of the event. Pr(A) = Pr(2 or 4 or 6 or 8)

= Pr(2) + Pr(4) + Pr(6) + Pr(8)
= 0.1 + 0.1 + 0.1 + 0.3
= 0.6

3. State the complementary probability. Pr(A′) = 1 − Pr(A)
= 1 − 0.6
= 0.4

8.2.2 Venn diagrams
A Venn diagram can be useful for displaying the union and intersection of sets. Such a diagram may be
helpful in displaying compound events in probability, as illustrated for the sets or events A and B.
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A B

Intersection

A ∩ B
A B

Union

A ∪ B

Complement Complement

A'
A B

(A ∪ B)' = A' ∩ B'
A B

A B

A' ∩ BA ∩ B

A' ∩ B'

A ∩ B'

ξ

The information shown in the Venn diagram may be the actual outcomes for each event, or it may only
show a number which represents the number of outcomes for each event. Alternatively, the Venn diagram
may show the probability of each event. The total probability is 1; that is, Pr(𝜉) = 1.

The addition formula
The number of elements contained in set A is denoted by n(A).

The Venn diagram illustrates that n(A ∪ B) = n(A) + n(B) − n(A ∩ B).
Hence, dividing by the number of elements in the sample space gives:

n (A ∪ B)
n (𝜉)

= n (A)
n (𝜉)

+ n (B)
n (𝜉)

− n (A ∩ B)
n (𝜉)

∴ Pr (A ∪ B) = Pr (A) + Pr (B) − Pr (A ∩ B)

The result is known as the addition formula.

Pr (A ∪ B) = Pr (A) + Pr (B) − Pr (A ∩ B)

A B
ξIf the events A and B are mutually exclusive then they cannot occur

simultaneously. For mutually exclusive events, n(A ∩ B) = 0 and
therefore Pr(A ∩ B) = 0.

The addition formula for mutually exclusive events becomes:

Pr (A ∪ B) = Pr (A) + Pr (B)

WORKED EXAMPLE 2

From a survey of 50 people it was found that in the past month 30 people had made a donation to
a local charity, 25 donated to an international charity and 20 had made donations to both local
and international charities.
Let L be the set of people donating to a local charity and I the set of people donating to an
international charity.
Draw a Venn diagram to illustrate the results of this survey.

One person from the group is selected at random.
a.

Using appropriate notation, calculate the probability that this person donated to a local
charity but not an international one.

b.

What is the probability that this person did not make a donation to either type of charity?c.

Calculate the probability that this person donated to at least one of the two types of charity.d.
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THINK WRITE

a. Show the given information on a Venn
diagram and complete the remaining
sections using arithmetic.

a. Given: n(𝜉) = 50, n(L) = 30, n(I) = 25 and
n(L ∩ I) = 20

I(25)L(30)
ξ(50)

2010 5

15

b. 1. State the required probability using set
notation.

b. Pr(L ∩ I′) = n(L ∩ I′)
n(𝜉)

2. Identify the value of the numerator
from the Venn diagram and calculate
the probability.

Pr(L ∩ I′) =
10
50

=
1
5

3. Express the answer in context. The probability that the randomly chosen person
donated to a local charity but not an international
one is 0.2.

c. 1. State the required probability using set
notation.

c. Pr(L′ ∩ I′) = n(L′ ∩ I′)
n(𝜉)

2. Identify the value of the numerator
from the Venn diagram and calculate
the probability.

Pr(L ∩ I
′
) =

15
50

=
3

10

3. Express the answer in context. The probability that the randomly chosen person
did not donate is 0.3.

d. 1. State the required probability using set
notation.

d. Pr (L ∪ I) = n (L ∪ I)
n(𝜉)

2. Identify the value of the numerator
from the Venn diagram and calculate
the probability.

Pr(L ∪ I) =
10 + 20 + 5

50

=
35
50

=
7
10

3. Express the answer in context. The probability that the randomly chosen person
donated to at least one type of charity is 0.7.

464 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition

UNCORRECTED PAGE PROOFS



8.2.3 Probability tables
For situations involving two events, a probability table can provide an alternative to a Venn diagram. Consider
the Venn diagram shown.

A probability table presents any known probabilities of the four compound events A ∩ B, A ∩ B′, A′ ∩ B
and A′ ∩ B′ in rows and columns.

A B

A' ∩ BA ∩ B

A' ∩ B'

A ∩ B'

ξ B B′
A Pr(A B) Pr(A B′) Pr(A)

A′ Pr(A′ B) Pr(A′ B′) Pr(A′)
Pr(B) Pr(B′) Pr(ξ)=1

This allows the table to be completed using arithmetic calculations since, for example,
Pr(A) = Pr(A ∩ B) + Pr(A ∩ B′) and Pr(B) = Pr(A ∩ B) + Pr(A′ ∩ B).

The probabilities of complementary events can be calculated using the formula Pr(A′) = 1 − Pr(A).
To obtain Pr(A ∪ B), the addition formula Pr(A ∪ B) = Pr(A) + Pr(B) − Pr(A ∩ B) can be used.
Probability tables are also known as Karnaugh maps.

WORKED EXAMPLE 3

Pr(A) = 0.4, Pr(B) = 0.7 and Pr(A ∩ B) = 0.2
Construct a probability table for the events A and B.a.

Calculate Pr(A′ ∪ B).b.

THINK WRITE

a. 1. Enter the given information in a
probability table.

a. Given: Pr(A) = 0.4, Pr(B) = 0.7, Pr(A ∩ B) = 0.2
and also Pr(𝜉) = 1

B B′
A 0.2 0.4

A′
0.7 1

2. Add in the complementary
probabilities.

Pr(A′) = 1 − 0.4 = 0.6 and Pr(B′) = 1 − 0.7 = 0.3

B B′
A 0.2 0.4

A′ 0.6

0.7 0.3 1

3. Complete the remaining sections
using arithmetic.

For the first row, 0.2 + 0.2 = 0.4
For the first column, 0.2 + 0.5 = 0.7

B B′
A 0.2 0.2 0.4

A′ 0.5 0.1 0.6

0.7 0.3 1
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b. 1. State the addition formula. b. Pr(A′ ∪ B) = Pr(A′) + Pr(B) − Pr(A′ ∩ B)
2. Use the values in the probability

table to carry out the calculation.
From the probability table, Pr(A′ ∩ B) = 0.5.
∴ Pr(A′ ∪ B) = 0.6 + 0.7 − 0.5

= 0.8

 8.2.4 Other ways to illustrate sample spaces
In experiments involving two tosses of a coin or two rolls of a die, the sample space can be illustrated using
a simple tree diagram or a lattice diagram.

Simple tree diagram

H

T

H

T

H

T

Outcomes2nd toss1st toss

HH

HT

TH

TT

The outcome of each toss of the coin is either Heads (H) or Tails
(T). For two tosses, the outcomes are illustrated by the tree diagram
shown.

The sample space consists of the four equally likely outcomes HH,
HT, TH and TT. This means the probability of obtaining two Heads

in two tosses of a coin would be .

The tree diagram could be extended to illustrate repeated tosses of
the coin.

Lattice diagram

20

1

41 3 5 6

2

3

4

5
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First roll

6
For two rolls of a six-sided die, the outcomes are illustrated graphically
using a grid known as a lattice diagram.

There are 36 points on the grid which represent the equally likely elements
of the sample space. Each point can be described by a pair of coordinates,
with the first coordinate giving the outcome from the first roll and the second
coordinate giving the outcome from the second roll of the die. As there is
only one point with coordinates (6, 6), this means the probability that both

rolls result in a 6 is .

Use of physical measurements in infinite sample spaces
When an arrow is fired at an archery target there would be an infinite number of points at which the arrow
could land. The sample space can be represented by the area measure of the target, assuming the arrow hits
it. The probability of such an arrow landing in a particular section of the target could then be calculated
as the ratio of that area to the total area of the target.

WORKED EXAMPLE 4

A four-sided tetrahedral die with faces labelled 1, 2, 3, 4 is rolled at the same time a coin is tossed.
Draw a lattice diagram to represent the sample space.a.

What is the probability of obtaining a 1 on the die and a Tail on the coin?b.

What is the probability of the event of obtaining a number which is at least 3, together with
a Head on the coin?

c.

The coin is thrown onto a square sheet of cardboard with 10 cm edges. The coin lands with
its centre inside or on the boundary of the cardboard. Given the radius of the circular coin
is 1.5 cm, calculate the probability the coin lands completely inside the area covered by
the square piece of cardboard.

d.

1
4

6
1

3
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THINK WRITE

a. Construct a lattice diagram to
illustrate the sample space.

a.

2
0

H

41 3

T

C
oi

n

Die
b. Calculate the required

probability.
b. There are 8 equally likely outcomes in the sample space.

Only one of these outcomes is a 1 on the die and a Tail on
the coin.
The probability of obtaining a 1 on the die and a Tail on

the coin is
1
8

.

c. 1. Identify the number of outcomes
which make up the event.

c. The event of obtaining a number which is at least 3
together with a Head on the coin occurs for the two
outcomes 3H and 4H.

2. Calculate the probability. The probability of obtaining a number which is at least 3

together with a Head is
2
8

=
1
4

.

d. 1. Draw a diagram to show the area
in which the centre of the coin
may land.

d. For the coin to land inside the square its centre must be no
less than 1.5 cm from each edge of the square.

The area in which the centre of the coin may land is a
square of edge 10 − 2 × 1.5 = 7 cm.

1.5 1.5 1.5

1.51.5

1.5

1.5

1.5

10 cm

10 cm

2. Calculate the required
probability.

The area that the centre of the coin could land in is the
area of the cardboard which is 10 × 10 = 100 cm2.

The area that the centre of the coin must land in for the
coin to be completely inside the area of the cardboard is
7 × 7 = 49 cm2.
Therefore, the probability the coin lands completely

inside the cardboard area is
49

100
= 0.49.
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Simulations
To estimate the probability of success, it may be necessary to perform experiments or simulations. For exam-
ple, the probability of obtaining a total of 11 when rolling two dice can be estimated by repeatedly rolling two
dice and counting the number of times a total of 11 appears.

The results of a particular experiment or simulation can only give an estimate of the true probability. The
more times the simulation is carried out, the better the estimate of the true probability.

For example, to simulate whether a baby is born male or female, a coin is flipped. If the coin lands Heads
up, the baby is a boy. If the coin lands Tails up, the baby is a girl. The coin is flipped 100 times and returns
43 Heads and 57 Tails.

This simulation gives a probability of 0.43 of the baby being a boy and 0.57 for a girl. This closely resembles
the theoretical probability of 0.5.

Units 1 & 2 AOS 4 Topic 1 Concept 1

Probability review Summary screen and practice questions

Exercise 8.2 P robability review

Technology free

1. A bag contains 5 green, 6 pink, 4 orange and 8 blue counters. A counter is
selected at random. Find the probability that the counter is:

greena. orange or blueb.

not bluec. black.d.

2. An unbiased six sided die is thrown onto a table. State the probability the
number that is uppermost is

4a. not 4b. evenc.

smaller than 5d. at least 5e. greater than 12.f.
3. One letter from the alphabet A through to Z is chosen at random. What is the probability the letter

chosen is
Q?a. a vowel?b.

either X or Y or Z?c. not D?d.

either a consonant or a vowel?e. one of the letters in the word PROBABILITY?f.

4. Tickets are drawn randomly from a barrel containing 2000 tickets. There are 3 prizes to be won: first,
second and third. Josephine has purchased 10 tickets. What is the probability that she wins:
a. the first prize
b. the second prize but not the first
c. all three prizes?

5. A card is drawn randomly from a standard pack of 52 cards. Find the probability that the card is:
not greena. from a red suitb. a heartc.

a 10 or from a red suitd. not an ace.e.

6. WE1 A spinning wheel is divided into eight sectors, each of which is marked with one of the numbers

1 to 8. This wheel is biased so that Pr(6) =
9

16
while the other numbers are equiprobable.

a. Calculate the probability of obtaining the number 1.
b. If A is the event that a prime number is obtained, calculate Pr(A) and Pr(A′).
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7. A spinner is divided into 4 sections coloured red, blue, green and yellow.
Each section is equally likely to occur. The spinner is spun twice. List all the
possible outcomes and hence find the probability of obtaining:
a. the same colour
b. a red and a yellow
c. not a green.

8. A bag contains 20 balls of which 9 are green and 6 are red. One ball is selected
at random.
a. What is the probability that this ball is:

i. either green or red
ii. not red
iii. neither green nor red?

b. How many additional red balls must be added to the original bag so that the probability that the
chosen ball is red is 0.5?

9. A coin is tossed three times.
a. Draw a simple tree diagram to show the possible outcomes.
b. What is the probability of obtaining at least one Head?
c. Calculate the probability of obtaining either exactly two Heads or two Tails.

10. A coin is tossed three times. Show the sample space on a tree diagram and hence find the probability
of getting:
a. 2 Heads and 1 Tail
b. either 3 Heads or 3 Tails
c. a Head on the first toss of the coin
d. at least 1 Head
e. no more than 1 Tail.

11. The 3.38 train to the city is late on average 1 day out
of 3. Draw a probability tree to show the outcomes on
three consecutive days. Hence find the probability that
the bus is:
a. late on 1 day
b. late on at least 2 days
c. on time on the last day
d. on time on all 3 days.

Technology active
12. A survey was carried out to find the type of occupation of 800 adults in

a small suburb. There were 128 executives, 180 professionals, 261 trades
workers, 178 labourers and 53 unemployed people.
A person from this group is chosen at random. What is the probability
that the person chosen is:
a. a labourer
b. not employed
c. not an executive
d. either a tradesperson or a labourer?
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13. Two hundred people applied to do their driving test in October. The results are shown below.

Passed Failed

Male 73 26

Female 81 20

a. Find the probability that a person selected at random has failed the test.
b. What is the probability that a person selected at random is a female who passed the test?

14. A class of 20 primary school students went on an excur-
sion to a local park. Some of the students carried an
umbrella in their backpack, some carried a raincoat
in their backpack while some did not bring either an
umbrella or a raincoat. The Venn diagram shown refers
to the two sets B: “students who had an umbrella in their
backpack” and C: “students who had a raincoat in their
backpack”.

B C

2 43

11

ξ (20)

Use the Venn diagram to answer the following:
a. How many students had umbrellas?
b. A student’s name is chosen at random. Calculate the probability that this student

i. had an umbrella
ii. had a raincoat but not an umbrella.
iii. had neither an umbrella nor a raincoat.

c. Use the addition formula to calculate Pr(B′ ∪ C)
15. WE2 From a group of 42 students it was found that 30 students studied Mathematical Methods and

15 Geography. Ten of the Geography students did not study Mathematical Methods.
Let M be the set of students studying Mathematical Methods and let G be the set of students studying
Geography.
a. Draw a Venn diagram to illustrate this situation.
One student from the group is selected at random.
b. Using appropriate notation, calculate the probability that this student studies Mathematical Methods

but not Geography.
c. What is the probability that this student studies neither Mathematical Methods nor Geography?
d. Calculate the probability that this student studies only one of Mathematical Methods or Geography.

16. From a set of 18 cards numbered 1, 2, 3, … , 18, one card is drawn at random.
Let A be the event of obtaining a multiple of 3, B be the event of obtaining a multiple of 4 and let C be
the event of obtaining a multiple of 5.
a. List the elements of each event and then illustrate the three events as sets on a Venn diagram.
b. Which events are mutually exclusive?
c. State the value of Pr(A).
d. Calculate the following.

i. Pr(A ∪ C)
ii. Pr(A ∪ B′)
iii. Pr((A ∪ B ∪ C)′)

17. WE3 Given Pr(A) = 0.65, Pr(B) = 0.5 and Pr(A′ ∩ B′) = 0.2:
a. construct a probability table for the events A and B
b. calculate Pr(B′ ∪ A).
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18. For two events A and B it is known that Pr(A ∪ B) = 0.75, Pr(A′) = 0.42 and Pr(B) = 0.55.
a. Form a probability table for these two events.
b. State Pr(A′ ∩ B′).
c. Show that Pr(A ∪ B)′ = Pr(A′ ∩ B′).
d. Show that Pr(A ∩ B) = 1 − Pr(A′ ∪ B′).
e. Draw a Venn diagram for the events A and B.

19. Two unbiased dice are rolled and the larger of the two numbers is noted.
If the two dice show the same number, then the sum of the two numbers
is recorded. Use a table to show all the possible outcomes.
Hence find the probability that the result is:

5a. 10b.

a number greater than 5c. 7d.

either a two-digit number or a number
greater than 6

e. not 9.f.

20. WE4 A six-sided die with faces labelled 1, 2, 3, 4, 5, 6 is rolled at the same time that a coin is tossed.
a. Draw a lattice diagram to represent the sample space.
b. What is the probability of obtaining a 6 on the die and a Head on the coin?
c. What is the probability of obtaining an even number together with a Tail on the coin?
d. The coin is thrown onto a rectangular sheet of cardboard with dimensions 13 cm by 10 cm. The coin

lands with its centre inside or on the boundary of the cardboard. Given the radius of the circular coin
is 1.5 cm, calculate the probability that the coin lands completely inside the area covered by the
rectangular piece of cardboard.

21. The gender of babies in a set of triplets is simulated by flipping 3 coins. If a coin lands Tails up, the
baby is a boy. If a coin lands Heads up, the baby is a girl. In the simulation, the trial is repeated 40 times
and the following results show the number of Heads obtained in each trial:

0, 3, 2, 1, 1, 0, 1, 2, 1, 0, 1, 0, 2, 0, 1, 0, 1, 2, 3, 2, 1, 3, 0, 2, 1, 2, 0, 3, 1, 3, 0, 1, 0, 1, 3, 2, 2, 1, 2, 1.

a. Calculate the probability that exactly one of the babies in a set of triplets is female.
b. Calculate the probability that more than one of the babies in the set of triplets is female.

22. A die is rolled 20 times. Each roll results in one of the outcomes {1, 2, 3, 4, 5, 6}.
a. Use the random number generator of a CAS technology to simulate this experiment, by generating

20 random integers between 1 and 6.
b. From your simulation, what is the estimate of the chance of obtaining a six?
c. How could you improve your estimate?

23. A sample of 100 first-year university science students were
asked if they study physics or chemistry. It was found that
63 study physics, 57 study chemistry and 4 study neither.
A student is then selected at random. What is the probability that
the student studies:
a. either physics or chemistry but not both
b. both physics and chemistry?
In total, there are 1200 first-year university science students.
c. Estimate the number of students who are likely to study both physics and chemistry.
Two students are chosen at random. Given that the same student can be chosen twice, find the

probability that:
d. both students study physics and chemistry
e. each student studies just one of the two subjects, physics and chemistry
f. at least one of the two students studies neither physics nor chemistry.
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8.3 Conditional probability
Some given information may reduce the number of elements in a sample space. For example, in two
tosses of a coin, if it is known that at least one Head is obtained then this reduces the sample space from
{HH, HT, TH, TT} to {HH, HT, TH}. This affects the probability of obtaining two Heads.

The probability of obtaining two Heads given at least one Head has occurred is called conditional proba-
bility. It is written as Pr(A B) where A is the event of obtaining two Heads and B is the event of at least one
Head. The event B is the conditional event known to have occurred. Since event B has occurred, the sample

space has been reduced to three elements. This means Pr(A B) =
1
3

.

If no information is given about what has occurred, the sample space contains four elements and the

probability of obtaining two Heads is Pr(A) =
1
4

.

WORKED EXAMPLE 5

The table shows the results of a survey of 100 people aged between 16 and 29 about their
preferred choice of food when eating at a café.

Total

Male (M) 56

Female (F) 44

Total 100

One person is selected at random from those surveyed. Identify the event and use the
table to calculate:
Pr(M ∩ V)a. Pr(M V)b. Pr(V′ F)c. Pr(V)d.

THINK WRITE

a. 1. Describe the event M ∩ V. a. The event M ∩ V is the event the selected person is
both male and vegetarian.

2. Calculate the probability. Pr(M ∩ V ) = n(M ∩ V )
n(𝜉)

=
18

100

∴ Pr(M ∩ V ) = 0.18

b. 1. Describe the conditional probability. b. The event M V is the event of a person being male
given that the person is vegetarian.

2. State the number of elements in the
reduced sample space.

Since the person is known to be vegetarian, the
sample space is reduced to n(V ) = 43 people.

3. Calculate the required probability. Of the 43 vegetarians, 18 are male.

∴ Pr(M V ) = n(M ∩ V )
n(V )

=
18
43
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c. 1. Identify the event. c. The event V′ F is the event of a person being
non-vegetarian given the person is female.

2. State the number of elements in the
reduced sample space.

Since the person is known to be female, the sample
space is reduced to n(F ) = 44 people.

3. Calculate the probability. Of the 44 females, 19 are non-vegetarian.

∴ Pr(V′ F) = n(V′ ∩ F)
n(F)

=
19
44

d. 1. State the event. d. The event V is the event the selected person is
vegetarian.

2. Calculate the required probability.
Note: This is not a conditional
probability.

Pr(V) = n(V)
n(𝜉)

=
43

100
∴ Pr(V) = 0.43

 
8.3.1 Formula for conditional probability
Consider the events A and B:

Pr (A) = n (A)
n (𝜉)

, Pr (B) = n (B)
n (𝜉)

and Pr (A ∩ B) = n (A ∩ B)
n (𝜉)

For the conditional probability, Pr(A B), the sample space is reduced to n(B).

Pr (A B) =
n (A ∩ B)
n (B)

= n (A ∩ B) ÷ n (B)

= n (A ∩ B)
n (𝜉)

÷ n (B)
n (𝜉)

= Pr (A ∩ B) ÷ Pr (B)

=
Pr (A ∩ B)

Pr (B)

Hence, the conditional probability formula is:

Pr (A B) = Pr (A ∩ B)
Pr (B)

This formula illustrates that if the events A and B are mutually exclusive so that Pr(A ∩ B) = 0, then
Pr(A B) = 0. That is, if B occurs then it is impossible for A to occur.

However, if B is a subset of A so that Pr(A ∩ B) = Pr(B), then Pr(A B) = 1. That is, if B occurs, then it is
certain that A will occur.
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Interactivity: Conditional probability and independence (int-6292)

 
8.3.2 Multiplication of probabilities
Consider the conditional probability formula for Pr(B A):

Pr (B A) =
Pr (B ∩ A)

Pr (A)

Since B ∩ A is the same as A ∩ B, then Pr(B A) = Pr(A ∩ B)
Pr(A)

.

Rearranging, the formula for multiplication of probabilities is formed.

Pr (A ∩ B) = Pr (A) × Pr (B A)

For example, the probability of obtaining first an aqua (A) and then a black (B) ball when selecting two
balls without replacement from a bag containing 16 balls, 6 of which are aqua and 10 of which are black,
would be Pr(A ∩ B) = Pr(A) × Pr(B A)

=
6
16

×
10
15

.

The multiplication formula can be extended. For example, the probability of obtaining 3 black balls when
selecting 3 balls from a bag containing 16 balls, 10 of which are black, without replacing the 3 selected balls,

would be
10
16

×
9
15

×
8

14
.

WORKED EXAMPLE 6

If Pr(A) = 0.6, Pr(A B) = 0.6125 and Pr(B′) = 0.2, calculate Pr(A ∩ B) and Pr(B A).a.

Three girls each select one ribbon at random, one after the other, from a bag containing
8 green ribbons and 10 red ribbons. What is the probability that the first girl selects
a green ribbon and both the other girls select a red ribbon?

b.

THINK WRITE

a. 1. State the conditional probability formula
for Pr(A B).

a. Pr(A B) = Pr(A ∩ B)
Pr(B)

2. Obtain the value of Pr(B). For complementary events:
Pr(B) = 1 − Pr(B′)

= 1 − 0.2
= 0.8

3. Use the formula to calculate Pr(A ∩ B). Pr(A B) = Pr(A ∩ B)
Pr(B)

0.6125 =
Pr(A ∩ B)

0.8
Pr(A ∩ B) = 0.6125 × 0.8

= 0.49
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4. State the conditional probability formula
for Pr(B A).

Pr(B A) = Pr (B ∩ A)
Pr(A)

5. Calculate the required probability. Pr(B ∩ A) = Pr(A ∩ B)

Pr(B A) = Pr(A ∩ B)
Pr(A)

=
0.49
0.6

=
49
60

b. 1. Define the events. b. Let G be the event a green ribbon is chosen and
R be the event a red ribbon is chosen.

2. Describe the sample space. There are 18 ribbons in the bag forming the
elements of the sample space. Of these
18 ribbons, 8 are green and 10 are red.

3. State the probability the first ribbon
selected is green.

Pr(G) =
8

18

4. Calculate the conditional probability the
second ribbon is red by reducing the
number of elements in the sample space.

Once a green ribbon has been chosen, there are
7 green and 10 red ribbons remaining, giving a
total of 17 ribbons in the bag.

∴ Pr(R G) =
10
17

5. Calculate the conditional probability the
third ribbon is red by reducing the number
of elements in the sample space.

Once a green and a red ribbon have been chosen,
there are 7 green and 9 red ribbons remaining,
giving a total of 16 ribbons in the bag.

∴ Pr(R G ∩ R) =
9
16

6. Calculate the required probability.
Note: Pr(G ∩ R ∩ R) =
Pr(G) × Pr(R G) × Pr(R G ∩ R)

Pr(G ∩ R ∩ R) =
8

18
×

10
17

×
9

16

=
5

34
 

8.3.3 Probability tree diagrams

A

A'Pr(A')

Pr(A)

Pr(B  ⃒A)

Pr(B'  ⃒A)

Pr(B  ⃒A')

Pr(B'  ⃒A')

B

B'

B

B'

A ∩ B

A ∩ B'

A' ∩ B

A' ∩ B'

1st stage 2nd stage Outcomes
The sample space of a two-stage trial where the outcomes of the
second stage are dependent on the outcomes of the first stage can
be illustrated with a probability tree diagram.

Each branch is labelled with its probability; conditional prob-
abilities are required for the second-stage branches. Calculations
are performed according to the addition and multiplication laws
of probability.

The formula for multiplication of probabilities is applied
by multiplying the probabilities that lie along the respective
branches to calculate the probability of an outcome. For exam-
ple, to obtain the probability of A and B occurring, we need
to multiply the probabilities along the branches A to B since
Pr(A ∩ B) = Pr(A) × Pr(B A).
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The addition formula for mutually exclusive events is applied by adding the results from separate
outcome branches to calculate the union of any of the four outcomes. For example, to obtain the
probability that A occurs, add together the results from the two branches where A occurs. This gives
Pr(A) = Pr(A) Pr(B A) + Pr(A) Pr(B′ A).

• Multiply along the branch.
• Add the results from each complete branch.
 
WORKED EXAMPLE 7

A box of chocolates contains 6 soft-centred and 4 hard-centred chocolates. A chocolate is selected
at random and once eaten, a second chocolate is chosen.
Let Si be the event a soft-centred chocolate is chosen on the i th selection and Hi be the event that a
hard-centred chocolate is chosen on the i th selection, i = 1, 2.
Deduce the value of Pr(H2 S1).a.

Construct a probability tree diagram to illustrate the possible outcomes.b.

What is the probability that the first chocolate has a hard centre and the second a soft centre?c.

Calculate the probability that either both chocolates have soft centres or both have hard centres.d.

THINK WRITE

a. 1. Identify the meaning of Pr(H2 S1). a. Pr(H2 S1) is the probability that the second
chocolate has a hard centre given that the first has a
soft centre.

2. State the required probability. If a soft-centred chocolate has been chosen first,
there remain in the box 5 soft- and 4 hard-centred
chocolates.

∴ Pr(H2 S1) =
4
9

b. Construct the two-stage probability tree
diagram.

b.

S1

S2

S2

H2

H2

H1

S1∩ S2

S1∩ H2

H1∩ S2

H1∩ H2

1st choice 2nd choice

6–
10 4–

9

6–
9

3–
9

5–
9

4–
10

c. Identify the appropriate branch and
multiply along it to obtain the required
probability.
Note: The multiplication law for
probability is
Pr (H1 ∩ S2) = Pr (H1) × Pr (S2 H1).

c. The required outcome is H1 ∩ S2.

Pr (H1 ∩ S2) =
4

10
×

6
9

=
2
5

×
2
3

=
4

15

The probability is
4
15

.
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d. 1. Identify the required outcome. d. The probability that both chocolates have the same
type of centre is Pr ((S1 ∩ S2) ∪ (H1 ∩ H2)).

2. Calculate the probabilities along each
relevant branch.

Pr (S1 ∩ S2) =
6
10

×
5
9

Pr (H1 ∩ H2) =
4
10

×
3
9

3. Use the addition law for mutually
exclusive events by adding the
probabilities from the separate
branches.

The probability that both chocolates have the same
type of centre is:
6
10

×
5
9

+
4
10

×
3
9

=
30
90

+
12
90

=
42
90

=
7
15

The probability both centres are the same

type is
7

15
.

Units 1 & 2 AOS 4 Topic 1 Concept 2

Conditional probability Summary screen and practice questions

Exercise 8.3 Conditional probability

Technology free

1. A bag contains 3 red (R) balls, 4 purple (P) balls and 2 yellow (Y) balls. One ball is chosen at random
and removed from the bag. A second ball is then chosen from the bag.
a. Given that the first ball chosen is yellow, what is the probability that the second ball will be red?

Write the symbol for this conditional probability.
b. Given that the first ball chosen is yellow, what is the probability that the second ball will be yellow?

Write the symbol for this conditional probability.
c. Given that the first ball chosen is red, what is the probability that the second ball will be purple?

Write the symbol for this conditional probability.
d. If the first ball chosen is not red, what is the probability that the second ball will be red? Write the

symbol for this conditional probability.
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2. Of a group of 20 students who study either Art or Biology or both subjects, 13 study Art, 16 study
Biology, and 9 study both Art and Biology.
Let A be the event a student studies Art and B be the event a student studies Biology.
State whether the following probability statements are true (T) or false (F).

Pr(A) =
13
20

a. Pr(A B) =
13
20

b. Pr(A B) =
13
16

c.

Pr(A B) =
9
16

d. Pr(B A) =
9
13

e. Pr(B A) =
7
13

f.

3. a. For two events C and D it is known that Pr(C D) =
3
5

. If Pr(D) =
1
4

, calculate Pr(C ∩ D).

b. For two events M and N it is known that Pr(N M) = 0.375 and Pr(M N) = 0.6. Given that
Pr(M) = 0.8, calculate Pr(N).

4. Two unbiased dice are rolled and the sum of the topmost numbers is noted. Given that the sum is an
even number, find the probability that the sum is less than 6.

5. Two unbiased dice are rolled. Find the probability that the sum is greater than 8, given that a 5 appears
on the first die.

6. Given Pr(A) = 0.7, Pr(B) = 0.3 and Pr(A ∪ B) = 0.8, find the following.
Pr(A ∩ B)a. Pr(A B)b. Pr(B A)c. Pr(A B′)d.

7. Given Pr(A) = 0.6, Pr(B) = 0.5 and Pr(A ∪ B) = 0.8, find the following.
Pr(A ∩ B)a. Pr(A B)b. Pr(B A)c. Pr(A B′)d.

8. Given Pr(A) = 0.6, Pr(B) = 0.7 and Pr(A ∩ B) = 0.4, find the following.
Pr(A ∪ B)a. Pr(A B)b. Pr(B A′)c. Pr(A′ B′)d.

9. WE5 The table shows the results of a survey of 100 people aged between 16 and 29 who were asked
whether they rode a bike and what drink they preferred.

Drink containing
caffeine (C)

Caffeine-free
drink (C′) Total

Bike rider (B) 28 16 44

Non–bike rider (B′) 36 20 56

Total 64 36 100

One person is selected at random from those surveyed. Identify the event and use the table to
calculate the following.

Pr(B′ ∩ C′)a. Pr(B′ C′)b. Pr (C B)c. Pr(B)d.

10. Two six-sided dice are rolled. Using appropriate symbols, calculate the probability that:
a. the sum of 8 is obtained
b. a sum of 8 is obtained given the numbers are not the same
c. the sum of 8 is obtained, but the numbers are not the same
d. the numbers are not the same given the sum of 8 is obtained.

11. a. WE6 If Pr(A′) = 0.6, Pr(B A) = 0.3 and Pr(B) = 0.5, calculate Pr(A ∩ B) and Pr(A B).
b. Three girls each select one ribbon at random, one after the other, from a bag containing 8 green

ribbons and 4 red ribbons. What is the probability that all three girls select a green ribbon?
12. If Pr(A) = 0.61, Pr(B) = 0.56 and Pr(A ∪ B) = 0.81, calculate the following.

Pr(A B)a. Pr(A A ∪ B)b. Pr(A A ∩ B)c.
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13. WE7 A box of jubes contains 5 green jubes and 7 red jubes. One jube is selected at random and once
eaten, a second jube is chosen.

Let Gi be the event a green jube is chosen on the i th selection and Ri the event that a red jube is
chosen on the i th selection, i = 1, 2.
a. Deduce the value of Pr(G2 R1).
b. Construct a probability tree diagram to illustrate the possible outcomes.
c. What is the probability that the first jube is green and the second is red?
d. Calculate the probability that either both jubes are green or both are red.

Technology active

14. Two cards are drawn randomly from a standard pack of 52 cards. Find the probability that:
a. both cards are diamonds
b. at least 1 card is a diamond
c. both cards are diamonds, given that at least one card is a diamond
d. both cards are diamonds, given that the first card drawn is a diamond.

15. A bag contains 5 red marbles and 7 green marbles. Two marbles are drawn from the bag, one at a time,
without replacement. Find the probability that:
a. both marbles are green
b. at least 1 marble is green
c. both marbles are green given that at least 1 is green
d. the first marble drawn is green given that the marbles are of different colours.

16. In an attempt to determine the efficacy of a test used to detect a particular disease, 100 subjects, of
which 27 had the disease, were tested. A positive result means the test detected the disease and a
negative result means the test did not detect the disease. Only 23 of the 30 people who tested positive
actually had the disease. Draw up a two-way table to show this information and hence find the
probability that a subject selected at random:
a. does not have the disease
b. tested positive but did not have the disease
c. had the disease given that the subject tested positive
d. did not have the disease, given that the subject tested negative

17. In a survey designed to check the number of male and female smokers in a population, it was found that
there were 32 male smokers, 41 female smokers, 224 female non-smokers and 203 male non-smokers.
A person is selected at random from this group of people. Find the probability that the person
selected is:
a. non-smoker
b. male
c. female, given that the person is a non-smoker.

18. In a sample of 1000 people, it is found that:
82 people are overweight and suffer from hypertension
185 are overweight but do not suffer from hypertension
175 are not overweight but suffer from hypertension
558 are not overweight and do not suffer from hypertension.
A person is selected at random from the sample. Find the probability that the person:
a. is overweight
b. suffers from hypertension
c. suffers from hypertension given that the person is overweight
d. is overweight given that the person does not suffer from hypertension.
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19. A group of 400 people were tested for allergic reactions to two new medications. The results are shown
in the table below:

Allergic reaction No allergic reaction

Medication A 25 143

Medication B 47 185

If a person is selected at random from the group, calculate the following.
a. The probability that the person suffers an allergic reaction
b. The probability that the person was administered medication A
c. Given there was an allergic reaction, the probability that medication B was administered
d. Given the person was administered medication A, the probability that the person did not have an

allergic reaction
20. To get to school Rodney catches a bus and then walks the remaining distance.

If the bus is on time, Rodney has a 98% chance of arriving at school on time. However, if the bus is
late, Rodney’s chance of arriving at school on time is only 56%. On average the bus is on time 90%
of the time.
a. Draw a probability tree diagram to describe the given information, defining the symbols used.
b. Calculate the probability that Rodney will arrive at school on time.

21. When Incy Wincy Spider climbs up the waterspout, the chances of
him falling are affected by whether or not it is raining. When it is
raining, the probability that he will fall is 0.84. When it is not rain-
ing, the probability that he will fall is 0.02. On average it rains 1 day
in 5 around Incy Wincy Spider’s spout.

Draw a probability tree to show the sample space and hence find
the probability that:
a. Incy Wincy will fall when it is raining
b. Incy Wincy falls, given that it is raining
c. it is raining given that Incy Wincy makes it to the top of the spout.

22. In tenpin bowling, a game is made up of 10 frames. Each frame
represents one turn for the bowler. In each turn, a bowler is
allowed up to 2 rolls of the ball to knock down the 10 pins.
If the bowler knocks down all 10 pins with the first ball,
this is called a strike. If it takes 2 rolls of the ball to knock
the 10 pins, this is called a spare. Otherwise it is called an open
frame.

On average, Richard hits a strike 85% of the time. If he needs
a second roll of the ball then, on average, he will knock down
the remaining pins 97% of the time. While training for the club
championship, Richard plays a game.

Draw a tree diagram to represent the outcomes of the first 2
frames of his game.
Hence find the probability that:
a. both are strikes
b. all 10 pins are knocked down in both frames
c. the first frame is a strike, given that the second is a strike. 
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TOPIC 8 Probability 481

8.4 Independence
If a coin is tossed twice, the chance of obtaining a Head on the coin on its second toss is unaffected by the
result of the first toss. The probability of a Head on the second toss given a Head is obtained on the first toss

is still .

Events which have no effect on each other are called independent events. For such events,
Pr(A B) = Pr(A). The given information does not affect the chance of event A occurring.

Events which do affect each other are dependent events. For dependent events Pr(A B) ≠ Pr(A) and the
conditional probability formula is used to evaluate Pr(A B).

8.4.1 Test for mathematical independence
While it may be obvious that the chance of obtaining a Head on a coin on its second toss is unaffected by
the result of the first toss, in more complex situations it can be difficult to intuitively judge whether events
are independent or dependent. For such situations there is a test for mathematical independence that will
determine the matter.

The multiplication formula states Pr(A ∩ B) = Pr(A) × Pr(B A).
If the events A and B are independent then Pr(B A) = Pr(B).
Hence for independent events:

Pr(A ∩ B) = Pr(A) × Pr(B)

This result is used to test whether events are mathematically independent or not.

WORKED EXAMPLE 8

Consider the trial of tossing a coin twice.
Let A be the event of at least one Tail, B be the event of either two Heads or two Tails, and C be the
event that the first toss is a Head.
List the sample space and the set of outcomes in each of A, B, andC.a.

Test whether A and B are independent.b.

Test whether B and C are independent.c.

Use the addition formula to calculate Pr (B ∪ C).d.

THINK WRITE

a. 1. List the elements of the
sample space.

a. The sample space is the set of equiprobable outcomes
{HH, HT, TH, TT}.

2. List the elements of A, B and C. A = {HT, TH, TT}
B = {HH, TT}
C = {HH, HT}

b. 1. State the test for independence. b. A and B are independent if Pr(A ∩ B) = Pr(A) Pr(B).

2. Calculate the probabilities needed
for the test for independence to
be applied.

Pr(A) =
3
4

and Pr(B) =
2
4

Since A ∩ B = {TT}, Pr(A ∩ B) =
1
4

.

1

2
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3. Determine whether the events are
independent.

Substitute values into the formula
Pr(A ∩ B) = Pr(A) Pr(B).

LHS =
1
4

RHS =
3
4

×
2
4

=
3
8

Since LHS ≠ RHS, the events A and B are not
independent.

c. 1. State the test for independence. c. B and C are independent if Pr (B ∩ C) = Pr(B) Pr(C).

2. Calculate the probabilities needed
for the test for independence to
be applied.

Pr(B) =
2
4

and Pr(C) =
2
4

Since B ∩ C = {HH}, Pr (B ∩ C) =
1
4

.

3. Determine whether the events are
independent.

Substitute values in Pr (B ∩ C) = Pr(B) Pr(C).

LHS =
1
4

RHS =
2
4

×
2
4

=
1
4

Since LHS = RHS, the events B and C are
independent.

d. 1. State the addition formula for
Pr(B ∪ C).

d. Pr(B ∪ C) = Pr(B) + Pr(C) − Pr(B ∩ C)

2. Replace Pr(B ∩ C). Since B and C are independent,
Pr(B ∩ C) = Pr(B) Pr(C).
∴ Pr(B ∪ C) = Pr(B) + Pr(C) − Pr(B) × Pr(C)

3. Complete the calculation. Pr(B ∪ C) =
1
2

+
1
2

−
1
2

×
1
2

=
3
4

 8.4.2 Independent trials

R1

R2

R2

G2

G2

G1

6–
10

6–
10

6–
10

4–
10

4–
10

4–
10

1st selection 2nd selectionConsider choosing a ball from a bag containing 6 red and 4 green balls, not-
ing its colour, returning the ball to the bag and then choosing a second ball.
These trials are independent as the chance of obtaining a red or green ball is
unaltered for each draw. This is an example of sampling with replacement.

The probability tree diagram is as shown.
The second stage branch outcomes are not dependent on the results of the

first stage.
The probability that both balls are red is Pr(R1R2) = × .
As the events are independent:

Pr (R1 ∩ R2) = Pr (R1) × Pr (R2 R1)
= Pr (R1) × Pr (R2)

However, if sampling without replacement, then Pr(R1∩R2) = × since the events are not independent.
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Sequences of independent events
If the events A, B, C, … are independent, then Pr(A ∩ B ∩ C ∩ …) = Pr(A) × Pr(B) × Pr(C) × …

WORKED EXAMPLE 9

Three overweight people, Ari, Barry and Chris, commence a diet. The chances that each person
sticks to the diet are 0.6, 0.8 and 0.7 respectively, independent of each other. What is the
probability that:
all three people stick to the dieta.

only Chris sticks to the dietb.

at least one of the three people sticks to the diet?c.

THINK WRITE

a. 1. Define the independent events. a. Let A be the event that Ari sticks to the diet,
B be the event that Barry sticks to the diet
and C be the event that Chris sticks to the diet.
Pr(A) = 0.6, Pr(B) = 0.8 and Pr(C) = 0.7

2. State an expression for the
required probability.

The probability that all three people stick to the diet is
Pr(A ∩ B ∩ C).

3. Calculate the required probability. Since the events are independent,
Pr(A ∩ B ∩ C) = Pr(A) × Pr(B) × Pr(C)

= 0.6 × 0.8 × 0.7
= 0.336

The probability all three stick to the diet is 0.336.

b. 1. State an expression for the
required probability.

b. If only Chris sticks to the diet then neither Ari nor Barry
do. The probability is Pr(A′ ∩ B′ ∩ C).

2. Calculate the probability.
Note: For complementary events,
Pr(A′) = 1 − Pr(A).

Pr(A′ ∩ B′ ∩ C) = Pr(A′) × Pr(B′) × Pr(C)
= (1 − 0.6) × (1 − 0.8) × 0.7
= 0.4 × 0.2 × 0.7
= 0.056

The probability only Chris sticks to the diet is 0.056.

c. 1. Express the required event in
terms of its complementary event.

c. The event that at least one of the three people sticks to
the diet is the complement of the event that no one sticks
to the diet.

2. Calculate the required probability. Pr(at least one sticks to the diet)

= 1 − Pr(no one sticks to the diet)
= 1 − Pr(A′ ∩ B′ ∩ C′)
= 1 − 0.4 × 0.2 × 0.3
= 1 − 0.024
= 0.976

The probability that at least one person sticks to the diet
is 0.976.
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Units 1 & 2 AOS 4 Topic 1 Concept 3

Independence Summary screen and practice questions

Exercise 8.4 Independence

Technology free

1. Two events A and B are such that Pr(A) = 0.7, Pr(B) = 0.8 and Pr(A ∪ B) = 0.94. Determine whether
events A and B are independent.

2. Events A and B are such that Pr(A) = 0.75, Pr(B) = 0.64 and Pr(A ∪ B) = 0.91. Determine whether
events A and B are independent.

3. a. Given Pr(A) = 0.3, Pr(B) = p and Pr(A ∩ B) = 0.12, determine the value of p if the events A and B
are independent.

b. Given Pr(A) = p, Pr(B) = 2p and Pr(A ∩ B) = 0.72, determine the value of p if the events A and B are
independent.

c. Given Pr(A) = q, Pr(B) = and Pr(A ∪ B) = , determine the value of q if the events A and B are

independent.

4. A student estimates her chance of passing a History test is and a Chemistry test is . Assuming

independence, calculate the probability that the student:
a. passes both tests
b. passes the Chemistry test but not the History test
c. does not pass the tests in either subject
d. passes at least one of the tests.

5. Clinical trials of a drug indicate that patients with a particular disease who are treated with the drug
have a cure rate of 4 in 5. Three patients are given the drug.
What is the probability that:
a. all three patients are cured?
b. none of the patients are cured?
c. the first patient is cured, the second patient is not cured, and the third patient is cured?

6. A family owns two cars, car A and car B. Car A is used 65% of the time, car B is used 74% of the time
and at least one of the cars is used 97% of the time. Determine whether the two cars are used
independently.

7. WE8 Consider the experiment of tossing a coin twice.
Let A be the event the first toss is a Tail, B the event of one Head and one Tail, and C be the event of no
more than one Tail.
a. List the sample space and the set of outcomes in each of A, B and C.
b. Test whether A and B are independent.
c. Test whether B and C are independent.
d. Use the addition formula to calculate Pr(B ∪ A).

8. Two unbiased six-sided dice are rolled. Let A be the event the same number is obtained on each die and
B be the event the sum of the numbers on each die exceeds 8.
a. Are events A and B mutually exclusive?
b. Are events A and B independent?

Justify your answers.
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c. If C is the event the sum of the two numbers equals 8, determine whether B and C are:
i. mutually exclusive
ii. independent.

9. WE9 Three underweight people, Ava, Bambi and Chi, commence a carbohydrate diet. The chances that
each person sticks to the diet are 0.4, 0.9 and 0.6 respectively, independent of each other. What is the
probability that:
a. all three people stick to the diet
b. only Ava and Chi stick to the diet
c. at least one of the three people does not stick to the diet?

10. A box of toy blocks contains 10 red blocks and 5 yellow blocks. A child draws out two blocks at
random.
a. Draw the tree diagram if the sampling is with replacement and calculate the probability that one

block of each colour is obtained.
b. Draw the tree diagram if the sampling is without replacement and calculate the probability that one

block of each colour is obtained.
c. If the child was to draw out three blocks, rather than two, calculate the probability of obtaining three

blocks of the same colour if the sampling is with replacement.

Technology active

11. The probability that a male is colourblind is 0.05 while the probability that a female is colourblind
is 0.0025.

If there is an equal number of males and females in a population, find the probability that a person
selected at random from the population is:
a. female and colourblind
b. colourblind given that the person is female
c. male given that the person is colourblind.
If two people are chosen at random, find the probability that:
d. both are colourblind males
e. one is colourblind given a male and a female are chosen, in that order.

12. Sarah and Kate sit a Biology exam. The probability that Sarah passes the exam is 0.9 and the probability
that Kate passes the exam is 0.8. Find the probability that:
a. both Sarah and Kate pass the exam
b. at least one of the two girls passes the exam
c. only 1 girl passes the exam, given that Sarah passes.

13. A survey of 200 people was carried out to determine the number of traffic violations committed by
different age groups. The results are shown in the table below.

Number of violations

Age group 0 1 2

Under 25 8 30 7

25–45 47 15 2

45–65 45 18 3

65+ 20 5 0
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If one person is selected at random from the group, find the probability that:
a. the person belongs to the under-25 age group
b. the person has had at least one traffic violation
c. given that the person has had at least 1 traffic violation, he or she has had only 1 violation
d. a 38 year old person has had no traffic violations
e. the person is under 25, given that he/she has had 2 traffic violations.

14. Events A and B are independent. If Pr(B) = and Pr(A B) = , find:

Pr(A)a. Pr(B A)b. Pr(A ∩ B)c. Pr(A ∪ B).d.

15. Events A and B are such that Pr(B) = , Pr(A B) = and Pr(A ∪ B) = .

a. Find Pr(A ∩ B).
b. Find Pr(A).
c. Determine whether events A and B are independent.

16. Events A and B are independent such that Pr(A ∪ B) = 0.8 and Pr(A B′) = 0.6. Find Pr(B).
17. Six hundred people were surveyed about whether they watched movies on their TV or on their devices.

They are classified according to age, with the following results.

TV

Device

Age 15 to 30

95

195

290

Age 30 to 70

175

135

310

270

330

600

Based on these findings, is the device used to watch movies independent of a person’s age?
18. A popular fast-food restaurant has studied the customer service provided by a sample of 100 of its

employees across Australia. They wanted to know if employees who were with the company longer
received more positive feedback from customers than newer employees.

The results of their study are shown below.

Employed 2 years
or more (T) 
Employed fewer
than 2 years (T′) 

Positive customer
feedback (P)

34

22

58

Negative customer
feedback (P′) 

16

26

42

50

50

100

Are the events P and T independent? Justify your answer.
19. Roll two fair dice and record the number uppermost on each. Let A be the event of rolling a 6 on one

die, B be the event of rolling a 3 on the other, and C be the event of the product of the numbers on the
dice being at least 20.
a. Are the events A and B independent? Explain.
b. Are the events B and C independent? Explain.
c. Are the events A and C independent? Explain.
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8.5 Counting techniques
When calculating the probability of an event A from the fundamental rule Pr(A) = n(A)

n(𝜉)
, the number of

elements in both A and the sample space need to be able to be counted. Here we shall consider two counting
techniques, one where order is important and one where order is not important. Respectively, these are called
arrangements and selections or, alternatively, permutations and combinations.

8.5.1 Arrangements or permutations
The arrangement AB is a different arrangement to BA.

If two of three people designated by A, B and C are to be placed in a line, the possible arrangements are
AB, BA, AC, CA, BC, CB. There are 6 possible arrangements or permutations.

Rather than list the possible arrangements, the number of possibilities could be calculated as follows using
a box table.

3 2

↑
There are 3 people who can occupy the left position.
Once that position is filled this leaves 2 people who can occupy the remaining position.
Multiplying these figures together gives the total number of 3 × 2 = 6 arrangements. This is an illustration

of the multiplication principle.

Multiplication principle
If there are m ways of doing the first procedure and for each one of these there are n ways of doing the second
procedure, then there are m × n ways of doing the first and the second procedures. This can be extended.

Suppose either two or three of four people A, B, C, D are to be arranged in a line. The possible
arrangements can be calculated as follows:

Arrange two of the four people:

4 3

This gives 4 × 3 = 12 possible arrangements using the multiplication principle.
Arrange three of the four people:

4 3 2

This gives 4 × 3 × 2 = 24 possible arrangements using the multiplication principle.
The total number of arrangements of either two or three from the four people is 12+24 = 36. This illustrates

the addition principle.

Addition principle for mutually exclusive events
For mutually exclusive procedures, if there are m ways of doing one procedure and n ways of doing another
procedure, then there are m + n ways of doing one or the other procedure.

AND × (Multiplication principle)
OR + (Addition principle)
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WORKED EXAMPLE 10

Consider the set of five digits {2, 6, 7, 8, 9}.
Assume no repetition of digits in any one number can occur.
How many three-digit numbers can be formed from this set?a.

How many numbers with at least four digits can be formed?b.

How many five-digit odd numbers can be formed?c.

One of the five-digit numbers is chosen at random. What is the probability it will be
an odd number?

d.

THINK WRITE

a. 1. Draw a box table with three divisions. a. There are five choices for the first digit, leaving
four choices for the second digit and then three
choices for the third digit.

5 4 3

2. Calculate the answer. Using the multiplication principle, there are
5 × 4 × 3 = 60 possible three-digit numbers that
could be formed.

b. 1. Interpret the event described. b. At least four digits means either four-digit or
five-digit numbers are to be counted.

2. Draw the appropriate box tables. For four-digit numbers:

5 4 3 2

For five-digit numbers:

5 4 3 2 1

3. Calculate the answer. There are 5 × 4 × 3 × 2 = 120 four-digit numbers
and 5 × 4 × 3 × 2 × 1 = 120 five-digit numbers.
Using the addition principle there are
120 + 120 = 240 possible four- or five-digit
numbers.

c. 1. Draw the box table showing the
requirement imposed on the number.

c. For the number to be odd its last digit must be
odd, so the number must end in either 7 or 9.
This means there are two choices for
the last digit.

2
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2. Complete the box table. Once the last digit has been formed, there are
four choices for the first digit then three choices
for the second digit, two choices for the third
digit and one choice for the fourth digit.

4 3 2 1 2

3. Calculate the answer. Using the multiplication principle, there are
4 × 3 × 2 × 1 × 2 = 48 odd five-digit
numbers possible.

d. 1. Define the sample space and state n(𝜉). d. The sample space is the set of five-digit
numbers. From part b, n(𝜉) = 120.

2. State the number of elements in the
required event.

Let A be the event the five-digit number is odd.
From part c, n(A) = 48.

3. Calculate the probability.
Note: The last digit must be odd.
Of the five possible last digits, two are
odd. Hence the probability the number is

odd is
2
5

.

Pr (A) = n(A)
n(𝜉)

=
48

120

=
2
5

The probability the five-digit number is odd is
2
5

.

Interactivity: Counting techniques (int-6293)

 8.5.2 Factorial notation
The number of ways that four people can be arranged in a row can be calculated using the box table shown.

4 3 2 1

Using the multiplication principle, the total number of arrangements is 4 × 3 × 2 × 1 = 24. This can be
expressed using factorial notation as 4!. In general, the number of ways of arranging n objects in a row is:

n! = n × (n− 1) × (n− 2) × ... × 2 × 1.UNCORRECTED PAGE PROOFS



8.5.3 Arrangements in a circle

3 2

first last

1

↑ ↑

Consider arranging the letters A, B and C.
If the arrangements are in a row then there are 3! = 6 arrangements.
In a row arrangement there is a first and a last position.
In a circular arrangement there is no first or last position; order is only cre-

ated clockwise or anticlockwise from one letter once this letter is placed. This
means ABC and BCA are the same circular arrangement, as the letters have
the same anticlockwise order relative to A.

A

C

B

A

B

C

There are only two distinct circular arrangements of three letters:
ABC or ACB as shown.

n! is the number of ways of arranging n objects in a row.
(n − 1) ! is the number of ways of arranging n objects in a circle.
Three objects A, B and C can be arranged in a row in 3! ways;

three objects can be arranged in a circle in (3 − 1)! = 2! ways.

WORKED EXAMPLE 11

A group of 7 students queue in a straight line at a canteen to buy a drink.
In how many ways can the queue be formed?a.

The students carry their drinks to a circular table. In how many different seating
arrangements can the students sit around the table?

b.

This group of students have been shortlisted for the Mathematics, History and Art prizes.
What is the probability that one person in the group receives all three prizes?

c.

THINK WRITE

a. 1. Use factorial notation to describe
the number of arrangements.

a. Seven people can arrange in a straight line in 7! ways.

2. Calculate the answer.
Note: A calculator could be used to
evaluate the factorial.

Since 7! = 7 × 6 × 5! and 5! = 120,

7! = 7 × 6 × 120
= 7 × 720
= 5040

There are 5040 ways in which the students can form the
queue.

b. 1. State the rule for circular
arrangements.

b. For circular arrangements, 7 people can be arranged in
(7 − 1)! = 6! ways.

2. State the answer. Since 6! = 720, there are 720 different arrangements in
which the 7 students may be seated.

c. 1. Form the number of elements in
the sample space.

c. There are three prizes. Each prize can be awarded to
any one of the 7 students.

The total number of ways the prizes can be awarded is
7 × 7 × 7.

∴ n(𝜉) = 7 × 7 × 7
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2. Form the number of elements in
the event under consideration.

Let A be the event that the same student receives all
three prizes. There are seven choices for that student.

∴ n(A) = 7

3. Calculate the required probability. Pr(A) = n(A)
n(𝜉)

=
7

7 × 7 × 7

=
1

49

The probability that one student receives all three

prizes is
1

49
.

TI| THINK WRITE CASIO| THINK WRITE

a. 1. On a Calculator page,
complete the entry line
as 7!
then press ENTER.
Note: the factorial
symbol (!) can be found
by pressing the button.

a. 1. On the Main screen, complete the
entry line as 7!
then press EXE.
Note: the factorial symbol (!) can
be found in the Advance tab in the
Keyboard menu.

2. The answer appears on
the screen.

5040 2. The answer appears on the screen. 5040

b. 1. On a Calculator page.
complete the entry line
as 6!
then press ENTER.
Note: the factorial
symbol (!) can be found
by pressing the button.

b. 1. On the Main screen, complete the
entry line as 6!
then press EXE.
Note: the factorial symbol (!) can
be found in the Advance tab in the
Keyboard menu.

2. The answer appears on
the screen.

720 2. The answer appears on the screen. 720

8.5.4 Arrangements with objects grouped together
Where a group of objects are to be together, treat them as one unit in order to calculate the number of arrange-
ments. Having done this, then allow for the number of internal rearrangements within the objects grouped
together, and apply the multiplication principle.

For example, consider arranging the letters A, B, C and D with the restriction that ABC must be together.
Treating ABC as one unit would mean there are two objects to arrange: D and the unit (ABC).
Two objects arrange in 2! ways.
For each of these arrangements, the unit (ABC) can be internally arranged in 3! ways.
The multiplication principle then gives the total number of possible arrangements which satisfy the

restriction is 2! × 3! or 2 × 6 = 12 arrangements.
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8.5.5 Arrangements where some objects may be identical
The word SUM has three distinct letters. These letters can be arranged in 3! ways. The six arrangements
can be listed as 3 pairs SUM and MUS, USM and UMS, SMU and MSU formed when the S and the M are
interchanged.

Now consider the word MUM. Although this word also has three letters, two of the letters are identical.
Interchanging the two M’s will not create a new arrangement. SUM and MUS where the S and the M are
interchanged are different, but MUM and MUM are the same.

There are only three arrangements: MUM, UMM and MMU.

The number of arrangements is
3!
2!

= 3.

This can be considered as cancelling out the rearrangements of the 2 identical letters from the total number
of arrangements of 3 letters.

The number of arrangements of n objects, p of which are of one type, q of which are of another type … ,

is
n!

p! q! …
.

WORKED EXAMPLE 12

Consider the two words ‘PARALLEL’ and ‘LINES’.
How many arrangements of the letters of the word LINES have the vowels grouped together?a.

How many arrangements of the letters of the word LINES have the vowels separated?b.

How many arrangements of the letters of the word PARALLEL are possible?c.

What is the probability that in a randomly chosen arrangement of the word PARALLEL,
the letters A are together?

d.

THINK WRITE

a. 1. Group the required letters together. a. There are two vowels in the word LINES. Treat these
letters, I and E, as one unit.

2. Arrange the unit of letters together
with the remaining letters.

Now there are four groups to arrange: (IE), L, N, S.
These arrange in 4! ways.

3. Use the multiplication principle to
allow for any internal
rearrangements.

The unit (IE) can internally rearrange in 2! ways.
Hence, the total number of arrangements is:
4! × 2! = 24 × 2

= 48

b. 1. State the method of approach to
the problem.

b. The number of arrangements with the vowels separated
is equal to the total number of arrangements minus the
number of arrangements with the vowels together.

2. State the total number of
arrangements.

The five letters of the word LINES can be arranged in
5! = 120 ways.

3. Calculate the answer. From part a, there are 48 arrangements with the two
vowels together.

Therefore, there are 120 − 48 = 72 arrangements in
which the two vowels are separated.

c. 1. Count the letters, stating any
identical letters.

c. The word PARALLEL contains 8 letters of which there
are 2 A’s and 3 L’s.

2. Using the rule
n!

p! q! ...
state the

number of distinct arrangements.

There are
8!

2! × 3!
arrangements of the word

PARALLEL.
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3. Calculate the answer.
8!

2! × 3!
= 8 × 7 × 6 × 5 × �42 × ��3!

�2 × ��3!
= 3360

There are 3360 arrangements.

d. 1. State the number of elements in the
sample space.

d. There are 3360 total arrangements of the word

PARALLEL, so n(𝜉) = 3360 or
8!

2! × 3!
.

2. Group the required letters together. For the letters A to be together, treat these two letters as
one unit. This creates seven groups (AA),
P, R, L, L, E, L of which three are identical L’s.

3. Calculate the number of elements
in the event.

The seven groups arrange

in
7!
3!

ways. As the unit (AA) contains two identical

letters, there are no distinct internal rearrangements
of this unit that need to be taken into account.

Hence
7!
3!

is the number of elements in the event.

4. Calculate the required probability.
Note: It helps to use factorial
notation in the calculations.

The probability that the A’s are together

=
number of arrangements with the As together

total number of arrangements

= 7!
3!

÷ 8!
2! × 3!

= 7!
3!

× 2! × 3!
8 × 7!

=
2
8

=
1
4

Formula for permutations
The number of arrangements of n objects taken r at a time is shown in the box table.

n n − 1 n − 2 … … … … … … … … … … … … n − r + 1

↑ ↑ ↑ ↑

1st 2nd 3rd … … … … … … … … … … … … r th object

The number of arrangements equals n (n − 1) (n − 2) … (n − r + 1).
This can be expressed using factorial notation as:

n (n − 1) (n − 2) … (n − r + 1)

= n (n − 1) (n − 2) … (n − r + 1) ×
(n − r) (n − r − 1) × ...2 × 1
(n − r) (n − r − 1) × ...2 × 1

= n!
(n − r) !

The formula for the number of permutations or arrangements of n objects taken r at a time is nPr = n!
(n − r) !

.

Although we have preferred to use a box table, it is possible to count arrangements using this formula.
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8.5.6 Combinations or selections
Now we shall consider the counting technique for situations where order is unimportant. This is the situation
where the selection AB is the same as the selection BA. For example the entry Alan and Bev is no different
to the entry Bev and Alan as a pair of mixed doubles players in a tennis match: they are the same entry.

The number of combinations of r objects from a total group of n distinct objects is calculated by counting
the number of arrangements of the objects r at a time and then dividing that by the number of ways each
group of these r objects can rearrange between themselves. This is done in order to cancel out counting these
as different selections.

The number of combinations is therefore
nPr
r!

= n!
(n − r) ! r!

.

The symbol for the number of ways of choosing r objects from a total of n objects is nCr or (
n
r).

The number of combinations of r objects from a total of n objects is:

nCr =
n!

r! (n− r) ! = (
n
r),

0 ≤ r ≤ n where r and n are non-negative integers.

The formula for nCr is exactly that for the binomial coefficients used in the binomial theorem. These values
are the combinatoric terms in Pascal’s triangle as encountered in an earlier chapter.

Drawing on that knowledge, we have:
• nC0 = 1 = Cn n, there being only one way to choose none or all of the n objects.
• nC1 = n, there being n ways to choose one object from a group of n objects.
• nCr = Cn n−r since choosing r objects must leave behind a group of (n − r) objects and vice versa.

Calculations
The formula is always used for calculations in selection problems. Most calculators have a nCr key to assist
with the evaluation when the figures become large.

Both the multiplication and addition principles apply and are used in the same way as for arrangements.

The calculation of probabilities from the rule Pr(A) = n(A)
n(𝜉)

requires that the same counting technique

used for the numerator is also used for the denominator. We have seen for arrangements that it can assist
calculations to express numerator and denominator in terms of factorials and then simplify. Similarly for
selections, express the numerator and denominator in terms of the appropriate combinatoric coefficients and
then carry out the calculations.

WORKED EXAMPLE 13

A committee of 5 students is to be chosen from 7 boys and 4 girls.
How many committees can be formed?a.

How many of the committees contain exactly 2 boys and 3 girls?b.

How many committees have at least 3 girls?c.

What is the probability of the oldest and youngest students both being on the committee?d.

THINK WRITE

a. 1. As there is no restriction, choose the
committee from the total number of
students.

a. There are 11 students in total from whom
5 students are to be chosen. This can be done
in 11C5 ways.
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2. Use the formula nCr =
n!

r! × (n − r) !
to

calculate the answer.

11C5 = 11!
5! ×(11 − 5)!

= 11!
5! × 6!

= 11 × 10 × 9 × 8 × 7 × 6!
5! × 6!

= 462

There are 462 possible committees.

b. 1. Select the committee to satisfy the
given restriction.

b. The 2 boys can be chosen from the 7 boys
available in 7C2 ways.

The 3 girls can be chosen from the 4 girls
available in 4C3 ways.

2. Use the multiplication principle to form
the total number of committees.
Note: The upper numbers on the
combinatoric coefficients sum to the
total available, 7 + 4 = 11, while the
lower numbers sum to the number that
must be on the committee, 2 + 3 = 5.

The total number of committees which contain
two boys and three girls is 7C2 × 4C3.

3. Calculate the answer. 7C2 × 4C3 = 7!
2! × 5!

× 4

= 7 × 6
2!

× 4

= 21 × 4
= 84

There are 84 committees possible with the given
restriction.

c. 1. List the possible committees which
satisfy the given restriction.

c. As there are 4 girls available, at least 3 girls means
either 3 or 4 girls.
The committees of 5 students which satisfy this
restriction have either 3 girls and 2 boys, or they
have 4 girls and 1 boy.

2. Write the number of committees in
terms of combinatoric coefficients.

3 girls and 2 boys are chosen in 4C3 × 7C2 ways.
4 girls and 1 boy are chosen in 4C4 × 7C1 ways.

3. Use the addition principle to state the
total number of committees.

The number of committees with at least three girls
is 4C3 × 7C2 + 4C4 × 7C1.

4. Calculate the answer. 4C3 × 7C2 + 4C4 × 7C1 = 84 + 1 × 7

= 91

There are 91 committees with at least 3 girls.

d. 1. State the number in the sample space. d. The total number of committees of 5 students is
11C5 = 462 from part a.
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2. Form the number of ways the given
event can occur.

Each committee must have 5 students. If the oldest
and youngest students are placed on the
committee, then 3 more students need to be
selected from the remaining 9 students to form the
committee of 5. This can be done in 9C3 ways.

3. State the probability in terms of
combinatoric coefficients.

Let A be the event the oldest and the youngest
students are on the committee.

Pr(A) = n(A)
n(𝜉)

=
9C3

11C5

4. Calculate the answer. Pr(A) = 9!
3! × 6!

÷ 11!
5! × 6!

= 9!
3! × 6!

× 5! × 6!
11!

= 1
3!

×
5!

11 × 10

=
5 × 4
110

=
2

11

The probability of the committee containing the

youngest and the oldest students is
2

11
.

TI| THINK WRITE CASIO| THINK WRITE

a. 1. On a Calculator page,
press MENU then select
5: Probability
3: Combinations
Complete the entry line
as nCr(11, 5) then press
ENTER.

a. 1. On the Main screen, select
nCr from the Advance tab of the
Keyboard menu.
Complete the entry line as
nCr(11, 5)
then press EXE.

2. The answer appears on
the screen.

462 2. The answer appears on the screen. 462

b. 1. On a Calculator page,
complete the entry line
as nCr(7, 2) × nCr(4, 3)
then press ENTER.

1. On the Main screen, complete the
entry line as nCr(7, 2) × nCr(4, 3)
then press EXE.

2. The answer appears on
the screen.

84. 2. The answer appears on the screen. 84.
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Units 1 & 2 AOS 4 Topic 1 Concept 3

Counting techniques Summary screen and practice questions

Exercise 8.5 Counting techniques

Technology free

1. In how many ways can three students be seated in a row?
2. How many even two digit numbers can be formed from the digits 4, 5, 6, 7, 8 if each digit can be used

only once?
3. a. How many arrangements of the letters of the word SAGE are possible?

b. How many arrangements of the letters of the word THYME are possible if the letter T must always
be first?

4. How many two or three digit numbers can be formed from the set of digits {9, 8, 5, 3} if no digit can be
repeated more than once in any number?

5. A person wanting to travel between Bendigo and Maldon gathers the following information: You can
drive from Bendigo to Maldon, via Castlemaine, or via Newbridge or via Lockwood South. Alternatively
you can take the train from Bendigo to Castlemaine and then the bus from Castlemaine to Maldon. Using
this information, determine the number of ways the person can travel from Bendigo to Maldon and back
to Bendigo.

6. a. Baby Amelie has 10 different bibs and 12 different body suits.
How many different combinations of bib and body suit can
she wear?

b. A teacher, Christine, has the option of taking the motorway or
the highway to work each morning. She then must travel through
some suburban streets and has the option of three different routes
through suburbia. If Christine wishes to take a different route to
work each day, on how many days will she be able to take a
different route before she must use a route already travelled?

c. When selecting his new car, Abdul has the option of a manual or an
automatic. He is also offered a choice of 5 exterior colours, leather or
vinyl seats, 3 interior colours and the options of individual seat
heating and self-parking. How many different combinations of new
car can Abdul choose from?

d. Sarah has a choice of 3 hats, 2 pairs of sunglasses, 7 T-shirts and
5 pairs of shorts. When going out in the sun, she chooses one of each
of these items to wear.
How many different combinations are possible?

e. In order to start a particular game, each player must roll an unbiased die, then select a card from a
standard pack of 52. How many different starting combinations are possible?

f. On a recent bushwalking trip, a group of friends had a choice of travelling by car, bus or train to the
Blue Mountains. They decided to walk to one of the waterfalls, then to a mountain-top scenic view.
How many different trips were possible if there are six different waterfalls and 12 mountain-top
scenic views?
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Technology active

7. a. Registration plates on a vehicle consist of 2 letters of the English alphabet followed by 2 digits
followed by another letter. How many different number plates are possible if repetitions are allowed?

b. How many five-letter words can be formed using the letters B, C, D, E, G, I and M if repetitions are
allowed?

c. A die is rolled three times. How many possible outcomes are there?
d. How many three-digit numbers can be formed using the digits 2, 3, 4, 5, 6, 7 if repetitions are allowed?
e. Three friends on holidays decide to stay at a hotel which has 4 rooms available. In how many ways

can the rooms be allocated if there are no restrictions and each person has their own room?
8. Eight people, consisting of 4 boys and 4 girls, are to be arranged in a row. Find the number of ways this

can be done if:
a. there are no restrictions
b. the boys and girls are to alternate
c. the end seats must be occupied by a girl
d. the brother and sister must not sit together
e. the girls must sit together.

9. How many three-digit numbers can be formed from the digits 0, 1, 2, 3, 4, 5, 6, 7, 8, 9 given that no
repetitions are allowed, the number cannot start with 0, and the following condition holds:
a. there are no other restrictions
b. the number must be even
c. the number must be less than 400
d. the number is made up of odd digits only?

10. Six girls are to be seated in a row.
a. What is the total number of ways in which the girls can be seated.?
b. How many of the seating arrangements have the two girls, Agnes and Betty, sat together?
c. Use the results of parts a and b to calculate the probability of Agnes and Betty being sat together.

11. From a group of 8 books on a shelf, 3 are hardbacks and 5 are paperbacks.
a. In how many ways can 2 hardbacks and 3 paperbacks be chosen from this group of books?
b. In how many ways can any set of 5 books be selected from this group of books?
c. Use the results of parts a and b to calculate the probability of choosing 2 hardbacks and 3

paperbacks when selecting 5 books from this shelf.
12. WE10 Consider the set of five digits {3, 5, 6, 7, 9}.

Assume no repetition of digits in any one number can occur.
a. How many four-digit numbers can be formed from this set?
b. How many numbers with at least three digits can be formed?
c. How many five-digit even numbers can be formed?
d. One of the five-digit numbers is chosen at random. What is the probability it will be an even number?

13. A car’s number plate consists of two letters of the English alphabet followed by three of the digits
0 to 9, followed by one single letter. Repetition of letters and digits is allowed.
a. How many such number plates are possible?
b. How many of the number plates use the letter X exactly once?
c. What is the probability the first two letters are identical and all three numbers are the same, but the

single letter differs from the other two?
14. WE11 A group of six students queue in a straight line to take out books from the library.

a. In how many ways can the queue be formed?
b. The students carry their books to a circular table. In how many different seating arrangements can the

students sit around the table?
c. This group of students have been shortlisted for the Mathematics, History and Art prizes. What is the

probability that one person in the group receives all three prizes?
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15. a. In how many ways can 7 men be selected from a group of 15 men?
b. How many five-card hands can be dealt from a standard pack of 52 cards?
c. How many five-card hands that contain all 4 aces, can be dealt from a standard pack of 52 cards?
d. In how many ways can 3 prime numbers be selected from the set containing the first 10 prime

numbers?
16. A panel of 8 is to be selected from a group of 8 men and 10 women. Find how many panels can be

formed if:
a. there are no restrictions
b. there are 5 men and 3 women on the panel
c. there are at least 6 men on the panel
d. two particular men cannot both be included
e. a particular man and woman must both be included.

17. A group of four boys seat themselves in a circle.
a. How many different seating arrangements of the boys are possible?
b. Four girls join the boys and seat themselves around the circle so that each girl is sat between two

boys. In how many ways can the girls be seated?
18. WE12 Consider the words SIMULTANEOUS and EQUATIONS.

a. How many arrangements of the letters of the word EQUATIONS have the letters Q and U grouped
together?

b. How many arrangements of the letters of the word EQUATIONS have the letters Q and U separated?
c. How many arrangements of the letters of the word SIMULTANEOUS are possible?
d. What is the probability that in a randomly chosen arrangement of the word SIMULTANEOUS, both

the letters U are together?
19. WE13 A committee of 5 students is to be chosen from 6 boys and 8 girls.

a. How many committees can be formed?
b. How many of the committees contain exactly 2 boys and 3 girls?
c. How many committees have at least 4 boys?
d. What is the probability of neither the oldest nor the youngest student being on the committee?

20. How many words can be formed from the letters of the word BANANAS given the following
conditions?
a. All the letters are used.
b. A four-letter word is to be used including at least one A.
c. A four-letter word using all different letters is to be used.

21. a. A set of 12 mugs that are identical except for the colour are to be placed
on a shelf. In how many ways can this be done if 4 of the mugs are blue,
3 are orange and 5 are green?

b. In how many ways can the 12 mugs from part a be arranged in 2 rows of
6 if the green ones must be in the front row?

22. In how many ways can 6 men and 3 women be arranged at a circular table if:
a. there are no restrictions
b. the men can only be seated in pairs?

23. Consider the universal set S = {2, 3, 4, 5, 7, 8, 10, 11, 13, 14, 15, 17}.
a. How many subsets of S are there?
b. Determine the number of subsets whose elements are all even numbers.
c. What is the probability that a subset selected at random will contain only even numbers?
d. Find the probability that a subset selected at random will contain at least 3 elements.
e. Find the probability that a subset selected at random will contain exactly 3 numbers, all of which are

prime numbers.

TOPIC 8 Probability 499

UNCORRECTED PAGE PROOFS



500 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition

24. In how many ways can the thirteen letters PARALLEL LINES be arranged:
a. in a row
b. in a circle
c. in a row with the vowels together?

25. A cricket team of eleven players is to be selected from a list of 3 wicketkeepers, 6 bowlers and
8 batsmen. What is the probability the team chosen consists of one wicketkeeper, four bowlers
and six batsmen?

26. A representative sport committee consisting of
7 members is to be formed from 21 tennis players,
17 squash players and 18 badminton players. Find
the probability that the committee will contain:
a. 7 squash players
b. at least 5 tennis players
c. at least one representative from each sport
d. exactly 3 badminton players, given that it

contains at least 1 badminton player.
27. One three-digit number is selected at random from all the

possible three-digit numbers. Find the probability that:
a. the digits are all primes
b. the number has just a single repeated digit
c. the digits are perfect squares
d. there are no repeated digits
e. the number lies between 300 and 400 inclusive, given

that the number is greater than 200.

8.6 Binomial coefficients and Pascal’s triangle
8.6.1 Binomial coefficients
In this section the link between counting techniques and the binomial coefficients will be explored.

Consider the following example.
A coin is biased in such a way that the probability of tossing a Head is 0.6. The coin is tossed three times.

The outcomes and their probabilities are shown below.

(TTT) = 0.4)3 orPr (0H) = 0.4)3

Pr (HTT) = (0.6) (0.4)2

Pr (THT) = (0.6) (0.4)2

Pr (TTH) = (0.6) (0.4)2

⎫
⎪
⎬
⎪
⎭

→ Pr (1H) =
(

3

1 )
(0.6) (0.4)2 or Pr (1H) = 3 (0.6) (0.4)2

Pr (HHT) = (0.6)2 (0.4)
Pr (HTH) = (0.6)2 (0.4)
Pr (THH) = (0.6)2 (0.4)

⎫
⎪
⎬
⎪
⎭

→ Pr (2H) =
(

3

2 )
(0.6)2 (0.4) or Pr (2H) = 3(0.6)2 (0.4)

Pr (HHH) = 0.63 → Pr (3H) = 0.63

Since this represents the sample space, the sum of these probabilities is 1.

Pr ( (
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So we have Pr (0H) + Pr (1H) + Pr (2H) + Pr (3H) = 1

(
3
0 ) (0.4)3 + (

3
1 ) (0.4)2 (0.6) + (

3
2 ) (0.4) (0.6)2 + (

3
3 ) 0.63 = 1

→ 1 = (0.4)3 + 3(0.4)2 (0.6) + 3 (0.4) (0.6)2 + 0.63

Note that (
3
2), which is the number of ways in which we can get 2 Heads from 3 tosses, is also the number

of ordered selections of 3 objects where 2 are alike of one type (Heads) and 1 of another (Tails), as was noted
previously.

Now compare the following expansion:

(q + p)3 = q3 + 3q2p + 3qp2 + p3

We see that if we let p = 0.6 (the probability of getting a Head on our biased die) and q = 0.4 (the probability
of not getting a Head), we have identical expressions. Hence:

(0.4 + 0.6)3 = (0.4)3 + 3(0.4)2 (0.6) + 3 (0.4) (0.6)2 + 0.63

= (
3
0 ) (0.4)3 + (

3
1 ) (0.4)2 (0.6) + (

3
2 ) (0.4) (0.6)2 + (

3
3 ) 0.63

So the coefficients in the binomial expansion are equal to the number of ordered selections of 3 objects of
just 2 types.

If we were to toss the coin n times, with p being the probability of a Head and q being the probability of
not Head (Tail), we have the following.

The probability of 0 Heads (n Tails) in n tosses is (
n
0) qn

The probability of 1 Head (n − 1 Tails) in n tosses is (
n
1) qn−1p

The probability of 2 Heads (n − 2 Tails) in n tosses is (
n
2) qn−2p2

These probabilities are known as binomial probabilities.
In general, the probability of getting r favourable and n− r non-favourable outcomes, in n repetitions of an

experiment, is (
n
r) qn−rpr, where (

n
r) is the number of ways of getting r favourable outcomes.

So again equating the sum of all the probabilities in the sample space to the binomial expansion of (q + p)n,
we have:

(q + p)n = (
n
0 ) qn + (

n
1 ) qn−1p + (

n
2 ) qn−2p2 + ... + (

n
r ) qn−rpr

+... (
n

n − 1 ) qpn−1 + (
n
n ) pn

Hence, generalising, in the binomial expansion of (a + b)n, the coefficient of an−rbr is (
n
r), where (

n
r) is

the number of ordered selections of n objects, in which r are alike of one type and n − r are alike

of another type.
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We have:

(a + b)n = (
n
0 ) an + (

n
1 ) an−1b + (

n
2 ) an−2b2 + ... + (

n
r ) an−rbr + ...

+ (
n

n − 1 ) abn−1 + (
n
n ) bn

We now have a simple formula for calculating binomial coefficients.
This can be written using sigma notation as:

(a+ b)n =
n

∑
r=0 (

n
r ) an−rbr

Important features to note in the expansion are:
1. The powers of a decrease as the powers of b increase.
2. The sum of the powers of a and b for each term in the expansion is equal to n.

3. As we would expect,
(
n
0) = (

n
n)

= 1
since there is only 1 way of selecting none, or of selecting all n objects.

4. If we look at the special case of:

(1 + x)n = (
n
0) + (

n
1) x+ (

n
2) x2 + (

n
3) x3 + ... + (

n
r) xr + ... + (

n
n − 1) xn−1 + (

n
n) xn then (

n
r), or

nCr, is the coefficient of xr.

WORKED EXAMPLE 14

Write down the expansion of the following.
(p+ q)4a.

(x− y)3b.

(2m+ 5)3c.

THINK WRITE

a. 1. Determine the values
of n, a and b in the
expansion of (a + b)n.

a. n = 4; a = p; b = q

2. Use the formula to
write the expansion
and simplify.

(p + q)4 = (
4
0) p4 + (

4
1) p3q + (

4
2) p2q2 + (

4
3) pq3 + (

4
4) q4

= p4 + 4p3q + 6p2q2 + 4pq3 + q4

b. 1. Determine the values
of n, a and b in the
expansion of (a + b)n.

b. n = 3; a = x; b = −y

2. Use the formula to
write the expansion
and simplify.

(x − y)3 = (
3
0) x3 + (

3
1) x2(−y) + (

3
2) x(−y)2 + (

3
3) (−y)3

= x3 − 3x2y + 3xy2 − y3
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c. 1. Determine the values
of n, a and b in the
expansion of (a + b)n.

c. n = 3; a = 2m; b = 5

2. Use the formula to
write the expansion
and simplify.

(2m + 5)3 = (
3
0) (2m)3 + (

3
1) (2m)2(5) + (

3
2) (2m)(5)2 + (

3
3) (5)3

= 8m3 + 60m2 + 150m + 125

TI | THINK WRITE CASIO | THINK WRITE

a. 1. On a Calculator page,
press MENU then select
3: Algebra
3: Expand
Complete the entry line
as
expand((p + q)4)
then press ENTER.

a. 1. On the Main screen, select:
- Interactive
- Transformation
- expand
Complete the entry line as
(p + q)4

then select OK.

2. The answer appears on
the screen.

(p + q)4 =
p4 + 4p3q + 6p2q2 + 4pq3 + q4

2. The answer appears on the
screen.

(p + q)4 = p4 + q4 +
4p3q + 4pq3 + 6p2q2

Sigma notation

The expansion of (1 + x)n can also be expressed in sigma notation as (1 + x)n =
n

∑
r=0

(
n
r) xr.

WORKED EXAMPLE 15

Find each of the following in the expansion of (3x
2 − 1

x)
6
.

The term independent of xa. The term in x−6b.

THINK WRITE

a. 1. Express the expansion in sigma
notation.

a. (3x2 −
1
x)

6

=
6

∑
r=0 (

6
r)

(3x2)
6−r

(−
1
x)

r
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2. Simplify by collecting poers of x. (3x2 −
1
x)

6

=
6

∑
r=0

(−1)r (
6
r) 36−rx12−2rx−r

=
6

∑
r=0

(−1)r (
6
r) 36−rx12−3r

3. For the term independent of x, we need
the power of x to be 0.

12 − 3r = 0
r = 4

4. Substitute the value of r in the
expression.

(−1)r (
6
r) 36−rx12−3r = (−1)4

(
6
4) 32

= 135

5. Answer the question. The 5th term, 135, is independent of x.

b. 1. For the term in x−6, we need to make
the power of x equal to −6.

b. 12 − 3r = −6
r = 6

2. Substitute the value of r in the
expression.

(−1)r (
6
r) 36−rx12−3r = (−1)6

(
6
6) 30x−6

= x−6

3. Answer the question. The 7th term is x−6.

8.6.2 Pascal’s triangle
We saw earlier that the coefficient of pn−rqr in the

binomial expansion of (p + q)n is (
n
r), the number of

ordered selections of n objects, in which r are alike of one
type and n − r are alike of another type. These coefficients
reappear in Pascal’s triangle, shown in the diagram.

Compare the following expansions:

(p + q)0 = 1 Coefficient: 1 (
0
0)

(p + q)1 = p + q Coefficients: 1 1 (
1
0), (

1
1)

(p + q)2 = p2 + 2pq + q2 Coefficients: 1 2 1 (
2
0), (

2
1), (

2
2)

(p + q)3 = p3 + 3p2q + 3pq2 + q3 Coefficients: 1 3 3 1 (
3
0), (

3
1), (

3
2), (

3
3)

(p + q)4 = p4 + 4p3q + 6p2q2 + 4pq3 + q4 Coefficients: 1 4 6 4 1 (
4
0), (

4
1), (

4
2), (

4
3), (

4
4)
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The coefficients in the binomial expansion are equal to the numbers in Pascal’s triangle.

Hence the triangle can be written using the (
n
r) or nCr notation as follows:

n = 0:

n = 1:

n = 2:

n = 3:

n = 4:

n = 5:

Note that the first and last number in each row is always 1.
Each coefficient is obtained by adding the two coefficients immediately above it.

This gives Pascal’s identity:

nCr = n−1Cr−1 + n−1Cr for 0 < r < n

WORKED EXAMPLE 16

Write down the notation for the 8th coefficient in the 13th row of Pascal’s triangle.a.

Calculate the value of (
7
5).b.

A coin is biased in such a way that the probability of tossing a Head is 0.6.
Form an expression for the probability of obtaining 5 Heads in 7 tosses of the coin.

c.

THINK WRITE

a. 1. Write down the values of n and r.
Remember, numbering starts at 0.

a. n = 13 and r = 7

UNCORRECTED PAGE PROOFS



506 Jacaranda Maths Quest 11 Mathematical Methods VCE Units 1 & 2 Second Edition

2. Substitute into the notation. 8th coefficient in the 13th row is 13C7.

b. 1. Use the formula. b. (
7
5) = 7!

(7 − 5) ! 5!

= 7 × 6
2!

= 21

2. Verify using a calculator. 7C5 = 21

c. 1. State the two types of outcomes in the
event of obtaining 5 Heads in 7 tosses
of the coin.

c. 5 Heads in 7 tosses of the coin means 5 Heads and
2 Tails were obtained.

2. Write down the symbol for the number
of ordered selections of n objects in
which r are alike of one type and n − r
are alike of another.

The binomial coefficient (
n
r), gives the number of

ordered selections of n objects in which r are alike
of one type and n − r are alike of another.

3. State the values of n, r and n − r and
write down the binomial coefficient.

For 5 Heads in 7 tosses of the coin, n = 7, r = 5
and n − r = 2.

The number of ordered selections of 5 Heads

and 2 Tails is (
7
5).

4. Write down the probabilities of a
Head and a Tail for a single trial.

In each toss of the coin, Pr(H) = 0.6 and
Pr(T) = 0.4.

5. Form the expression for the probability
of obtaining 5 Heads in 7 tosses of
the coin.

The probability of 5 Heads in 7 tosses of the coin

is (
7
5) (0.6)5(0.4)2.

Interactivity: Pascal’s triangle and binomial coefficients (int-2554)

Units 1 & 2 AOS 4 Topic 1 Concept 3

Binomial coefficients and Pascal’s triangle Summary screen and practice questions

Exercise 8.6 Binomial coefficients and Pascal’s triangle

Technology free

1. A coin is biased in such a way that the probability of tossing a Head is p and the probability of a Tail
is q. The coin is tossed twice.

Let T be the event of obtaining a Tail in a single toss of the coin and let H be the event of obtaining a
Head in a single toss of the coin.
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a. Are the events ‘H on first toss’ and ‘T on second toss’ independent or dependent?
b. Express the following probabilities in terms of p and q.

Pr(TT)i. Pr(HH)ii. Pr(TH)iii. Pr(TH or HT)iv.

c. Write down the expansion of (p + q)2.
d. Which term in the expansion of (p + q)2 gives the probability of

i. two heads?
ii. two tails?
iii. one head and one tail?

2. A drug for pain relief is administered to three patients in a hospital. The outcome for each patient is
independent of the others. It is known that the probability this drug will be effective is 0.7.
a. What is the probability that the drug will not be effective for pain relief?
b. Consider the binomial expansion of

(0.7 + 0.3)3 = 0.73 + (
3
1) (0.7)2(0.3) + (

3
2) (0.7)(0.3)2 + 0.33.

i. Which term in the expansion gives the probability that the drug does not give pain relief to
exactly one of the patients?

ii. Identify the probability given by each of the other three terms in the expansion.
3. a. In how many ways can the letters of the word egg be arranged?

b. i. Write down the expansion of (e + g)3.
ii. What is the coefficient of the term g2e in the expansion?

c. Explain why the answers to part a and part b ii are the same.
4. a. In how many ways can the letters of the word abba be arranged?

b. In the binomial expansion of (a + b)4, show that the coefficient of the a2b2 term is the same as the
answer given in part a.

5. An unbiased six sided die is rolled four times.
Let S be the event of obtaining a six in a single roll of the die and let F be the event of not obtaining a six
in a single roll of the die.
a. State the values of Pr(S) and Pr(F).
b. i. Describe the outcome ‘SSFS’.

ii. Write down all the possible arrangements of ‘SSFS’.
iii. Calculate the probability of obtaining exactly three sixes in four rolls of the die.

c. i. Expand (q + p)4.
ii. With p = Pr(S) and q = Pr(F), given in part a, identify the term in the expansion which gives the

probability of obtaining exactly three sixes in four rolls of the die.
6. Explain why 0.54 + C4 1(0.5)3(0.5) + C4 2(0.5)2(0.5)2 + C4 3(0.5)(0.5)3 + 0.54 must equal 1.
7. a. A family has 4 children. Assume there is an equal probability of each child being a boy or a girl.

Without evaluating the term, write down a term from the expansion given in part a, that gives the
probability that

all 4 children are girlsi. all 4 children are boysii.

there are 2 boys and 2 girls.iii. there is only one boyiv.

b. Calculate the probability there is at least one of the children is a girl.
8. Consider (p + q)n, n ∈ N.

a. What must be the relationship between p and q for the terms in the expansion of (p + q)n, n ∈ N to
represent the sample space probabilities of a set of independent trials?

b. How many outcomes are there for each trial?
c. What does n represent?
d. How many elements are there in the sample space?
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9. There are 5 chocolate biscuits and 3 jam-centred biscuits remaining in a storage container. Consider the
two cases:
Case A: Three biscuits are chosen with replacement.
Case B: Three biscuits are chosen without replacement.
a. For Case A identify the values of p, q and n so that the terms in the expansion of (p + q)n would

represent the sample space probabilities for the number of chocolate biscuits chosen.
b. Explain why it is not possible to do the same for Case B.

10. The expansion of (p + q)6 in sigma notation can be written as
6

∑
r=0

(
6
r) p6−rqr.

A die is rolled six times. Write down the term which gives the probability that exactly 2 fives are
obtained.

11. WE14 Write down the expansion of each of the following.
(a + b)4a. (2 + x)4b. (t − 2)3c.

12. Expand and simplify each of the following.
(x + y)3a. (a + 2)4b. (m − 3)4c. (2 − x)5d.

13. Write down the expansion of each of the following.

(m + 3b)2a. (2d − x)4b. (h +
2
h)

3

c.

Technology active

14. For each of the following find the term specified in the expansion.
a. The 3rd term in (2w − 3)5

b. The 5th term in (3 −
1
b)

7

c. The constant term in (y −
3
y)

4

15. WE15 a. Find the term independent of x in the expansion of (x +
1
2x)

4

.

b. Find the term in m2 in the expansion of (2m −
1

3m)

6

.

16. For each of the following find the term specified in the expansion.
a. The 6th term in (2b + 3d)5

b. The coefficient of the term x2y3 in (3x − 5y)5

17. WE16 a. Write down the notation for the 4th coefficient in the 7th row of Pascal’s triangle.

b. Evaluate (
9
6).

c. A coin is biased in such a way that the probability of tossing a Head is 0.55.
Form an expression for the probability of obtaining 12 Heads in 18 tosses of the coin.

18. a. Verify that (
22
8 ) = (

22
14).

b. Show that (
15
7 ) + (

15
6 ) = (

16
7 ).

c. Show that nCr + nCr+1 = n+1Cr+1.
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19. Find integers a and b such that (2 −
√

5 )
4

= a + b
√

5 .

20. Simplify 1 − 6m + 15m2 − 20m3 + 15m4 − 6m5 + m6.
21. Simplify (1 − x)4 − 4 (1 − x)3 + 6 (1 − x)2 − 4 (1 − x) + 1.

22. The first 3 terms in the expansion of (1 + kx)n are 1, 2x and x2. Find the values of k and n.

23. a. In the binomial expansion of (1 +
x
2)

n
, the coefficient of x3 is 70. Find the value of n.

b. Three consecutive terms of Pascal’s triangle are in the ratio 13:8:4. Find the three terms.

8.7 Review: exam practice
A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au.

Short answer: technology free
1. Given Pr(A) = 0.4, Pr(A ∪ B) = 0.58 and Pr(B A) = 0.3:

a. find Pr(B)
b. determine whether A and B are independent events.

2. From a bag that contains 6 red and 7 green balls, 2 balls are drawn without replacement.
Calculate the probability that:
a. one ball of each colour is chosen
b. at least one green ball is chosen
c. one ball of each colour is chosen given at least one green ball is chosen.

3. a. Find the coefficient of x5 in the expansion of (1 +
x
2)

7
.

b. Express (3 −
√

2 )
3

in the form m + n
√

2 .

c. Expand (x
2 −

3
x)

4

in decreasing powers of x.

d. Find the term independent of y in the expansion of (
3

y2
− y)

12

.

(Do not attempt to fully evaluate this term).

4. At a teacher’s college, 70% of students are female. On
average, 75% of female and 85% of male students
graduate. A student who graduates is selected at random.
Find the probability that the student is male.

5. A new lie detector machine is being tested to determine its
degree of accuracy. One hundred men, 20 of whom were
known liars, were tested on the machine. Some of the results
are shown below.

Liars (L) Honest people (H) Totals

Correctly tested (C) 18 85

Incorrectly tested (I)

Totals 100
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a. Complete the table.
Hence, find the probability that a person selected at random:

b. was incorrectly tested
c. was honest and correctly tested
d. was correctly tested, given that he was honest.

6. a. In how many ways can a group of 2 girls and 3 boys:
i. be arranged in a row?
ii. be arranged in a row with the girls occupying the end positions?
iii. be arranged in a row with the two girls together?

b. In how many ways can 2 girls and 3 boys be chosen from a group of 6 girls and 5 boys?
c. On a particular day, 5 babies are born in a maternity hospital. Assuming the probability of a girl is

0.52, form an expression for the probability that 2 of the newborn babies are girls. (Do not attempt to
evaluate this expression).

Multiple choice: technology active
1. MC Let the universal set 𝜉 be the set of integers from 1 to 50 inclusive. Three subsets, A, B andC, are

defined as follows:
A is the set of positive multiples of 3 less than 50.
B is the set of positive prime numbers less than 50.
C is the set of positive multiples of 10 less than or equal to 50.
Which of the following statements is correct?

B ⊆ CA. A ∩ B = ∅B.

A and B are independent.C. B and C are mutually exclusive.D.

n(A) = 15E.

2. MC Hockey players Ash and Ben believe their independent chances of scoring a goal in a match are 2
3

and
2
5

respectively. In the next match they play, what is the probability that neither scores a goal?

1
5

A.
8

15
B.

11
15

C.
4
5

D.
14
15

E.

3. MC At the carnival, the mystery house offers a choice of different adventures to those daring to enter.
Adventurers can enter the house through any one of 3 doors. Behind each door there are 4 mystery
envelopes containing maps leading to different adventures. How many choices of adventures
are possible?

3A. 7B. 12C. 24D. 36E.

4. MC One bag contains 2 green and 6 blue counters. A second identical bag contains 4 green counters. A
bag is selected at random and a counter is drawn. What is the probability that the counter is green?

5
8

A.
1
2

B.
1
4

C.
1
8

D.
3
16

E.

5. MC The number of children per family for the 40 students in a class was recorded in the table below.

Number of children Frequency

1 7

2 12

3 13

4 5

5 2

6 1
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The probability that a family selected at random has at least 3 children is:

21
40

A.
3
7

B.
1
2

C.
13
40

D.
1
5

E.

6. MC At the end of a tennis tournament, a television station has selected the 8 best points from the
matches played. In how many ways can the best shots be ranked?

1A. 8B. 56C. 70D. 40 320E.
7. MC The results of a survey concluded that 62% of people were in favour of a particular proposal. If 7

people are selected at random, the probability that exactly 5 of them will be in favour of the proposal is:
(0.62)5A. C7 5(0.62)5(0.38)2B. (0.62)5(0.38)2C.

(
7
5) (0.38)5(0.62)2D. 1 − (0.38)2E.

8. MC There are 14 teams competing in a rugby championship. In how many different ways can the first,
second and third positions be filled?

P14
3A. C14

3B. 143C. 314D.
12!
3!

E.

9. MC How many different 9-letter arrangements can be formed from the letters of the word emergency?
181 440A. 36B. 60 480C. 30 240D. 57 960E.

10. MC How many committees consisting of 3 men and 4 women are possible if there are 7 men and 6
women available for selection to the committee?

8 648 640A. 1716B. 700C. 525D. 350E.

Extended response: technology active
1. Jo, who owns a corner grocery, imports tins of chickpeas and lentils.

When unpacking the tins, Jo finds that one box contains 10 tins which
have lost their labels. The tins are identical but after looking through
his invoices, Jo has calculated that 7 of the tins contain chickpeas and 3
contain lentils. He decides to take them home since he is unable to sell
them without a label. He wants to use the chickpeas to make some
hummus, so he opens the tins at random until he opens a tin of
chickpeas.
a. List the outcomes for this sample space.
b. What is the minimum number of tins Jo must open to ensure he

opens a tin of chickpeas?
c. Find the probability that the chickpeas are in the third tin he opens.

In fact, Jo found the chickpeas in the second tin. After making the hummus, Jo decides he will open
one tin each day and use whatever it contains.
d. Draw up a probability tree to show the outcomes for the next 3 days.
e. What is the probability that he opens at least one tin of each over the next 3 nights?
f. Given that the first tin opened contains chickpeas, what is the probability that the third tin

contains lentils?

2. There are 7 girls and 6 boys in the school’s chess club.
Two boys and two girls are to be chosen to represent
the school at the High School Chess Tournament.

a. In how many different ways can the 4
representatives be selected?

b. In how many ways can the team be selected if
both the captain, Sarah, and the oldest student,
Kristi, must be included?
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c. Find the probability that both Sarah and Kristi are selected.
d. Given that the youngest member of the team, Emma, is selected, what is the probability that the

other girl selected is either Sarah or Kristi?
3. Twenty-two items are to be sold at a small charity auction. The amount, in dollars, paid for each article,

is to be decided by the throw of a dart at a dartboard. The rules are as follows.
• The price of any item is the number scored multiplied by $100.
• If more than one person wants to bid for an item, the person with the highest score wins.
• If a buyer misses the board the buyer can throw the dart again until he/she hits the board, unless there

are others who want to buy the same item, in which case the buyer does not get a second chance.
• Anyone hitting the inner bull will automatically win and will be sold the item for the modest price

of $5000.
• Anyone hitting the outer bull will automatically win over any score other than an inner bull, and

will be sold the item for $2500.

Aino and Bryan attend the auction. The associated probabilities are as follows.
For Aino:
The probability of hitting any one of the numbers

from 1 to 20 is 0.045; the probability of hitting the
inner bull is 0.005; and the probability of hitting the
outer bull is 0.006.

For Bryan:
The probability of hitting any one of the numbers from

1 to 20 is 0.046; the probability of hitting the inner bull is 0.004;
and the probability of hitting the outer bull is 0.003.
a. Find the probability that Aino misses the board.

Aino is the only buyer interested in a particular item. What is the
probability that:

b. she needs 2 attempts to buy her item?
c. she buys the item for $900 with her first throw of the dart?
d. she only needs the one throw but her item costs more than $1900?

Aino then decides to buy a second item in which Bryan is also interested. They each throw a dart.
e. What is the probability that Bryan wins with his first dart?
f. Given that Bryan has already scored a 15 on his first throw, what is the probability that Aino will beat

Bryan’s score on her first throw?
4. In a table tennis competition, each team must play every other team twice.

a. How many games must be played if there are 5 teams in the competition?
b. How many games must be played if there are n teams in the competition?

A regional competition consists of 16 teams, labelled A, B, C, … , N, O, P.
c. How many games must each team play?
d. What is the total number of games played?

Units 1 & 2 Sit topic test
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8 Answers
Topic 8 Probability
Exercise 8.2 Probability review

1. a.
5

23
b.

12
23

c.
15
23

d. 0

2. a.
1
6

b.
5
6

c.
1
2

d.
2
3

e.
1
3

f. 0

3. a.
1

26
b.

5
26

c.
3

26
d.

25
26

e. 1 f.
9

26

4. a.
1

200
b.

199
39 980

c.
1

11 094 450
= 9

25 × 1999 × 1998

5. a. 1 b.
1
2

c.
1
4

d.
7
13

e.
12
13

6. a.
1

16
b.

1
4

, 3
4

7. a.
1
4

b.
1
8

c.
9

16

8. a. i.
3
4

ii.
7

10
iii.

1
4

b. 8 additional red balls

9. a.

H

T

1st toss 2nd toss 3rd toss

H

T

H

T

H

T

H

T

H

T

H

T

HHH

HHT

HTH

HTT

THH

THT

TTH

TTT

b.
7
8

c.
4

10. a.
3
8

b.
1
4

c.
1
2

d.
7
8

e.
1
2

11. a.
4
9

b.
7
27

c.
2
3

d.
8
27

12. a.
89

400
b.

53
800

c.
21
25

d.
439
800

13. a.
23

100
b.

81
200

14. a. 5

b. i.
1
4

ii.
1
5

iii.
11
20

c.
9

10
15. a. M(30)

ξ (42)

G(15)

525

2

10

b.
25
42

c.
1
21

d.
35
42

= 5
6

16. a. 𝜉 = {1, 2, 3, ..., 18}, A = {3, 6, 9, 12, 15, 18},
B = {4, 8, 12, 16} and C = {5, 10, 15}

3

18
9 6

4

16
8

2

13
11

7

1 14

17

5
10

B(4)A(6)

C(3)

12

15

ξ (18)

b. B and C

c.
1
3

d. i.
4
9

ii.
5

18
iii.

7
18

17. a.
B B′

A 0.35 0.3 0.65

A′ 0.15 0.2 0.35

0.5 0.5 1

b. 0.85

18. a.
B B′

A 0.38 0.2 0.58

A′ 0.17 0.25 0.42

0.55 0.45 1

b. 0.25
c. Pr(A ∪ B) = 0.75, Pr(A ∪ B)′ = 0.25

Pr(A′ ∩ B′) = 0.25 ⇒ Pr(A ∪ B)′
= Pr(A′ ∩ B′)

d. From the probability table, Pr(A ∩ B) = 0.38.

1 − Pr(A′ ∪ B′) = 1 − [Pr(A′) + Pr(B′) − Pr(A′ ∩ B′)]
= 1 − 0.42 − 0.45 + 0.25
= 0.38

So, Pr(A ∩ B) = 1 − Pr(A′ ∪ B′)

e.
Pr(A) = 0.58 Pr(B) = 0.55

Pr(ξ) = 1

0.380.2 0.17

0.25

19. a.
2
9

b.
1

36
c.

7
18

d. 0 e.
1
12

f. 1

20. a.

20

T

4 651 3

H

C
oi

n

Die

b.
1

12
c.

1
4

d.
7
13
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21. a.
7
20

b.
2
5

22. a. Use int(6*rand( ) + 1) to generate random numbers
between 1 and 6.

b. Results from the simulation will vary. Sample responses
can be found in the worked solutions in the online
resources.

c. Increase the number of trials since probabilities are long
term proportions.

23. a.
18
25

b.
6

25
c. 288 students d. 0.0576

e. 0.5184 f. 0.0784

Exercise 8.3 Conditional probability

1. a. Pr(R2 Y1) = 3
8

b. Pr(Y2 Y1) = 1
8

c. Pr(P2 R1) = 1
2

d. Pr(R2 R′1) = 3
8

2. a. T b. F c. F d. T e. T f. F

3. a.
3
20

b. 0.5

4.
2
9

5.
1
2

6. a. 0.2 b.
2
3

c.
2
7

d.
5
7

7. a. 0.3 b.
3
5

c.
1
2

d.
3
5

8. a. 0.9 b.
4
7

c.
3
4

d.
1
3

9. a.
1
5

b.
5
9

c.
7

11
d.

11
25

10. a.
5
36

b.
2

15
c.

1
9

d.
4
5

11. a. Pr(A ∩ B) = 0.12; Pr(A B) = 6
25

b.
14
55

12. a.
9
14

b.
61
81

c. 1

13. a.
5
11

b.

5–
12

7–
12

4–
11

7–
11

5–
11

6–
11

G2

R2

G2

R2

R1

G1

Outcomes1st choice 2nd choice

G1 G2

G1 R2

R1 G2

R1 R2

c.
35
132

d.
31
66

14. a.
1
17

b.
15
34

c.
2

15
d.

4
17

15. a.
7
22

b.
28
33

c.
3
8

d.
1
2

16. a.
73
100

b.
7

100
c.

23
30

d.
66
70

17. a.
427
500

b.
47

100
c.

32
61

18. a.
267
1000

b.
257

1000
c.

82
267

d.
185
743

19. a.
9
50

b.
21
50

c.
47
72

d.
143
168

20. a. Let T = the bus being on time and T′ = the bus being
late.
Let S = Rodney gets to school on time and S′ = Rodney
gets to school late.

0.90 0.02

0.56

0.44

0.98

0.10

T

TS = 0.882

T'S = 0.056

T'S' = 0.044

TS' = 0.018

S

T'

S'
S

S'
b. Pr(Rodney will arrive at school on time)

= 0.882 + 0.056
= 0.938

21.

R1–
5

4–
5

0.84

0.16

0.02

0.98

F

F'

F

F'

Outcomes

RF

RF'

R'F

 R'F'

1st choice 2nd choice

R'

a. 0.168 b. 0.84 c. 0.0392

22. a. 0.7225 b. 0.99102 c. 0.85

Exercise 8.4 Independence
1. Yes

2. Yes

3. a. p = 0.4 b. p = 0.6 c. q = 3
4

4. a. 0.56 b. 0.14 c. 0.06 d. 0.94

5. a.
64
125

b.
1

125
c.

16
125

6. No

7. a. 𝜉 = {HH, HT, TH, TT}; A = {TH, TT}; B = {HT, TH};
C = {HH, HT, TH}

b. A and B are independent.
c. B and C are not independent.

d.
3
4

8. a. No b. No
c. i. Yes ii. No
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9. a. 0.216 b. 0.024 c. 0.784

10. a.
4
9

R

Y

10––
15

5––
15

10––
15

5––
15

10––
15

5––
15

R

Y

R

Y

Outcomes1st choice 2nd choice

RR

RY

YR

 YY

b.
10
21

R

Y

9––
14

5––
14

10––
14

10––
15

5––
15

4––
14

R

Y

R

Y

Outcomes1st choice 2nd choice

RR

RY

YR

 YY

c.
1
3

11. a. 0.001 25 b. 0.0025 c. 0.9524
d. 0.000 625 e. 0.052 25

12. a. 0.72 b. 0.98 c. 0.2

13. a.
9

40
b.

2
5

c. d.
47
200

e.
7

12

14. a.
4
5

b.
2
3

c.
8

15
d.

14
15

15. a.
1
5

b.
11
30

c. No

16. Pr(B) = 0.5
17. No; sample responses can be found in the worked solutions

in the online resources.

18. No; sample responses can be found in the worked solutions
in the online resources.

19. a.–c. No; sample responses can be found in the worked
solutions in the online resources.

Exercise 8.5 Counting techniques
1. 6

2. 12

3. a. 24 b. 24

4. 36

5. 16

6. a. 120 b. 6 days c. 240
d. 210 e. 312 f. 216

7. a. 1 757 600 b. 16 807 c. 216

d. 216 e. 24

8. a. 40 320 b. 1152 c. 8640 d. 30 240 e. 2880

9. a. 648 b. 328 c. 216 d. 60

10. a. 720 b. 240 c.
1
3

11. a. 30 b. 56 c.
15
28

12. a. 120 b. 300 c. 24 d.
1
5

13. a. 17 576 000 b. 1 875 000 c.
1

2704

14. a. 720 b. 120 c.
1

36
15. a. 6435 b. 2 598 960 c. 48 d. 120

16. a. 43 758 b. 6720 c. 1341 d. 35 750 e. 8008

17. a. 6 b. 24

18. a. 40 320 b. 322 560

c. 119 750 400 d.
1
6

19. a. 2002 b. 840 c. 126 d.
36
91

20. a. 420 b. 408 c. 24

21. a. 27 720 b. 210

22. a. 40 320 b. 14 400

23. a. 4096 b. 31 c.
31

4096
d.

4017
4096

e.
35

4096
24. a. 64 864 800 b. 4 989 600 c. 453 600

25.
45
442

26. a.
1

11 925
b.

19
312

c. 0.8495 d.
24 877

73 099 048
≈ 0.2747

27. a.
16
225

b.
1

100
c.

4
75

d.
18
25

e.
101
799

Exercise 8.6 Binomial coefficients and Pascal’s
triangle
1. a. Independent, Pr(T H) = Pr(T)

b. i. q2 ii. p2 iii. qp iv. 2pq
c. (p + q)2 = p2 + 2pq + q2

d. i. first term
ii. third term
iii. second term.

2. a. 0.3

b. i. second term (
3
1) (0.7)2 (0.3).

ii. first term is the probability the drug is effective for
all three patients; second term is the probability the
drug is effective for only two of the three patients;
third term is the probability the drug is effective for
only one of the three patients; fourth term is the
probability the drug is not effective for any of the
three patients
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3. a.
3!
2!

= 3

b. i. (e + g)3 = e3 + 3e2g + 3eg2 + g3

ii. 3
c. The coefficient of the third term is the number of

arrangements of eg2 = egg calculated to be 3 in part a.

4. a. 6 b. (
4
2) = 6

5. a. Pr(S) = 1
6

, Pr(F) = 5
6

b. i. six on the first roll, six on the second roll, not a six
on the third roll and a six on the fourth roll of the die.

ii. SSSF, SSFS, SFSS, FSSS.

iii.
5

324

c. i. (q+p)4 = q4 + (
4
1) q3p+ (

4
2) q2p2 + (

4
3) qp3 +p4

ii. p = 1
6

, q = 5
6

, (
4
3) qp3

6. (0.5 + 0.5)4 = 1.

7. a. i. 0.54 ii. 0.54

iii. 4C2(0.5)2(0.5)2 iv. 4C1(0.5)(0.5)3

b.
15
16

8. a. p + q = 1, 0 ≤ p ≤ 1 and 0 ≤ q ≤ 1.
b. two
c. the number of trials
d. n + 1

9. a. p = 5
8

, q = 3
8

, n = 3.

b. trials are not independent.

10. (
6
4) p2q4, 15 (

1
6 )

2

(
5
6 )

4

11. a. a4 + 4a3b + 6a2b2 + 4ab3 + b4

b. 16 + 32x + 24x2 + 8x3 + x4

c. t3 − 6t2 + 12t − 8

12. a. x3 + 3x2y + 3xy2 + y3

b. a4 + 8a3 + 24a2 + 32a + 16
c. m4 − 12m3 + 54m2 − 108m + 81
d. 32 − 80x + 80x2 − 40x3 + 10x4 − x5

13. a. m2 + 6bm + 9b2

b. 16d 4 − 32d 3x + 24d 2x2 − 8dx3 + x4

c. h3 + 6h + 12
h

+ 8
h3

14. a. 720w3 b. 945b−4 c. 54

15. a.
3
2

b.
80
3
m2

16. a. 243d 5 b. −11 250

17. a. 7C3 b. 84 c. (
18
12) (0.55)12(0.45)6.

18. a.–c. Sample responses can be found in the worked
solutions in the online resources.

19. a = 161 and b = −72

20. (1 − m)6

21. x4

22. n = 4; k = 1
2

23. a. n = 16
b. 125 970, 77 520, 38 760 (or 20C12, 20C13, 20C14)

8.7 Review: exam practice
Short answer

1. a. 0.3 b. Independent

2. a.
7
13

b.
21
26

c.
2
3

3. a.
21
32

b. 45 − 29
√

2

c. x8 − 12x5 + 54x2 − 108x−1 + 81x−4

d. 40 095

4.
17
52

5. a. Sample responses can be found in the worked solutions
in the online resources.

b.
3
20

c.
67

100
d.

67
80

6. a. i. 120 ii. 12 iii. 48
b. 150

c. (
5
2) (0.52)2(0.48)3

Multiple choice

D1. A2. C3. A4. A5.
E6. B7. A8. C9. D10.

Extended response

1. a. {C, LC, LLC, LLLC}
b. 4

c.
7

120

d. Day 1 Day 2 Day 3 Outcomes

C

C

L

L

C

L
C

L

C

L

C

L

C

L

CCC

CCL

CLC

CLL

LCC

LCL

LLC

7
5

7
2

6
4

6
2

7
6

6
1

6
5

6
66

1

7
1

8
2

6
0

6
5

8
6

e.
9
14

f.
2
7

2. a. 315 b. 15 c.
1

21
d.

1
3

3. a. 0.089 b. 0.081 079 c. 0.045
d. 0.056 e. 0.482 165 f. 0.236

4. a. 20 games b. n (n − 1)
c. 30 games d. 240 games
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