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1 INTRODUCTION

Many articles in this Encyclopedia describe methods for
obtaining approximate solutions to Schrödinger’s equation
with the purpose of predicting and understanding the properties
of some system of interest. In most cases, however, chemists
are interested in more than the energy, geometry, and other
properties of the molecule that can be obtained directly from
such calculations. They instead require answers couched in
the conceptual language of chemistry, a language that after
all evolved from our attempts to understand, classify, and
predict the observations of experimental chemistry. Thus we
seek answers in terms of the molecular structure hypothesis,
of atoms with characteristic sets of properties that are linked
by bonds to yield a structure that can in turn be transformed
into other structures, and in terms of the Lewis model of the
electron pair, whose presumed localized or delocalized nature
underlies notions as diverse as bonding, geometry, reactivity,
and resonance.

The initial attempts to relate this language to quantum
mechanics were understandably done through the orbital model
that underlies the valence bond and molecular orbital methods
employed to obtain the approximate solutions to Schrödinger’s
equation. The one-electron model, as embodied in the molec-
ular orbital method or its extension to solids, isthe method
for classifying and predicting the electronic structure of any
system (save a superconductor whose properties are a result
of collective behavior). The orbital classification of electronic
states, in conjunction with perturbation theory, is a powerful
tool in relating a system’s chemical reactivity and its response
to external fields to its electronic structure and to the symme-
try of this abstract structure. The conceptual basis of chemistry
is, however, a consequence of structure that is evident in real
space.

The spatial distribution of electronic charge in the field of
the nuclei and its flow in the presence of external fields are
the physical manifestations of the forces operative in matter
and they determine the form of matter in real space. It there-
fore should come as no surprise that the charge and current
distributions serve as the carriers of physical information, the
topology of the charge density reflecting and encoding the con-
cepts of atoms, bonds, structure, and structural stability, the
current providing an understanding of the magnetic properties
of matter. The charge and current densities are the expecta-
tion values of quantum observables and their use in a theory
of atoms in molecules will enable one to link the language
of chemistry with that of physics. These two fields are the
physical properties of a system that Schrödinger stated should
be used to understand the electrical and magnetic properties
of matter, while at the same time specifically warning against
the use of the wave function in this regard, because of its
unphysical nature.1

Chemistry is presently in transition between the methods
used to glean chemical insight from a calculated wave func-
tion. Orbital models relate atomic and bond contributions to
the basis functions (incorrectly referred to in the older litera-
ture as atomic orbitals) used in the expansion of the orbitals.
An alternative is to employ the theory of atoms in molecules,2

the topic of this article, in the analysis of a wave function.
It is important to understand that the use of this theory does
not represent an alternative way of obtaining chemical infor-
mation from the wave function, using the electron density in
place of orbitals. Rather, it represents the extension of quantum
mechanics to an atom in a molecule, the charge and current
distributions being the vehicles of its expression. Thus the the-
ory predicts the properties of an atom in a molecule in addition
to providing a physical basis for understanding the properties.

Our most fundamental statement of the laws governing the
behavior of matter is obtained by incorporating the transforma-
tion theory introduced into quantum mechanics by Dirac with
the principle of least action, a principle that, in its rudimentary
form, is almost as old as physics itself. The resulting general-
ized action principle demonstrates that all matter is composed
of interacting open systems, where the systems are defined by
the topology of the density.2 If one accepts the identification
of an open system defined in this manner with an atom in a
molecule, then quantum mechanics defines and determines its
properties. The notion of structure follows directly from the
properties of the same field that defines the atom and thus all
the essential components of the molecular structure hypoth-
esis are accounted for by physics. Quantum mechanics also
predicts the extent of spatial pairing of electrons and the con-
cepts associated with the Lewis model of the electron pair can
also be given a basis in quantum mechanics, without recourse
to orbital models.

The essential chemical concepts are those that can be
recovered in their entirety from physics. Their recovery yields
unique definitions and the resulting physical understanding
greatly increases their conceptual usefulness. An atom in a
molecule, molecular structure, and electron localization are
such concepts and they are the topics discussed in this article.

The topological definition of an atom and the associated
ideas of structure and structural stability are introduced in
Section 2. These ideas can be presented in a pictorial and
qualitative manner. The quantum definition of an open system
and its identification with the topological atom are presented in
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Section 3. The consequences of this identification are explored
without presenting its derivation, the approach that must nec-
essarily be followed in this general introduction to the theory.
However, a descriptive outline of the theory is presented at
the beginning of Section 3. Section 4 introduces the proper-
ties of the laplacian of the electron density distribution and its
relation to the Lewis electron pair model.

2 TOPOLOGY OF THE ELECTRON DENSITY

It is the purpose of this section to show that the topology
of the electron density�.r / yields a faithful mapping of the
concepts of the molecular structure hypothesis, the concepts
of atoms, bonds, and structure, a mapping that in addition
provides the basis for a theory of structural stability.2,3

2.1 Critical Points of the Electron Density and their
Classification

Each topological feature of�.r /, whether it be a maximum,
a minimum, or a saddle, has associated with it a critical point
(abbreviated to cp), a point denoted by the coordinaterc where
r�.rc/ D 0. Such points are evident in the relief maps of the

electron density given in Figures 1 and 2 for two planes of
the diborane molecule. The behavior of the density in the
neighborhood of a cp is obtained via a Taylor series expansion
of �.r / about rc, retaining only the second-order terms. The
collection of nine second derivatives of�.rc/, the Hessian
matrix of �, is real and symmetrical and may be diagonalized
to yield a set of eigenvalues and associated eigenvectors. The
former correspond to the three principal curvatures of�.r /
at the cp, the latter to their associated axes, i.e., directions
in space. The curvature, the second derivative of�.rc/, is
negative at a maximum and positive at a minimum. The rank
of a cp, denoted byω, is the number of nonzero curvatures,
its signature, denoted by�, is the sum of their algebraic signs.
The cp is labeled by giving the duo of values (ω, �).

With relatively few exceptions, the cps of charge distribu-
tions for molecules at or in the neighborhood of energetically
stable nuclear configurations are all of rank three. The near-
ubiquitous occurrence of cps withω D 3 in such cases is a
general observation regarding the topological behavior of�.r /
and it is in terms of such critical points that the elements
of molecular structure are defined. A cp withω < 3 is said
to be degenerate. A degenerate critical point is unstable in the
sense that a small change in�.r / caused by a nuclear displace-
ment causes it either to vanish or to bifurcate into a number

Figure 1 Relief and contour maps of the electron density for diborane in the plane of the terminal hydrogen atoms. The density value is
arbitrarily terminated at the positions of the boron nuclei. The lower maps illustrate the trajectories traced out byr�, the gradient vectors of
the density. The contour map is overlaid with the trajectories ofr� associated with the bond cps that define the bond paths and the intersection
of the interatomic surfaces with the plane of the diagram. (Reproduced with permission of the American Chemical Society fromJ. Am. Chem.
Soc., 1979,101, 1389)
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Figure 2 Diagrams corresponding to those in Figure 1 for the plane of the bridging hydrogen atoms in diborane. This plane contains the
unique surface of the central ring cp. (Reproduced with permission of the American Chemical Society fromJ. Am. Chem. Soc., 1979,101,
1389)

of nondegenerate, i.e., stable, cps withω D 3. Since structure
is generic in the sense that a given structure or arrangement
of bonds persists over a range of nuclear configurations, the
observed limited occurrence of degenerate cps is unsurprising.
One correctly anticipates that the appearance of a degener-
ate cp in a molecular charge distribution denotes the onset of
structural change.

There are just four possible cps of rank three. They are:

(3,�3) All curvatures of�.r / at the cp are negative and�.r /
is a local maximum atrc.

(3,�1) Two curvatures are negative and�.r / is a maximum
at rc in the plane defined by the two associated axes.
The third curvature is positive and�.r / is a minimum
at rc along the axis perpendicular to this plane.

(3,C1) Two curvatures are positive and�.r / is a minimum at
rc in the plane defined by the two associated axes. The
third curvature is negative and�.r / is a maximum at
rc along the axis perpendicular to this plane.

(3,C3) All curvatures are positive and�.r / is a local mini-
mum atrc.

The boron nuclei are present in both planes shown in
Figures 1 and 2 and the density is seen to exhibit a maximum
at their positions in each plane. This is true for any plane
containing the nuclei, since all three curvatures of�.rc/ are
negative. The presence of such a ‘local maximum’ or (3,�3)
cp at the position of a nucleus is the dominant topological
feature of an electronic charge distribution, a feature that is

in turn a reflection of the dominance of the nuclearelectron
attractive force. A nuclear maximum in�.r / is not a true
critical point, sincer� is discontinuous there. However, this
is not a problem of practical import and the nuclear positions
behave as do (3,�3) critical points in�.r / and they will be
referred to as such.

The density in the plane of the terminal protons, Figure 1,
exhibits a saddle point between a boron nucleus and its two
neighboring protons, as well as between the two boron nuclei.
These are (2,0) cps in two dimensions, the curvature along the
internuclear axis being positive, the other negative. In the plane
of the bridging hydrogens, Figure 2, the central cp appears as
a minimum, a (2,C2) cp. Thus the third curvature of this cp,
the curvature along the axis between the two bridging protons,
is positive and the central extremum in�.r / is a (3,C1) cp.
Figure 2 contains the unique plane wherein this cp has the
appearance of a local minimum, that is, of a (2,C2) cp. The
cps between the boron nuclei and each of the bridging protons
in Figure 2 are again (2,0) cps. However, the third curvature
at the B H (2,0) cps in both planes is negative and they
are (3,�1) cps. Thus, both (3,�1) and (3,C1) cps appear as
saddles when viewed in either one of two planes containing
one negative and one positive eigenvalue, but the former is a
maximum, the latter a minimum in the third unique plane.

A (3,�1) cp has the important property of accumulating
electron density at the cp in the plane perpendicular to the
internuclear axis, as illustrated in Figure 3 for the (3,�1) cp
between a pair of carbon nuclei in ethene. This plane coincides
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Figure 3 Relief, contour, and gradient maps of the electron density
in the central symmetry plane between the two carbon nuclei in
ethene. Note the elliptical nature of the density, with the major axis
perpendicular to the nuclear plane. All of the trajectories ofr�
terminate at the cp. Positions of out of plane nuclei are indicated
by open crosses

with a symmetry plane in this molecule and in it, the cp
has the appearance of a local maximum, that is, of a (2,�2)
cp. A (3,�1) critical point is found between every pair of
nuclei which, on chemical considerations, are considered to
be ‘bonded’ to one another and Figure 3 makes clear the
accumulation of electron density that will occur all along the
line linking the nuclei that is associated with the positive
curvature of�.r / at the cp. A (3,C1) critical point occurs in the
interior of a bonded ring of atoms as formed by the bridging
protons in diborane. The fourth and final type of stable critical
point is a (3,C3) critical point, a local minimum in�.r /, as
found in the interior of a cage.

These qualitative associations of topological features of
the electron density with elements of molecular structure
can be replaced with a rigorous theory through the use of
its associated gradient vector field. The electron density is
obtained for a fixed nuclear configuration, the set of nuclear
coordinates being denoted collectively byX, this paramet-
ric dependence being denoted by�.r ; X /. The changes in
the electron density and in its associated gradient vector
field induced by changes in the molecular geometry form
the basis for a theory of molecular structure and structural
stability.

2.2 Gradient Vector Field of the Electron Density

The gradient vector field of the electron density is repre-
sented through a display of the trajectories traced out by the
vector r�.r ; X / for a given X, i.e., for a given molecular
geometry. A trajectory ofr�, also referred to as a gradient
path, is obtained by initially calculating the gradient vector of
� at some arbitrary pointr0. The components of the result-
ing vectorr�.r0/ are determined by the derivatives of�.r0/
along thex, y, andz coordinates and the vector points in the
direction of maximum increase in�.r0/. A trajectory ofr�
is generated by moving a small distancer away from the
point r0 in the direction of the vectorr�.r0/ and repeating
this procedure until the path terminates. Every trajectory orig-
inates and terminates at a cp wherer� D 0, which also applies
to any point infinitely removed from an attractor. The vector
r�.r / is tangent to its trajectory at each pointr.

The flow of the trajectories in the neighborhood of a cp gen-
erate what is called its phase portrait, as illustrated in Figure 4
for one- and two-dimensional systems. Also displayed is the
phase portrait of a (3,�1) critical point. The pair of eigenvec-
tors associated with the two negative eigenvalues of a (3,�1)
cp span a two-dimensional manifold and they generate a set of
trajectories which terminate at the critical point and define a
surface. Unlike the two-dimensional cases shown in the figure,
the surface beyond the immediate neighborhood of a (3,�1) cp
will in general be curved unless the critical point lies in a sym-
metry plane. The unique pair of trajectories generated by the
eigenvector associated with the single positive eigenvalue of a
(3,�1) cp originate there and define a line in space. The elec-
tron density is a maximum atrc in the surface manifold defined
by the eigenvectors associated with the negative eigenvalues
and a minimum atrc along the axis defined by the remain-
ing eigenvector, which is locally perpendicular to the surface.
The phase portrait of a (3,C1) critical point is obtained by
reversing the directions of the arrows on the trajectories for
the (3,�1) case.
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Figure 4 Phase portraits. A pair of gradient paths terminates or
originates respectively, at the cp for a one-dimensional maximum or
minimum. All of the gradient paths in a plane terminates or originates,
respectively, at the cp for a two-dimensional maximum or minimum.
In the case of a saddle or (2,0) cp, a pair of paths originates at the cp,
corresponding to the positive curvature, and another pair terminates
at the cp, corresponding to the negative curvature. All other gradient
paths avoid the cp. A three-dimensional display of a (3,�1) cp shows
the set of trajectories that terminate at the cp and define a surface and
the unique pair that originates there and defines a line. (Reproduced
with permission of OUP from Ref. 2)

2.3 Elements of Molecular Structure

2.3.1 Definition of an Atom and its Surface

The gradient vector field of the electron density is illustrated
for diborane in Figures 1 and 2. The trajectory diagrams on
the LHS of each figure omit the paths associated with the
(3,�1) cps between the boron and hydrogen nuclei and they
are considered first. All of the gradient paths in these diagrams

terminate at one of the nuclei that behave as (3,�3) cps.
Consequently, a nucleus is seen to serve as the terminus of all
the paths starting from and contained in some neighborhood
of the critical point and it thus behaves as a point attractor in
the gradient vector field of�.r /. The basin of the attractor
is defined as the region of space traversed by all of the
trajectories ofr� that terminate at the attractor or nucleus.
Since (3,�3) cps in a many-electron system are generally
found only at the positions of the nuclei, the nuclei act as the
attractors of the fieldr�.r ; X /. The result of this identification
is that the space of any molecular charge distribution, real
space, is partitioned into disjoint regions, the basins, each of
which contains one point attractor or nucleus. Figures 1 and 2
illustrate this partitioning of space into the basins associated
with the boron and hydrogen nuclei. Because a nucleus acts
as a point attractor in three-dimensional space, the partitioning
so clearly indicated for these two planes extends throughout
space. An atom, free or bound, is defined as the union of an
attractor and its associated basin.

Alternatively, an atom can be defined in terms of its bound-
ary. The basin of the nuclear attractor in an isolated atom
covers the entire three-dimensional spaceR3. For an atom in
a molecule the atomic basin is an open subset ofR3. It is sep-
arated from neighboring atoms by interatomic surfaces. The
existence of an interatomic surfaceSAB denotes the presence
of a (3,�1) cp between neighboring nuclei A and B. The tra-
jectory maps on the RHS of Figures 1 and 2 include gradient
paths that originate and terminate at the (3,�1) cps, with tra-
jectories shown in bold. The presence of such a cp between
certain pairs of nuclei was noted above as being a general
topological property of molecular charge distributions. Their
presence now appears as providing the boundaries between
basins of neighboring atoms. As discussed above and illus-
trated in Figure 4, the trajectories which terminate at a (3,�1)
cp define a surface, the ‘interatomic surface’SAB.

For the symmetry planes appearing in Figures 1 and 2, only
a single pair (shown in bold) of the complete set of trajectories
that terminate at a (3,�1) cp appears in each plane. Each
pair defines the intersection of the corresponding interatomic
surface with the plane. The (3,�1) cp between the carbon
nuclei of ethene illustrated in Figure 3 lies in the symmetry
plane perpendicular to the CC axis. The accompanying phase
portrait illustrates the set of trajectories that terminate at this cp
and define the CC interatomic surface. Because the density
is a maximum at the cp in the plane containing the interatomic
surface, the cp behaves as a (2,�2) point attractor in this
plane and its phase portrait is indistinguishable from that for
a nuclear attractor.

In summary, the ‘atomic surface’ of atom A is defined as
the boundary of its basin. Generally this boundary comprises
the union of a number of interatomic surfaces separating two
neighboring basins, and some portions which may be infinitely
distant from the attractor. The atomic surface of a boron
atom in diborane, for example, consists of two surfaces shared
with neighboring terminal hydrogens and two more with the
bridging hydrogen atoms, Figure 5. It does not share a surface
with the second boron. Instead, as described in more detail
below, the interatomic surfaces between each boron and the
bridging hydrogens all intersect on the unique axis of the
central (3,C1) cp.

Since an interatomic surface is defined by a set of trajecto-
ries ofr� that terminate at a cp and since trajectories never
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Figure 5 Space-filling displays of boron and hydrogen atoms in
terms of the intersection of their interatomic surfaces with the 0.001
au envelope of the electron density, the van der Waals envelope:
(a) the boron atom in diborane with the surfaces for two terminal
hydrogens on the LHS; (b) and (c) a terminal and bridging hydrogen,
respectively

cross, an interatomic surfaceS.r / is one of local zeroflux in
the gradient vector field of the electron density; that is, it is
not traversed by any trajectories ofr�. The zero-flux property

is expressed in equation (1) in terms ofn(r), the unit vector
normal to the surface atr. Sincer�.r / is tangent to its gradi-
ent path at every pointr, it is perpendicular ton(r) and their
dot product vanishes:

r�.r / Ð n.r / D 0 for every point on the surfaceS.r / .1/

The so-called ‘zero-flux’ surface condition stated in equa-
tion (1) is the boundary condition for the definition of a proper
open system whose properties are defined by quantum mechan-
ics, as described in Section 3.

2.3.2 Bond Path and Molecular Graph

Figures 1 and 2 also show, in bold, the pairs of trajectories
that originate at each (3,�1) critical point and terminate at
the neighboring attractors. Thus the nuclei of every pair of
neighboring atoms, those which share a common interatomic
surface, are linked by a unique pair of trajectories. The density
is a maximum at the cp for directions perpendicular to this line
(see Figure 3) and this behavior is true for all points along
the line defined by this pair of trajectories. Thus basins of
neighboring nuclei are linked by a line through space along
which the electron density is a maximum with respect to any
neighboring line. In the general case, such a line is referred to
as an ‘atomic interaction line’.

The existence of a (3,�1) cp thus indicates that electron
density is accumulated between the nuclei that are linked
by the associated atomic interaction line. Both theory and
observation concur that the accumulation of electronic charge
between a pair of nuclei is a necessary condition for two atoms
to be bonded to one another. This accumulation of charge is
also a sufficient condition when the forces on the nuclei vanish
and the system possesses a minimum energy equilibrium
geometry. Thus the presence of an atomic interaction line in
such an equilibrium geometry satisfies both the necessary and
sufficient conditions for the atoms so linked to be bonded to
one another the necessary accumulation of electron density
is also sufficient to balance the nuclear forces of repulsion. In
this case the line of maximum charge density linking the nuclei
is called abond pathand the (3,�1) critical point is referred to
as abond critical point. Thus the interatomic surfaces and bond
paths are defined by just the trajectories ofr� associated with
the bond cps of a molecular charge distribution, as illustrated
in Figure 6 for the HCN molecule.

For a given configuration of the nuclei, a ‘molecular graph’
is the network of bond paths linking pairs of neighboring
attractors. The molecular graph isolates the pair-wise inter-
actions present in an assembly of atoms which dominate and
characterize the properties of the system, be it at equilibrium
or in a state of change. The network of bond paths is found to
coincide with the network of lines obtained by linking those
pairs of atoms which are assumed to be bonded to one another
on the basis of chemical considerations. This has been demon-
strated for many systems with interactions ranging from ionic
to polar to covalent, including hydrogen-bonded and van der
Waals interactions, in both molecules and solids, the latter
including metals and alloys. Figure 7 presents the molecular
graphs for a series of borane and carborane molecules, showing
that even in systems termed ‘electron deficient’ the topology
of �, as determined by the forces operative within the system,
recovers the accepted chemical structures.
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Figure 6 The trajectories of the gradient paths associated with the
H C and C N bond cps in HCN. They define the corresponding bond
paths and interatomic surfaces. Also shown for later reference is the
unstable molecular graph for the transition state in the isomerization
of HCN

When applied to solids, the theory generalizes the defini-
tion of a Wigner Seitz cell, identifying it with the smallest

connected region of space bounded by a surface of zeroflux
and exhibiting the translational invariance of the crystal.4 A
Wigner Seitz cell in diamond, for example, contains two car-
bon atoms and all of the bulk properties of diamond are
determined by the properties of the two carbons in this cell.
The topology of the electron density enables one to identify the
secondary interactions in ionic and molecular crystals that are
responsible for determining crystal structure. The intermolec-
ular interactions so defined in solid chlorine, for example,
account for the layered structure encountered in this molecular
crystal.5 Its application to metals and alloys provides a ready
explanation of the preference of a given metal in adopting the
bcc or fcc lattice and accounts for the differing ductilities of
alloys that, while possessing the same abstract crystal struc-
ture, possess differing electron distributions and thus differing
bonded structures.6

The recovery of a chemical structure in terms of a property
of the charge distribution is a most remarkable and impor-
tant result, not the least because the definition of structure so
obtained is universal and applicable to all types of interactions.
The representation of a structure by an assumed network of
bonds has evolved through a synthesis of observations on ele-
mental combination and models of how atoms combine. A
great deal of chemical knowledge goes into the formulation of
a chemical structure and, correspondingly, the same informa-
tion is succinctly summarized by such structures. The demon-
stration that a molecular structure can be faithfully mapped
onto a molecular graph imparts new information to itthat
nuclei joined by a line in the structure are linked by a line
through space along which the electron density, the glue of
chemistry, is maximally accumulated. Indeed, it has recently
been shown that each bond path is mirrored by a ‘virial path’,
a corresponding line linking the same nuclei along which the
potential energy density is maximally negative, an indication
of how the topology of the electron density summarizes the
physics of atomic interactions.

Finding the physical basis for molecular structure also
leads to a broadening of the concept of structure to include
structural stability, thereby enabling one to answer the question
of what is meant by the making and breaking of bonds, a topic
discussed in Section 2.4.

2.3.3 Rings and Cages

The remaining two stable cps occur as consequences of
particular geometrical arrangements of bond paths and they
define the remaining elements of molecular structurerings
and cages. If the bond paths are arranged to form a bonded ring
of atoms, as they do in diborane with the bridging hydrogens,
then a (3,C1) cp is found in the interior of the ring, Figure 2.
The axes of the two positive curvatures of such a cp define
a surface spanned by a set of trajectories which originate at
the cp and define the ring surface. All of these trajectories
terminate at the ring nuclei but for the set of single trajectories
each of which terminates at a bond cp whose bond path
lies in the perimeter of the ring. The unique axis associated
with the negative curvature of this cp defines the ring axis,
perpendicular to the ring surface atrc. This axis is a line of
intersection of the interatomic surfaces of the atoms forming
the ring. A ‘ring’, as an element of structure, is defined as a
part of a molecular graph that bounds a ring surface.

If the bond paths are so arranged as to enclose the interior
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BH3 B2H6 B4H10

C2B4H6 C2B3H5 B5H9

B6H2−
6 B7H2−

7 B12H2−
12

Figure 7 Molecular graphs for boranes and carboranes. Note the inwardly curved nature of the bond paths for the bridging hydrogens

of a molecule with ring surfaces, then a (3,C3) or cage cp is
found in the interior of the cage. Acage, as the final element
of structure, is a part of a molecular graph which contains
at least two rings, such that the union of the ring surfaces
bounds a region ofR3 which contains a (3,C3) cp. Numerous
ring structures are illustrated in Figure 7. Cage and ring cps
are ubiquitous in crystals.

The numbers and types of cps that can coexist in a sys-
tem with a finite number of nuclei are governed by the
Poincaŕe Hopf relationship. With the above association of
each type of cp with an element of structure, this relationship
states that

n� bC r � c D 1 .2/

wheren is the number of nuclei,b the number of bond paths,
r the number of rings, andc the number of cages. For a system
of infinite extent, this same expression equals zero.

2.4 Structure and Structural Stability

The finding that the electron distribution contains the infor-
mation required to define a molecular graph for every geo-
metrical arrangement of the nuclei allows for more than a
pedestrian recovery of the notion of structure as a set of atoms
linked by a network of bonds. Instead, the analysis of the
dynamical behavior of the molecular graphs as induced by
a motion of the system through nuclear configuration space
demonstrates that the notions of structure and structural sta-
bility are inseparable. A change in structure corresponds to
the molecule attaining an unstable structure that is transitional
between two neighboring stable structures and a change in
structure is therefore an abrupt and discontinuous process.

A given geometry of the molecule is denoted by a pointX
in nuclear configuration space. The topology of the electron
density as revealed in its gradient vector fieldr�.r ; X / enables



CAA12-

ATOMS IN MOLECULES 9

Figure 8 Maps of the gradient vector field of the electron density along the reaction coordinate for the HCN isomerization illustrating the
conflict mechanism of structural change. The first three maps all have the structure HC N while the latter three have the structure CN H.
The unstable transitional structure is shown in Figure 6. (Reproduced with permission fromJ. Chem. Phys., 1981,74, 5162)

one to assign a molecular graph, a unique network of atomic
interaction lines, to everyX. The definition of molecular
structure makes use of an equivalence relation of vector fields,
equivalent vector fields possessing the same molecular graph.
The result of applying this relationship is a partitioning of

the complete geometrical space of a molecular system into a
set of stable structural regimes, neighboring structural regimes
being separated by boundaries associated with transitional
structures. These ideas are illustrated by following the thermal
isomerization of HCN to CNH.
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2.4.1 Change in Structure by Conflict Mechanism

The gradient vector fields and the molecular graphs they
define for points along the HCN reaction coordinate are illus-
trated in Figure 8. The progress of the reaction is monitored
by the parameter�, the angle formed between the CN axis
and the vector from the proton to the CN center of mass.
The transition state occurs between� D 72.1 and 72.4°. The
gradient vector fields for all geometries leading up to the
transition state are equivalent, that is, all the gradient paths
in the map for one geometryX can be mapped onto those
for anotherX. Thus they all necessarily generate the same
molecular graph corresponding to the structure HC N. This
molecular graph is obtained for any and all arbitrary displace-
ments of the nuclei in the vicinity of the equilibrium geometry
of HCN. The structure denoted by any one of these equivalent
molecular graphs is a stable structure, as it occurs throughout
an open region of nuclear configuration space. The gradient
vector fields obtained after passage of the system through the
transition state, while again belonging to a single equivalence
class, are not equivalent to those that preceded the transition
state. They correspond to the new structure CN H, which
is also a stable structure, since it also persists for arbitrary
motions of the nuclei.

At some point in the neighborhood of the transition state
there is an abrupt and discontinuous change in structure, from
H C N to C N H, as a result of the system passing through
a geometryXc for which the gradient vector field and the
molecular graph are structurally unstable, that is, they exist for
but one geometry on the reaction path. The unstable structure
corresponds to one in which the bond path from the hydrogen
does not terminate at either the carbon or the nitrogen nucleus,
but rather at the (3,�1) cp defining the CN bond path and
interatomic surface, Figure 6. This arrangement of bond paths
is unstable, as it corresponds to the two-dimensional manifold
of the C N bond cp acting as an attractor of the bond path from
the proton. The bond path from the proton in effect becomes
one of the trajectories of the CN interatomic surface. Since
the interatomic surface is only a two-dimensional manifold
embedded in three-dimensional space, this interaction can
occur for only one special arrangementXc of the nuclei along
the reaction path. Such an interaction of the trajectories of two
(3,�1) cps is mathematically unstable and is termed a conflict
catastrophe, as the two attractors, the carbon and nitrogen
nuclei, are in competition for the line of maximum charge
density linking the proton. There are two other such possible
unstable intersections of manifolds of cps in the electron
density, between two ring cps and between a bond and a ring
cp, both of which generate unstable gradient vector fields.2,3

2.4.2 Change in Structure by Bifurcation Mechanism

One notes from this discussion the distinction made between
molecular structure and molecular geometry. Structure is
generic and persists over a range of geometries. Mathemat-
ically, this corresponds to a given stable structure being asso-
ciated with an open region of nuclear configuration space and
a multitude of geometries all generate the same structure. In
other words, bonds and the structure they represent persist over
some range of nuclear displacements before a new structure
is encountered. The conflict mechanism represents one way in
which one stable structure can be changed into another and it
occurs at a catastrophe pointXc, a configuration of the nuclei

for which the associated gradient vector field is also unstable.
There is only one other type of possible instability of a gradi-
ent vector field and it is termed the bifurcation catastrophe. It
is illustrated here by the formation and destruction of a ring
structure that occurs along theC2v dissociative pathway for
ground state H2O into O(1D) and ground state H2.

The top gradient vector field in Figure 9 is for the equi-
librium geometryXe and it defines the stable open structure
of the water molecule, a structure that persists for arbitrary
nuclear excursions in nuclear configuration space away from
Xe. As the oxygen recedes, however, the protons approach one
another and, at some critical configurationXc, a new cp in the
electron density appears between them, Figure 9b. This cp is
of rank two, possessing one zero curvature along the symmetry
axis. Its appearance corresponds to the formation of a singu-
larity in the density. Such a singularity is manifestly unstable
and further infinitesimal motion along the reaction coordinate
causes it to change into two stable cps of rank three, a bond cp
between the two protons and a ring cp lying on the symmetry
axis, Figure 9c. The critical configurationXc marks the geom-
etry on the dissociative pathway where the protons become
bonded to one another with the resultant formation of a ring
structure.

The ring structure of water, Figure 9c, is also stable, as
it persists for some further displacement along the reaction
path, as well as for unsymmetrical displacements away from
this path. Continued motion of the oxygen causes the ring cp
to migrate away from the HH bond cp towards the oxygen
nucleus, a motion that is accompanied by the lengthening and
weakening of the OH bonds which become progressively
inwardly curved towards the interior of the ring. Eventually
a second singularity is formed, created by the coalescence
of the ring and the two OH bond cps, an unstable cp that
is transformed into a single bond cp linking the oxygen to
the hydrogen molecule, Figure 9d. This final structure, one
that persists for the remainder of the reaction path, is itself
unstable as it corresponds to a conflict structure. Indeed, the
potential energy surface in this region exhibits a slight energy
maximum for motion along the symmetry axis, the energy
decreasing as the bond path switches from one proton to the
other, as caused by a slight transverse displacement of the
oxygen nucleus.

Reversing the motion reverses these structural changes and
in particular the opening of a ring is a result of the formation
of a singularity in the density at the position of a cp of a ring
bond that occurs when it coalesces with the ring cp, as depicted
in the sequence of mapsc to b to a, Figure 9. Considering the
behavior of this system along the symmetry axis in isolation
yields an example of the simplest of all structural changes or
catastrophes, the so-called fold catastrophe.

Figure 9 also displays the behavior of the electron density
along the symmetry axis for the same three structures shown
in Figures 9a, b, and c. The maximum and minimum in�
shown inc correspond, respectively, to the negative curvature
of the H H bond cp and the positive curvature of the ring cp
that coincides with the symmetry axis. As the HH bond is
extended, the two cps approach one another, requiring both
curvatures to approach zero and to vanish at the point of
coalescence inb. Both the first and second derivatives of�.rc/
vanish at the cp marked by a star inb, creating the singularity
in �. This cp is unstable to further approach of the oxygen
nucleus, a motion that causes the singularity to vanish and the
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Figure 9 Maps of the gradient vector field of the electron density
along the symmetrical dissociation path for water illustrating the
bifurcation mechanism of structural change. Also shown for structures
a, b, andc are profiles of the electron density along theC2 symmetry
axis. In a there are no cps along this axis; inb there is a single
degenerate cp where both first and second derivatives of�.rc/ vanish;
in c there are two stable cps, the maximum associated with the HH
bond cp, the minimum with the ring cp

diagram ina exhibits the simple characteristic decay of the
density away from a nucleus along the symmetry axis, as found
for oxygen in the open structure of the water molecule. This
simple example illustrates an important general result: that the
proximity of two or more cps denotes a potential structural
instability and heralds a change in structure. Such proximity
necessarily results in a softening of the curvatures of� along
the axes of approach of the cps with the result that little energy
is required to bring about a change in structure.

2.4.3 A System’s Structure Diagram

These examples have identified two types of catastrophe
points, a distinction that arises as a corollary of a theorem on
structural stability. This theorem, when used to describe struc-
tural changes in a molecular system, states that the structure
associated with a particular geometryX in nuclear configura-
tion space is structurally stable if�.r ; X / has a finite number
of cps such that: (i) each cp is nondegenerate; (ii) the stable
and unstable manifolds of any pair of cps intersect transver-
sally. The immediate consequence of this theorem is that a
structural instability can be established solely through either
of two mechanisms: in the bifurcation mechanism the charge
distribution exhibits a degenerate cp, while the conflict mecha-
nism is characterized by the nontransversal intersection of the
stable and unstable manifolds of cps in�.r ; X /.

In summary, the definition of molecular structure leads to a
partitioning of nuclear configuration space into a finite number
of structural regions. The boundaries of the structural regions,
defined by the catastrophe set, denote the configurations of
the unstable structures. This information constitutes a system’s
‘structure diagram’, a diagram which determines all possible
structures and all mechanisms of structural change for a given
chemical system. A schematic representation of the structure
diagram for the labile C4H7

C system is shown in Figure 10.
An interested reader with the necessary mathematical back-

ground is encouraged to read the more comprehensive discus-
sions of this theory to appreciate its full expression in the
language of qualitative dynamics.2,3 The discussion of the
mechanisms of structural change can be placed on a quan-
titative basis through the use of Thom’s theory of elementary
catastrophes. This theory provides a mathematical model for
the structural changes encountered in the neighborhood of a
bifurcation point through the analysis of the universal unfold-
ings associated with particular singularities.

2.5 Characterization of Atomic Interactions

The properties of the electron density at a (3,�1) or bond cp
characterize the interaction defined by its associated trajecto-
ries. Applications of the concepts introduced here to a variety
of systems have been previously detailed.8

2.5.1 Bond Order, Bond Path Angle, and Bond Ellipticity

For bonds between a given pair of atoms the value of the
electron density at the bond cp, denoted by�b, may be used
to define a bond order. The extent of charge accumulation in
the interatomic surface and along the bond path increases with
the assumed number of electron pair bonds and this increase
is faithfully monitored by the value of�b. The �b values for
hydrocarbons, for example, can be fitted to an expression to
obtain C C bond orders of 1.0, 1.6, 2.0, and 3.0 in ethane,
benzene, ethene, and ethyne, respectively. The value of�b for
the hydrogen bond in a series of similar complexes parallels the
strength of the bond. (A nonempirical definition of bond order
based on the electron pair density is given in Section 3.3.)

A bond path, unless dictated to be so by symmetry, is not
necessarily coincident with the internuclear axis and when it
is not, the bond path lengthRb is greater than the internuclear
separationRe. Such bent or curved bond paths are present
in those molecules where classical arguments predict the
presence of strain, such as in small ring hydrocarbons. In these
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Figure 10 Portion of the structure diagram for the C4H7
C system showing only stable structures.7 The three-fold symmetry accounts for the

scrambling of the three methylene carbon atoms via interconversion of the cyclopropylcarbinyl1 and cyclobutyl2 cations. The planar homoallyl
structure3 is obtainable from the same transition state for conversion of1 to 2. The central structure4 is a relatively high-energy trimethylene
methane cation intermediate, incorrectly assigned a structure corresponding to tricyclobutonium ion in a mechanistic model of the scrambling
of the methylenic carbons

molecules, the bond paths are in general outwardly bent from
the perimeter of the ring. In molecules which are electron
deficient such as the boranes, Figures 2 and 7, the bond
paths linking bridging hydrogens are strongly bent towards
the interior of the ring so as to maximize the binding from a
minimum amount of electron density. This property of bond
paths is better quantified in terms of the bond path angle˛b, the
angle subtended at a nucleus by the pair of bond paths linking
it to the two nuclei that define the corresponding geometrical
angle˛e. The difference,˛ D ˛b � ˛e, provides a measure

of the degree of relaxation of the electron density away from
the geometrical constraints imposed by the nuclear framework.
It has been shown that the presence of bent bonds is more
prevalent than anticipated with findings of both positive and
negative values for˛ and the degree of bending is found
to be a useful parameter in understanding structural effects in
molecules.

The electron density in an interatomic surface attains its
maximum value at the bond cp, Figure 3, and the two associ-
ated curvatures of�.rc/, denoted by�1 and�2, are negative.
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In a bond with cylindrical symmetry, these two curvatures
are of equal magnitude. However, if density is preferentially
accumulated in a given plane along the bond path (as it is for
a bond with� character, for example) then the rate of fall-off
in � is less along the axis lying in this plane than in the one
perpendicular to it, and the magnitude of the corresponding
curvature of� is smaller. If �2 is the curvature of smallest
magnitude, then the quantityε D [�1/�2� 1], the ellipticity
of the bond, provides a measure of the extent to which the
density is preferentially accumulated in a given plane. The
elliptical nature of the bond density in ethene is evident in
Figure 3, for whichε D 0.45 compared to the lesser value of
0.23 in benzene. The axis associated with the ‘soft’ curva-
ture �2 determines the plane within the molecule in which
the density is preferentially accumulated. The chemistry of a
three-membered ring is very much a consequence of the prox-
imity of the bond and ring cps which impart to the ring bonds
a relatively high ellipticity. In cyclopropane, for example, the
ellipticity of a ring bond is greater than that in ethylene. The
soft curvature necessarily lies in the plane of the ring and this
behavior accounts for the unsaturated behavior exhibited by
these systems and their conjugational behavior with neighbor-
ing centers of unsaturation.

In the discussion of the bifurcation mechanism of struc-
tural change given in Section 2.4.2, attention was drawn to the
decrease in the magnitude of the curvature of� at the bond cp
lying along the axis directed at the approaching ring cp, the
associated curvatures of both cps eventually attaining the com-
mon value of zero. Thus as the bond cp and its associated bond
path approach annihilation in a fold-type catastrophe, Figure 9,
the ellipticity of the bond rapidly increases and the presence of
a bond with a large ellipticity in an equilibrium structure indi-
cates the presence of an approaching instability and a change
in structure. An excellent example of this behavior is given
by the two equivalent ring bonds of the cyclopropylcarbinyl
cation in the set of labile structures associated with the C4H7

C
system, Figure 10. They are bonds of order 0.59 with ellip-
ticities of 4.23 that are strongly bent towards the interior of
the three-membered ring, placing them within 0.4 au of the
ring cp. The ring and the two bond cps lie on a line and
their corresponding curvatures are�0.06 au for the bonds
and 0.03 au for the ring. With near-vanishing curvatures, the
value of � at the bond cps exceeds that at the ring cp by
only 0.002 au and the density is nearly flat along this line of
cps. Consequently, little energy is required to cause the coa-
lescence of the ring and one bond cp, thereby opening the
ring to yield a transition structure that can close to yield either
the three-membered ring or the neighboring four-membered
cyclobutonium ring structure, which differs in energy by less
than 2 kcal mol�1.

2.5.2 Energetics of Atomic Interactions

The properties of the laplacian of the electron density, the
quantityr2�, are described in Section 4, but we make use here
of its basic mathematical property, that of determining where
�.r / is locally concentrated, wherer2�.r / < 0, and locally
depleted, wherer2�.r / > 0, relative to points neighboring
the point r in question. The electron density is a maximum
in an interatomic surface at the bond cp, and since the two
associated curvatures of�b are negative, electronic charge is
also concentrated in the surface at this point. The electron

density is a minimum at this same point along the bond path,
the associated curvature of�b being positive, and electron
density is locally depleted at the cp with respect to neighboring
points along the interaction line. Thus the formation of an
interatomic surface and an atomic interaction line is a result
of a competition between the perpendicular contractions of�
which lead to a concentration of electronic charge along the
bond path, and the parallel expansion of� which leads to its
depletion in the surface and to its separate concentration in the
basins of the neighboring atoms. The sign ofr2�b determines
which of these two competing effects is dominant.

We also anticipate a result from the theory section where
it is demonstrated that the laplacian of� appears in the local
expression of the virial theorem,

.h̄2/4m/r2�.r / D 2G.r /C V.r / .3/

The quantityG.r / appearing in this expression is a form of
the kinetic energy density of the electrons that is everywhere
positive andV.r / is the potential energy density which is
everywhere negative. This equation thus demonstrates that the
lowering of the potential energy dominates the total energy in
those regions of space where electronic charge is concentrated,
wherer2� < 0, while the kinetic energy is dominant in regions
wherer2� > 0.

In a shared interaction, electron density is both accumulated
and concentrated along the bond path between the nuclei, as
indicated byr2�b < 0. The laplacian and its perpendicular
curvatures are large in magnitude and the resulting concentra-
tion of charge density along the bond path yields a large value
for �b. Such interactions achieve their stability through the
lowering of the potential energy resulting from the accumula-
tion of electronic charge between the nuclei, an accumulation
that is shared by both atoms.

The opposite extreme to a shared interaction occurs when
two closed-shell systems interact, as found in ionic, hydrogen-
bonded, van der Waals, and repulsive interactions. In such
closed-shell interactions, the requirement of the Pauli exclu-
sion principle leads to the removal of electron density from the
region of contact, the interatomic surface. All of the curvatures
of �b are relatively small in magnitude but the positive cur-
vature of�b along the bond path is dominant andr2�b > 0.
Since the electron density contracts away from the surface,
the interaction is characterized by a relatively low value of�b
and the electron density is concentrated separately in each of
the atomic basins. Such interactions can be either attractive or
repulsive depending on the disposition, relative to the nuclei,
of the density that is separately concentrated in the neighboring
basins.

In a strongly polar shared interaction, as found in CO
for example, there is substantial charge transfer but the
atomic density distributions do not approach those of polarized
closed-shell ions. In these cases all the curvatures of�b are
large in magnitude and there is a substantial accumulation of
density along the bond path resulting in�b values typical of
shared interactions. However, the polar nature of the interac-
tion causes the positive curvature to dominate andr2�b > 0.
Another quantity used to determine the nature of the interac-
tion is the energy densityH.r / D G.r /C V.r / and its value
at the bond cp is denoted byHb.9 Unlike the laplacian, whose
sign is determined by the local virial expression, equation (3),
the sign ofHb is determined by the energy density itself and
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is found to be negative for all interactions which result from
the accumulation of electron density at the bond cp.

3 QUANTUM MECHANICS OF AN ATOM IN A
MOLECULE

3.1 Chemical and Quantum Constraints on the
Definition of an Atom

The molecular structure hypothesis is the cornerstone of
chemistry. It states that a molecule consists of a set of atoms
with characteristic properties, linked by a network of bonds to
give a resultant structure. We have seen that the topology of the
electron density defines atoms, bonds, and structure, together
with a description of a system’s structural stability. Now we
turn to the question of the properties of the atoms defined
within the same theory. The observations of chemistry are clas-
sified empirically in terms of the properties exhibited by func-
tional groups, a linked set of atoms. In chemistry we recognize
the presence of a group in a given system and predict its effect
upon the static and dynamical properties of the system in terms
of the characteristic set of properties assigned to that group.

In the past there have been many failed attempts to define
an atom in a molecule and its contributions or those of a
functional group to the properties of the molecule. There
was, and for some there remains, a prevailing belief that
a unique definition is not possible. Consider, for example,
the following statement that appeared in theJournal of the
American Chemical Societyin 1994: ‘The atom (or functional
group) in a molecule is not easily defined. There are always
subjective factors for any definition, or strict partition of
the molecule. What model one chooses is subject to one’s
particular needs.’ These comments are made without reference
to the existing literature, and they represent the personal biases
of the authors. Their remark that how one defines an atom
is a matter of expediency is at variance with the practice of
science wherein one’s attempts at definition and understanding
are necessarily guided by observation and by theory. Any
definition that does not recover the essential observations that
are associated with the concept of an atom in a molecule serves
no useful purpose. Any definition that does not ultimately
allow for the quantum definition of the atom’s properties
cannot be a physically admissible one.

3.1.1 Chemical Constraints

There are three essential requirements imposed upon the
definition of an atom in a molecule by the observations of
chemistry.

(i) The first stems from the necessity that two identical
pieces of matter exhibit identical properties. Since the form of
matter is determined by the distribution of charge throughout
real space, two objects are identical only if they possess
identical charge distributions. This parallelism of properties
with form exists not only at the macroscopic level, but as
originally postulated by Dalton, is assumed to exist at the
atomic level as well. It demands that an atom be a function of
its form in real space, requiring that it be defined in terms of
the charge distribution. It follows that if an atom exhibits the
same form in the real space of two systems, or at two different
sites within a crystal, it must contribute identical amounts to
the total value of every property in each case.

(ii) This requirement of property following form as
described in (i) demands in turn that the atomic contributions
sum to yield the total value for the system. That is, the atomic
contributions to some property must sum to yield the value
of the property for the molecule. Only atoms meeting these
two requirements can account for the observation of so-called
additivity schemes wherein the atomic properties appear to be
transferable as well as additive.

(iii) Finally, the boundary defining an atom or functional
group must be such as to maximally preserve its form and
thereby maximize the transfer of chemical information from
one system to another.

The topological atom meets all of these requirements, its
form reflecting its properties and, as demonstrated below,
recovering the properties of functional groups in those
instances of essential transferability where they are susceptible
to experimental measurement.

3.1.2 Quantum Constraints

The only subjectivity one can exercise in ‘a strict parti-
tion of the molecule’ is to decide whether to adhere to the
constraints imposed by physics or to ignore them and thereby
abandon physics ‘subject to one’s particular needs.’ The con-
straints imposed by quantum mechanics on the definition of an
atom are best stated in the form of two questions: (a) Does the
state function, the function that contains all of the information
that can be known about a system, predict a unique partitioning
of the molecule into atoms? and (b) Does quantum mechanics
provide a complete description of the atoms so defined? Affir-
mative answers to these two questions in effect require that
quantum mechanics be extended to a uniquely defined set of
open systems, termed ‘proper open systems’.

This extension of quantum mechanics is indeed possible
within the framework of the generalized action principle and,
as stated in Section 1, its use has resulted in the identification
of the proper open systems of quantum mechanics with the
topological atom. The derivation of the quantum mechanics
of a proper open system cannot be given here, but one
can present an outline of the essential ideas. It is based
on the reformulation of physics provided by the work of
Feynman and Schwinger, an approach that makes possible
the asking and answering of questions not possible within
the traditional Hamiltonian framework. It is important that the
reader appreciate that the alternative to the use of existing
models and arbitrary definitions of chemical concepts is a
theory of atoms in molecules that is rooted in physics.2,10,11

A descriptive review of the underlying physics has appeared
previously.12

3.2 A Proper Open System

In quantum mechanics every property is represented by an
observable, a linear Hermitian operator, and the value of the
property is given by the expectation value of the observable,
as obtained by averaging the operator over the state function.
Thus for some propertyP, represented by the operatorOP, the
value of the property for a system in some state labeledn is

Pn D h	nj OPj	ni .4/

where the state function	 , which determines all of the
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properties of the system, is a solution to Schrödinger’s time-
dependent equation

ih̄.d	/dt/ D OH	 .5/

or to his stationary state equation

Ĥ D E .6/

To complete the description of the properties of a system
requires an expression for their change with time, as given
by the Heisenberg equation of motion

dPn/dt D .i/h̄/h	 j[ OH, OP]j	i .7/

which for a stationary state reduces to the expression

h j[ OH, OP]j i D 0 .8/

Equations (7) and (8) determine important theorems of
quantum mechanics, such as the virial, Ehrenfest, and
Hellmann Feynman theorems.

Thus to predict the properties of a system one needs
Schr̈odinger’s equation for the state function, the definition of
the observables, their expectation values, and their equations
of motion. A single principle, Schwinger’s principle of sta-
tionary action, does all of this. Schwinger showed how the
action principle, generalized to incorporate the observables
through Dirac’s transformation theory, yields Schrödinger’s
equation and a variational statement of Heisenberg’s equation
of motion, equations (5) and (7) for a time-dependent system
and equations (6) and (8) for a stationary state.

One can apply Schwinger’s principle to a bounded region
of real space with the remarkable result that only if the
region is bounded by a surface of local zero flux in the
gradient vector field of the electron density, does one obtain
the proper equation of motion for an observable. This is
the very condition defining the topological atom as given
in equation (1). An open system satisfying this particular
boundary condition is termed a ‘proper open system’ and
this extension of the variational derivation of Heisenberg’s
equation of motion is thus unique to such a system. A result
of the imposition of the zero-flux boundary condition in
Schwinger’s variational principle is the introduction of a term
that accounts for the change in the propertyP resulting from
the flow of mass and momentum through the surface of the
atom. This term has the form shown in equation (9):

flux in propertyP through surface of atom

D
∮

dS.rs/jP.r / Ð n.rs/ .9/

The termjP.r / is the current of the propertyP, a quantity that
describes the flow of the density of the propertyP at the point
r. This current is a vector and when dotted inton.rs), the vector
normal to the surface, it gives the flux of density ofP in or out
of the atom through the pointrs on the surfaceS.rs/. When
integrated over every point on the surface it determines the net
‘flux’ in the current through the surface and the corresponding
change in the value ofP.

Starting with Schr̈odinger’s equation one may derive an
expression for the net change in the density of propertyP, a
quantity denoted by�P.r /, in an infinitesimal volume element,

d�P.r //dt D .i/h̄/Ł[ OH, OP] �r Ð jP.r / .10/

The first term is the contribution to the change in�P.r / from
within an infinitesimal volume element while the final term, the
divergence ofjP.r /, determines the net outflow of the density
�P.r / from the same volume element. Integration of this equa-
tion over all space yields the Heisenberg equation of motion,
equation (7), plus the integral of the divergence. However, just
as the divergence in equation (10) determines the net outflow
from an infinitesimal volume element, its integral over space
determines the net outflow from the whole region and mathe-
matically the volume integral of the divergence of the current
reduces to an integral of its flux through its surface, as given
in equation (9). While this surface integral vanishes for the
total system, a consequence of the state function, the current,
and the density all vanishing on the boundaries at infinity, its
presence is essential in the expression for the change in the
average value of a property for an open system.

Thus physically the definition of an expectation value and
of its change for any system, closed or open, requires that
the system be a bounded region of real space. Mathematically
the boundary comes about via the imposition of a boundary
condition in a variational procedure. Modeling an atom or its
properties in a molecule in terms of functions that extend over
all space, as is done in orbital models, precludes the use of
quantum mechanics in determining its properties. The presence
of the surface flux contribution imparts new and important
features to an open system not present in the mechanics of the
total molecule, features that play an essential role in relating
the physics of an atom to its chemical behavior.

3.2.1 Atomic Theorems

Figure 11 lists the atomic theorems for a number of the
more important observables denoted byOG. Each expression
holds for any region of space̋ bounded by a zero-flux
surface, and thus the same theorems apply to the total system
as to its constituent atoms, the surface term vanishing in the
former case. In each case the term on the LHS represents
the integral of the time rate-of-change of the property. The
first term on the RHS, the average of the commutator ofOH
and OG, determines the basin contribution while the final term
determines the flux in the current density ofOG through the
surface of the atom. In addition to the electron density�.r /,
its current densityJ(r) and the quantum stress tensors.r /, both
of which are defined at the bottom of the figure, play dominant
roles in determining the properties of an atom in a molecule.
For systems in stationary states, the LHS vanishes and the
commutator average over the atomic basin is then balanced by
the corresponding flux through the atomic surface to yield a
zero net change.

For example, in the first expressionOG D Op, the electronic
momentum operator whose time rate-of-change determines the
force, the Ehrenfest force, acting on the electron density. The
momentum density, whose time rate-of-change appears on the
LHS, is the vector currentmJ .r /, m times the velocity density
of the electrons. The commutator in the first term on the RHS
yields the force operator�r OV, where OV is the total potential
energy operator and its average yields the total force acting
on the electron density over the basin of the atom. The stress
tensors.r / appearing in the surface term is the current for
the momentum, the momentum flux density. In a stationary
state the force acting on the density within an atomic basin is
entirely determined by the forces Ð dS acting on each element
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Atomic force theorem Ĝ D Op

m
∫
˝

dr ∂J /∂t D
∫
˝

dr
∫

d� 0	Ł.�r OV/	 C
∮

dS.r /s.r / Ð n.r /

Atomic virial theorem Ĝ D Or Ð Op

m
∫
˝

dr .r / Ð ∂J .r //∂t D 2T.˝/C
∫
˝

dr
∫

d� 0	Ł.�r Ð r OV/

C
∮

dS.r /r Ð s.r / Ð n.r /

Atomic torque theorem Ĝ D Or ð Op

m
∫
˝

dr .r/ð ∂J .r //∂t D
∫
˝

dr
∫

d� 0	Ł.�r ðrV/	 �
∮

dSs.r /ð r Ð n

Atomic current theorem Ĝ D Or∫
˝

dr .r /∂�.r //∂t D
∫
˝

drJ .r /�
∮

dSn.r / Ð J .r /r

Atomic continuity theorem Ĝ D ON∫
˝

dr ∂�.r //∂t D �
∮

dSJ .r / Ð n.r /

Atomic power theorem Ĝ D Op2/2m,written without 1/2m∫
˝

dr ∂�P2.r //∂t D
∫
˝

dr
∫

d� 0.h̄/i/f.	r	Ł � 	Łr	/ Ð r OVg

C
∮

dSRefJP2.r /g

Quantum stress tensor density

s.r / D .h̄2/4m/
∫

d� 0f.rr	Ł/	 �r	Łr	 �r	r	Ł C 	Łrr	g

Quantum vector current density

J .r / D .h̄/2mi/
∫

d� 0f	Łr	 � 	r	Łg

Figure 11 Atomic theorems. The symbol d� 0 denotes a summation
over all spins and an integration over all electronic coordinates save
those denoted byr

of its surface, and the properties of the atom’s interior are
determined by the forces acting on its surface.

The currentJ(r) is a velocity density, the velocity of the
electrons at the pointr, and it has the dimensions.`/t/(1/V),
V being the volumeD `3. The time derivative of this density
multiplied by the massm, the term appearing on the LHS of the
atomic force theorem, has the dimensions m.`/t2/(1/V), those
of a force density. The stress tensor is the momentum current
density and thus has the dimensions of currentðmomentumð
.1/V/ D .`/t/.m`/t/(l/V) which equals an energy density or
pressure m̀2/t2(1/V). Thus the stress tensors.r / measures the
pressure or force per unit area exerted on an element of the
atomic surface and its integral over the area of the surface
yields the force on the entire atom. Clearly, these theorems
enable one to apply physics to an atom in a molecule.

In the second theorem, the operatorOG is set equal to the
virial operator Or Ð Op which has the dimensions of action, i.e.,
energyð time, and its time derivative thus equals energy. The
commutator average in this case yields twice the kinetic energy
of the atomic electrons, 2T.˝/, plus the virial of the Ehrenfest
forces acting on the electrons over the atomic basin. The

surface flux term in this theorem determines the virial of the
forces acting on the surface of the atom. It equals three times
the pressurevolume product and, with a knowledge of the
atomic volume, the pressure acting on an atom in any situation
can be determined from quantum mechanics.

The sum of the atomic basin and surface virials equals the
total virial V.˝/ for the atom and in a stationary state one
obtains the atomic virial theorem

2T.˝/ D �V.˝/ .11/

which is identical in form to that obtained for the total system.
By equating the electronic potential energy to the virial, one
can define the electronic energy of an atom in a molecule
Ee.˝/ as

Ee.˝/ D T.˝/C V.˝/ .12/

When there are no external (HellmannFeynman) forces act-
ing on the nuclei, the virialV equals the average potential
energy of the molecule andEe D TC V then equals the total
energy of the molecule. Equation (12) is as remarkable as it
is unique. It uses a theorem of quantum mechanics to parti-
tion spatially all of the interactions in a molecule, electron,
nuclear, electronelectron, and nuclearnuclear, into a sum of
atomic contributions and the total energy of the molecule is
given, as are all molecular properties, by a sum of atomic
contributions

Ee D
∑
˝

Ee.˝/ .13/

3.2.2 Energy of an Atom in a Molecule and Transferability
of Atomic Properties

Remarkable as this definition of the energy of an atom in a
molecule is, it would be of no practical use if it did not exhibit
the same degree of transferability from one molecule to another
as does the atom itself. As stated in Section 3.1.1 listing the
chemical constraints on the definition of an atom, if the atom
appears the same in two different systems, that is, if its dis-
tribution of charge remains unchanged on transfer, then all its
properties must exhibit the same invariance. Correspondingly,
if the charge distribution of the atom or group does change
because of a changed environment, then the properties must
exhibit a corresponding degree of change. There is no sugges-
tion that a group is always transferable or nearly so, but the
ability to recognize a functional group in chemistry with almost
any change in environment speaks to the relatively small per-
turbations in density and hence in energy, relative to their total
values, that accompany a chemical change. Chemistry is a con-
sequence of the short-sighted nature of the one-electron density
matrix, the quantity that determines the electron density, the
stress tensor, and hence the virial and the kinetic energy.11

Figure 12 illustrates a classical case of transferability, the
group additivity scheme for the heats of formation of the
hydrocarbons, as first established by the measurements of
Rosinni. Three density distributions are shown for the methy-
lene group adjacent to a methyl group inn-butane andn-
pentane: the electron density, the kinetic energy, density and
the density of the virial field, fields which integrate respec-
tively to the average number of electrons, the electronic kinetic
energy, and the total potential energy of the methylene group.
Because of the atomic virial theorem, the energy of this
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Figure 12 Contour maps of the electron density�.r / in a, of the kinetic energy densityG.r / in b, and of the virial fieldV.r / in c for a
methylene group adjacent to a methyl group inn-butane andn-pentane. The plane shown contains the carbon and hydrogen nuclei. The CH
bond cps and the associated bond paths and intersections of the interatomic surfaces are shown ina. The corresponding cps and virial paths
are shown inc. This group and its properties are transferable between these two molecules to within the experimental accuracy of heats of
formation. All three fields are locally proportional to the total energy density,G.r / andV.r / by theory,�.r / by observation

group equals minus the kinetic energy or one-half the potential
energy. Corresponding maps for the two groups are superim-
posable, the differences for each function caused by transfer
being less than the width of a contour line. The differences in
the integrated values between the two molecules are 0.0005e
for N(CH2) and 0.88 kcal mol�1 for Ee.CH2/. The total energy
of a methylene group is in excess of 22 500 kcal mol�1. It was
the observed paralleling in the degree of transfer exhibited
by the density distributions of the electrons and their kinetic

energy and the virial fields over open systems bounded by
zero-flux surfaces that led to the development of the quantum
theory of atoms in molecules.13

It should be realized that while the total virial for the
group, which determines its potential energy, changes by less
than 2 kcal mol�1 on transfer, the accompanying changes
in the individual contributions to the potential energy, the
electron nuclear attractions, and the electronelectron and
nuclear nuclear repulsions, are many thousands of times
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greater. Only the total virial is insensitive to transfer, a reflec-
tion of the virial field exhibiting the same local transferability
as does�.r /. Indeed, the absolute value of the virial field
exhibits the same topology as does�.r / and the same changes
in topology throughout nuclear configuration spacethe two
fields are structurally homeomorphic.14 All of the complex
interactions between the electrons and the nuclei that are deter-
mined by the many-electron wave function are representable
in real three-dimensional space by the density of the virial
field. This is possible because the potential energy is express-
ible in terms of the virial of the Ehrenfest force acting on an
element of charge density at a pointr in real space, the force
itself being determined by the divergence of the stress tensor,
r Ð s.r /, also a function ofr.

3.2.3 Atomic Contributions to Magnetic Properties

The parallelism with the transferability of the electron den-
sity is found for all properties. The methyl and methylene
groups of the hydrocarbons, for example, exhibit transfer-
able volumes, polarizabilities, and magnetic susceptibilities in
addition to transferable energies, in complete agreement with
experiment. In all cases, given a wave function, the properties
of the atom or group are determined by the quantum mechanics
of a proper open system without the use of any assumptions or
models. The atomic contribution to the magnetic susceptibil-
ity, for example, makes use of the atomic current theorem,
obtained when OG D Or , the time rate-of-change of position
being velocity. For a stationary state, this theorem states that
the atomic average of the electronic velocity induced by an
applied magnetic field equals the flux in the position-weighted
current through the surface of the atom.

By enabling one to apply quantum mechanics to an atom

in a molecule, theory not only predicts its properties but also
provides an understanding of these properties. For example,
placing a molecule in an external magnetic field induces
a current within the molecule and it is the magnetization
density resulting from this induced current that determines the
first-order response properties such as magnetic susceptibility
� and the nuclear shielding of NMR spectroscopy. In this
situation the induced current replaces the electron density as
the field of interest in the determination and understanding of
the properties of the molecule. The flow of the density, the
trajectories of the vector current field, induced in the benzene
molecule for a field applied perpendicular to the plane of the
molecule is displayed in Figure 13. This very accurate display
of the induced current (it satisfies the local condition of current
conservation very closely) is itself a new development made
possible by the use of the theory of atoms in molecules in
assigning the ‘gauge origin’.15

The presence of a ring current is invoked in aromatic
molecules in the explanation of the exaltation and exceptional
anisotropies observed in their magnetic susceptibilities and in
the interpretation of NMR chemical shifts. The current induced
by the application of an external magnetic field is a flow of
electrons in physical space and its existence and properties
are therefore real and determinable. Thus the display of the
current given in Figure 13 provides a simple direct answer to
the question as to whether or not a ring current is generated
in benzene by a perpendicular field.15

The existence of the ring current is further confirmed in the
atomic contributions to�. An atomic contribution consists of
a term arising from the magnetization induced within the basin
of the atom and another resulting from the flux in the induced
current through the surface of the atom. In ionic and polar sys-
tems, the induced current, like�.r /, is strongly localized to the

Figure 13 Trajectory displays of the current induced in the benzene molecule for an applied magnetic field directed out of and perpendicular
to the plane of the diagram:a for the plane of the nuclei,b for a projection onto a plane 0.8 au above the plane ina. The inner current flow
is paramagnetic, inducing a local magnetic field acting in concert with the applied field while the outer, dominant current responsible for the
‘ring current’ is diamagnetic. The intersections of the interatomic surfaces with the plane of the diagram are also shown. Note in particular the
flow of current across each CC surface inb
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individual atomic basins and the basin contributions to� are
dominant. For benzene, which exhibits a significant ring cur-
rent, the fluxes in the current through the interatomic surfaces
of the carbon atoms in the ring far surpass the basin contribu-
tions, the same contribution being responsible for the observed
anisotropy in�. The contribution from a carbon atom to the
shielding of its neighboring proton demonstrates that the same
ring current is responsible for the deshielding of an aromatic
proton,16 as anticipated in the early shielding models.17

3.2.4 Understanding Atomic Properties

The theory of atoms in molecules enables one to investigate
chemical models to determine their validity and to understand
their atomic origins. To apply quantum mechanics to such
problems, one simply extends the quantum description of the
molecule to its constituent atoms. The only approximation
involved is in the determination of the wave function used in
the analysis. The application of theory towards understanding
the origin of specific chemical observations is illustrated for
the concept of aromaticity.

To account for ‘aromatic exaltation’ in�, a carbon atom in
benzene should have a magnetic susceptibility greater than that
of a correspondingly conjugated atom in a molecule assumed
to be nonaromatic, carbon 2 in 1,3-cis-butadiene for example.
The value of�(C) for benzene is found to exceed that for
butadiene by 2.5 u where u denotes the unit�1ð 10�6 emu.
Six times this value, or 15 u, equals precisely the exaltation
assigned to a benzene ring in the experimentally based additiv-
ity scheme of Pascal and Pacault. The contributions to� from
the hydrogens attached to these carbons in the two molecules
are identical and the hydrogen atoms do not contribute to the
exaltation. Not only does theory show that the exaltation arises
solely from the carbon atoms in benzene but the relative values
of the basin and surface flux contributions to�(C) show that
it is a consequence of the circular current flow that traverses
the ring of carbon atoms for a field applied perpendicular to
the plane of the nuclei.

The electron delocalization associated with the resonance
model is also invoked to account for aromatic stabilization.
Accordingly, the benzene carbon atom should be more sta-
ble than the corresponding atom in butadiene and the theory
of atoms in molecules shows this to be the case with the
difference in their energies equaling�10.0 kcal mol�1. The
hydrogen in butadiene possesses the greater electron popula-
tion by a slight amount, and it is 3.5 kcal mol�1 more stable
than H in benzene, making the CH group 6.5 kcal mol�1

more stable in benzene than in butadiene. Benzene is therefore
39 kcal mol�1 more stable than six correspondingly conju-
gated acyclic CH groups, a value comparable to the value
of 36 kcal mol�1 quoted for the resonance energy of benzene.
Having shown that theory recovers a given model, one may
proceed to analyze further the atomic contributions to deter-
mine its physical origin. How is the resonance stabilization
energy, for example, related to electron delocalization? This
is another property that is defined and determined by quantum
mechanics, as described in the following section.

3.3 Electron Localization and Fermi Correlation

The oft-quoted result of antisymmetrizing the wave function
with respect to the permutation of the spacespin coordinates

of every pair of electrons is that no two electrons with the
same spin can occupy the same point in space. In chemistry,
however, one is most interested in the spatial distribution of
the electrons. To determine the manner in which the exclusion
principle affects the electron distribution and its properties in
real space, one must determine how many pairs of electrons,
on the average, contribute to the electron density over the
region of interest. This information is given by the electron
pair density, alternatively called the pair probability function.

3.3.1 The Pair Density

The electron density multiplied by an infinitesimal volume
element,�.r /dr , gives the number of electrons in dr and
integrates toN, the number of electrons. Similarly the product
of the pair density with a corresponding pair of volume
elements,�.r1, r2/dr1 dr2, gives the number of electron pairs
formed between these two elements and its double integration
yields the number of distinct electron pairs,N.N� 1//2. The
density of˛-spin electrons atr1 is �˛.r1/. The uncorrelated
pair density for simultaneously finding̨-spin density atr1
and r2 is given by the product�˛.r1/�˛.r2/. The correct
correlated pair density is everywhere less than this and the
Fermi hole determines the difference, a negative quantity,
between the correlated and uncorrelated pair densities for
same-spin electrons. This difference is a measure of the degree
to which density is excluded atr2 because of the spreading
out of the same-spin density originating from positionr1
and thus the Fermi hole density determines the manner in
which density atr1, in an amount equivalent to one electronic
charge, contributes to the pair density at other points in space.
Pictorially, one can imagine that as an electron moves through
space it carries with it a Fermi hole of ever-changing shape,
the density of the electron being spread out in the manner
described by its Fermi hole and excluding density equivalent
to one same-spin electron.

Since the charge of the electron is spread out in a manner
described by the density of its Fermi hole, it follows that the
quantum mechanical requirement for the localization of an
electron to some particular spatial region in a many-electron
system is that the density of its Fermi hole be totally contained
within this region.18 In this limiting situation, all other same-
spin electrons are excluded from the region and, since the
same behavior is obtained for an electron of opposite spin in a
closed-shell system, the result is a spatially localized electron
pair. The properties of the Fermi hole density determine the
local extent of exclusion of same-spin density, as demanded
by Pauli’s exclusion principle. In other words, an electron is
dispersed over its Fermi hole and if the hole is localized, so
is the electron.

While displays of the Fermi hole density are useful in
determining its basic localized or delocalized nature relative
to �˛.r /, each display is for a single fixed position of the
reference electron. What is needed is a measure of the extent
to which some number of electrons are localized to a given
spatial region. Bader and Stephens were able to show that
the vanishing of the fluctuation in an electron population
over a region of space, implying the complete absence of
their exchange with any other electrons in the same system,
requires that the Fermi hole for each of its electrons be totally
contained within its boundaries. This work leads directly to
the demonstration that the spatial localization of some number
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of electrons is determined by the corresponding localization of
their Fermi hole density.18

3.3.2 Atomic Measures of Electron Localization and
Delocalization

A direct physical measure of the extent to which some
number of electrons are localized within the basin of a given
atom˝ is obtained by determining the total possible Fermi
correlation contained within the atom. This quantity, denoted
byF˛˛.˝,˝/, is readily determined at the HartreeFock level
in terms of the products of overlap integrals of all pairs of
orbitals over the basin of atom̋ . If N˛.˝/ electrons are
completely localized within˝, then the Fermi correlation
attains its limiting value of�N˛.˝/, that is, a corresponding
number of same-spin electrons are excluded from˝. The ratio
jF.˝,˝//N.˝/j for electrons of either spin is thus the fraction
of the total possible Fermi correlation per particle contained
within a region˝ and this ratio, when multiplied by 100,
the percent localization of the electrons in atom̋. Extensive
investigation of the contained Fermi correlation has shown
that aside from core regions, electrons are not, in general,
spatially localized to yield individual pairs.2,18 It is possible
for some number of pairs of electrons to be spatially localized
within an atomic basin in ionic systems. In NaF and MgF, for
example, the populations of the atoms approach the limiting
value of 10 for an LM core and the localizations are in excess
of 95%.

Correspondingly, the quantityF.˝,˝0/, involving prod-
ucts of orbital overlaps for both atoms, determines the extent
to which the Fermi holes of the electrons in one atomic basin˝
are ‘delocalized’ over a neighboring basin̋0, that is it deter-
mines the extent of exchange of electrons between two atoms,
a quantity that clearly provides a physical measure of their
bond order.19 It has been proposed that the spatial distribution
of the Fermi hole density as measured byF.˝,˝0/ be used to
provide a common, quantitative basis for the concept of elec-
tron delocalization, as it is used throughout chemistry.20 To
this end, the following correspondences have been made: the
atomic patterns of delocalization of the Fermi hole recover the
resonance structures corresponding to different possible spin-
pairings and their relative importance, both in terms of energy
and reactivity. Thę -electron density of benzene distorted into
a Kekuĺe-like structure is shown to be less delocalized than in
the symmetrical structure; the exchange energy, which cor-
responds to the attractive interaction of an electron with the
same-spin Fermi hole density, becomes more stabilizing as
the hole becomes more delocalized. The effects of a hetero
ring atom and of substituents on the delocalization of the˛-
electrons in benzene are also quantified. To illustrate the range
of phenomena that are determined by the delocalization of the
Fermi hole, it has been shown that the measure of the extent
of delocalization of the spin density from one hydrogen to
another vicinal to it as measured byF.H,H0/ correlates with
the variation in their spinspin coupling with torsion angle, as
predicted by the Karplus equation.

The general conclusion drawn from the spatial pairing
exhibited by the pair density in many-electron systems is that,
aside from core regions, the density is not characterized by the
presence of strongly localized pairs of electrons. This obser-
vation is not at variance with the possibility of obtaining an
equivalent description of a system by a transformation to a set

of localized molecular orbitals, the pair density and its prop-
erties being invariant to the required unitary transformation.
Maximizing the contained Fermi correlation for a region̋
requires that each of the orbitals be localized to a separate
spatial region̋ so that the overlap of the orbitals between
two different regions vanishes. Thus to achieve localization of
N electrons intoN/2 distinct spatial pairs requires that each
orbital be separately and completely localized to one ofN/2
spatially distinct regions. While orbitals can appear localized
in their displays, they actually exhibit a considerable degree
of absolute overlap and they fail to satisfy the requirement of
separate localization. This must be the case in the face of the
properties determined for the pair density. The ability to define
a set of doubly occupied localized molecular orbitals does not
imply physical localization of the electrons into spatial pairs.
In ionic systems, even the canonical set of orbitals is strongly
localized to the separate atomic basins yielding atomic sets of
localized electrons. If the canonical set is not localized, a uni-
tary transformation to a localized set will leave the properties
of the pair density and its predicted lack of electron pairing
unchanged.

While the spatial pairing of electrons is not as extreme as
was once perhaps pictured, there is no doubt that the extent of
pairing of electrons throughout space is an important property
of a system. The laplacian of the electron density, the topic of
the following section, provides this information.

4 THE LEWIS MODEL AS DISPLAYED IN THE
LAPLACIAN OF THE ELECTRON DENSITY

The topology of the electron density, while providing a
faithful mapping of the concepts of atoms, bonds, and struc-
ture, does not give any indication of the bonded and non-
bonded electron pairs anticipated on the basis of the Lewis
model. However, as is well documented, the topology of the
laplacian of the electron density, the quantityr2�.r /, does
provide a physical basis for the Lewis model.2,21 The lapla-
cian of a scalar field such as�.r / determines where the field
is locally concentrated and depleted; ifr2�.r / < 0, the value
of �.r / is greater than the average of its values in the imme-
diate neighborhood of the pointr and �.r / is locally con-
centrated atr, while if r2�.r / > 0, the reverse is true and
�.r / is locally depleted atr. The corresponding local minima
and maxima provide features that are absent from the topol-
ogy of �.r / itself. Since electronic charge is concentrated in
regions wherer2�.r / < 0, it is convenient to define the func-
tion L.r / D �r2�.r /, a maximum inL.r / then denoting a
position at which the electron density is maximally concen-
trated. Empirically, one finds that the local maxima inL.r /,
the local charge concentrations or CCs, provide a remarkably
faithful mapping of the localized electron domains that are
assumed to be present in the valence shell of the central atom
in the VSEPR model of molecular geometry.22 There is a cor-
respondence not only in their numbers, but as importantly, in
their angular orientations within the valence shell of the central
atoms and in their relative sizes.

4.1 The Topology ofL(r )

The typical pattern of electron localization revealed by the
topology of the laplacian distribution through the presence
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of bonded and nonbonded charge concentrations (CCs) in
the valence shell of a main group element is illustrated in
Figure 14 for the ClF5 molecule.L.r / exhibits a shell structure
wherein each quantum shell is characterized by a shell of
charge concentration (which appears as a spike at the position
of the nucleus for the inner shell) followed by one of charge
depletion, behavior that is characteristic of elements with
Z < 40. This property ofL.r / enables one to identify the
shell of interest. For example, in molecules containing an atom
from the first or second transition series, thens electrons are
transferred to the ligands and the chemistry is determined by
the distortions of the outer shell of the core which is clearly
identified as the (n� 1)th shell of charge concentration for
which L.r / > 0.

Figure 14 Contour map ofL.r / for ClF5 in a plane containing the
Cl nucleus and the single axial and two of the equatorial F nuclei.
Solid contours denoteL.r / > 0, and dashed contours,L.r / < 0. The
VSCC of Cl exhibits a large nonbonded maximum and three smaller
bonded maxima. Each F exhibits two nonbonded maxima in this
plane. The envelope map clearly isolates the six maxima inL.r /:
the upper broad nonbonded maximum, the axial bonded maximum,
and the four smaller equatorial bonded maxima all surrounding the
core of the Cl atom. The inset shows the polyhedron defined by the
cps inL.r /

The same topological analysis applied to�.r / can be
applied to the critical points found in the outer shell of charge
concentration ofL.r /, the valence shell charge concentration
(VSCC) of a main group element. The local maxima or (3,�3)
cps, whose presence denotes a bonded or nonbonded CC, are
linked one to another by the unique pair of trajectories that
originates at an intervening (3,�1) cp, thereby generating the
atomic graph, the analog of the molecular graph defined by the
corresponding set of cps in�.r /. The atomic graph in general
assumes the form of a polyhedron bounding the nucleus in
question. Each critical point inL.r / for a given shell exhibits
a negative radial curvature and its topology is consistent with
the presence of a (3,C3) or cage cp, a minimum inL.r /,
positioned at the nucleus within the shell. The Poincaré Hopf
relationship for the cps defining an atomic graph is then
readily transformed into the more familiar polyhedral formula
of Euler:

V� EC F D 2 .14/

The verticesV are defined by the (3,�3) cps or maxima in
�r2�, and the edgesE by the unique pairs of trajectories that
originate at (3,�1) cps and terminate at neighboring vertices,
while the (3,C1) or ring cps define the resulting facesF of
the polyhedron.

4.2 Mapping VSEPR onto the Topology of the Laplacian

The atomic graph for Cl in the pseudo-octahedral geometry
of ClF5 is illustrated in Figure 14. It is an irregular octahedron,
the positions of the six vertices corresponding to the presence
of one nonbonded and five bonded CCs. All of these cps are
found within the VSCC of Cl with characteristic radii of 1.1
to 1.2 au. The geometry is dominated by the large nonbonded
CC whose presence causes the FCl F bond angle formed by
the equatorial F with the unique axial F to be less than 90°,
as anticipated by VSEPR. This feature is made particularly
clear in the envelope map ofL.r / also illustrated in Figure 14.
Also in accord with the VSEPR model, the bonded CC facing
the axial fluorine is larger than those facing the equatorial
fluorines.

This correspondence of the VSEPR model with the topol-
ogy of L.r / is found for all molecules containing main group
elements, the same systems whose geometries are correctly
predicted by the VSEPR model. One may make the assump-
tion that the pattern of local charge concentrations defined by
the laplacian of the electron density denotes a corresponding
pattern of partial condensation of the electron pair density to
yield regions of space dominated by the presence of a single
pair of electrons. While the condensation is less than complete,
the laplacian provides a map of those regions where electron
pairing is dominant throughout the electron density distribu-
tion. The physical basis of this correspondence is strengthened
by the recent demonstration21 that the laplacian and ELF,
the electron localization function of Becke and Edgecombe23

based upon a modeling of the Fermi hole, yield the same pat-
terns of electron localization.

The VSEPR model can, however, fail for transition metal
molecules but the topology ofL.r / can still be used to
determine the relative positions and sizes of the electron
domains in such molecules. The outerns electrons of the
transition metal atom M are transferred to the ligands, and
the outer shell of the core of M containing the (n� 1)d
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electrons is found to be significantly distorted. The distortions
are made most evident in the terms of the local CCs present
in the laplacian distribution of the outer shell of the core of
M, distortions that are already evident in the alkaline earth
dihydrides and dihalides beginning with Ca.24

The pattern of electron localization determined in this
manner is indeed different from that observed for the main
group elements in that the distortions are such as to pro-
duce electron domains that are opposed to rather than shared
with or directed at the ligands.24 This behavior is found
even in molecules that apparently follow the VSEPR rules,
such as the trigonal bipyramidal geometry found for VF5.
The ligand-opposed nature of the CCs in the outer core
of Cr in CrO2F2, where q(Cr)D C2.9e, is illustrated in
Figure 15. This molecule has the tetrahedral geometry pre-
dicted by VSEPR, but the model predicts that the OCr O
bond angle should be greater than the FCr F angle because
the Cr O multiple-bond domains require more space than
the single-bond domains, while just the opposite behavior is
observed. However, the ligand-opposed nature of the elec-
tron domains in these molecules readily accounts for this
observation. There are indeed four CCs in the outer core of
Cr with an overall tetrahedral arrangement, but since those
opposed to the oxygens are of much larger size than those
opposed to the fluorines, the FCr F angle is increased
and the O Cr O angle decreased from the tetrahedral val-
ues. Molecules with nonbonded CCs behave similarly. The
closed-shell core of Zn in ZnCl4, on the other hand, is more
nearly spherical and the four maxima that are present in

Figure 15 Envelope map ofL.r / in CrO2F2 illustrating the tetrahe-
dral nature of the CCs in the outer core of the Cr atom surrounding
the near-spherical inner core. The two larger CCs are opposed to the
oxygens. The inset indicates that each of the four vertices of the tetra-
hedron formed by the ligands is opposite a face of the tetrahedron
formed by the CCs inL.r / as indicated by dots. The arrows indi-
cate the opening of the FCr F bond angle and the closing of the
O Cr O angle resulting from the disparity in the sizes of the two
sets of ligand-opposed CCs

L.r / are interior to the outer limits of the Zn atomic sur-
face, are of limited spatial extent, and are tetrahedrally dis-
posed in the manner of bonded CCs found in main group
elements.

The topology of the laplacian and the finding of correspond-
ing behavior for ELF establish that the Lewis model of electron
pairing and bonding for transition metal atoms is different from
that for main group elements.24

4.3 The Laplacian and Atomic Reactivity

The properties ofL.r / recover not only the geometrical
aspects of the Lewis model, but also his definition of an
acid base reaction. A nonbonded CC is a Lewis base, serving
as a nucleophilic center, while a ring cp, since it defines the
point where electronic charge is least concentrated in its atomic
graph, is a Lewis acid, serving as an electrophilic center.L.r /
is usually negative at a ring cp and this corresponds to the
presence of a ‘hole’ in the VSCC of the acid, that is, in
a face of the polyhedron representing its atomic graph. A
Lewis acid base reaction corresponds to aligning a CC on
the base with a ‘hole’ on the acid, the alignment of the two
cps providing a guide to their relative angle of approach.
In an ionic crystal, the vertices of the anion are directed at
the faces of the cation and the same interactions account for
the layered geometry of solid chlorine. The activation of an
oxygen atom in the surface of MgO towards the adsorption of
CO is the result of the formation of a hole in its VSCC by the
introduction of vacancies generated by doping with cations of
reduced charge or by electronic excitation.25

Numerous studies have shown a correlation of the magni-
tude of a nonbonded CC with experimental proton affinities.
Base strengths and preferred sites of protonation have been
similarly rationalized according to the relative sizes of the
CCs. There is an energetic basis underlying these correlations,
a result ofL.r / appearing in the local expression for the virial
theorem, equation (3) given in Section 2.5.2. Sincer2� < 0
at a CC, a Lewis base is a region of space where the local
energy is stabilized by a dominant potential energy contri-
bution. A Lewis acid base reaction is the combination of a
region with excess kinetic energy with one of excess poten-
tial energy, the excesses being measured relative to the values
required for the local satisfaction of the virial relation obtained
whereL.r / D 0.

5 SUMMARY

The purpose of this article has been to demonstrate to the
reader that quantum mechanics applies not only to the total
molecule or crystal, but to each of its constituent atoms, and the
properties of an atom in a molecule are determined on an equal
footing with the properties of the total system. If one employs
the level of theory required to recover the phenomenon that is
to be determined and understood, then the properties assigned
to the atoms can be treated with a certainty equal to that
ascribed to the properties predicted for the total system. The
atomic properties so defined are found to be in agreement
with general chemical expectations and with experimentally
determined values. There is intellectual satisfaction in being
able to obtain answers to chemical questions without recourse
to arbitrary models.
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The recovery of molecular structure in terms of the topology
of the same physical field that defines the quantum boundary
condition of the atom reinforces this identification of the chem-
ical atom with a proper open system of quantum mechanics
and reinforces the obvious, that the unquestioned success of
the molecular structure hypothesis demands that it be firmly
rooted in physics.

6 RELATED ARTICLES

Electronic Wavefunctions Analysis; Transition Metal Che-
mistry.
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