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1 INTRODUCTION

Since the mid 1980s, has emerged as a powerful method
for determination of the three-dimensional structures of small
proteins and oligonucleotides in solution. Considerable effort
has been directed towards development and validation of
methods for obtaining refined, high resolution structures. As
with macromolecular crystallographic refinement, the infor-
mation content available from NMR measurements is not suf-
ficient to completely determine the structure, and additional
constraints (generally based on force-field models) must be
used to create a tractableoptimizationproblem. This typically
involves molecular dynamics simulations that use experimen-
tal restraints based on the difference between observed spectral
parameters and those computed from trial structures.1 The
overall procedure has many similarities to crystallographic
refinement, and typically uses dynamic simulated annealing as
a powerful tool for optimizing functions that have many local
minima. NMR is distinct from crystallography, however, in
the extent to which dynamical considerations affect observed
intensities, and simulations have also proved to be important
in characterizing the effects molecular motions are likely to
have on spin-relaxation measurements.

Obtaining structures of high accuracy and precision is
clearly of great importance if maximal insight is to be obtained
into the relationships between three-dimensional structure and
biological function, including the identification of subtle struc-
tural differences between similar proteins, or the conforma-
tional changes that accompany ligand binding. This in turn
requires careful consideration of the way in which spectral
simulations are carried out and of the sampling and optimiza-
tion procedures used. Some excellent general discussions of
these problems are available.1 4 NMR refinements involve a
close interaction between computational chemistry and exper-
iment: the refinement process combines force-field simula-
tions and NMR-based restraints to determine macromolecu-
lar structures; at the same time, the challenge of reproduc-
ing the structural and dynamic features of molecules inferred
from NMR experiments provides some of the most detailed
and sensitive tests of the correctness of approximate force
fields.

The present article is divided into two main sections.
The first describes the connections between NMR relaxation
parameters and models for molecular structure and motion;
these form the basis for spectral simulation models at various
levels of approximation. The second section considers how
these simulation models can be used to drive refinement
algorithms to generate improved descriptions of biomolecular
structure and dynamics.

2 BASIC PRINCIPLES OF SPIN RELAXATION

2.1 A Simple Overview of Dipolar Spin Relaxation

There are a number of interactions that mediate spin
relaxation in biomolecules, but many structural applications
of NMR can be understood by considering just magnetic
dipole dipole interactions. The field at a probe nucleus, aris-
ing from the magnetic dipole of some other spin, will have a
fluctuating time dependence that arises from rotational diffu-
sion of the molecule as a whole, and from internal motions that
modulate inter-spin orientations and distances. Components of
this fluctuating field that have the proper frequency can lead
to relaxation by inducing spin-flips that drive populations back
towards equilibrium. For most macromolecules, the rotational
motion dominates the relaxation, so that to a first approxima-
tion one can model the system as a rigid molecule with a single
(average) structure, and this is the level at which most structure
determinations are carried out. A more careful and quantitative
analysis demands a more complex model that includes internal
dynamical effects. My goal here is to provide enough of an
outline of the theory of spin relaxation to make clear the basic
physics of the connections between nuclear Overhauser effect
(NOESY) cross-peak intensities and molecular structure and
dynamics. More complete presentations are available in many
places.5 7

The basic idea of Overhauser effect spectroscopy can be
illustrated with the case of two (nearly) identical spin1

2 nuclei,
whose energy levels are shown schematically in Figure 1.
When the populations in these levels are perturbed from
equilibrium, they will relax back to equilibrium (during the
‘mixing time’ of a NOESY experiment) through pathways
indicated by relaxation rate constantsW. The ‘single quantum’
transitions,W1I andW1S, lead to independent relaxation of
the spins, whereasW0 andW2 involve both spins and lead to
cross-relaxation. It is easy to show that, if spinS is saturated
(i.e., if its a andb state populations are equalized), subsequent
W2 relaxation will tend to increase the population difference of

Figure 1 Energy level diagram for a two-spin system. Spin states
are written with spinI to the left of spinS, that is,ab signifies spin
I in statea and spinS in stateb
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spinI, yielding a positive Overhauser enhancement; similarly,
the spin flip symbolized byW0 will lead to a decrease of the
intensity of theI signal whenS is saturated. The net cross-
relaxation rate, generally called�, is W2 �W0.

If we let m be a vector of (time-dependent)b� a popula-
tion differences (away from equilibrium), it is straightforward
to work out the rate equations implied by the processes in
Figure 1, even if more than two spins are present. These are
the Solomon equations:

dm.t//dt D �Rm.t/ .1/

where the off-diagonal elements ofR are the cross-relaxation
rates�, and the diagonal elements (giving the total relaxation
of each spin) turn out to have the general form.W0 C 2W1C
W2/.

The solutions to equation (1) may be written down immedi-
ately in terms of a matrix exponential. For the two-dimensional
NOESY experiment, with appropriate normalization, the ini-
tial conditions (at the beginning of the ‘mixing period’) can
be written as a unit matrix, i.e., the two-dimensional pulse
sequence is equivalent to repeated relaxation experiments in
which each spin in turn is displaced from equilibrium. The
two-dimensional NOE cross-peak intensity at chemical shifts
corresponding to spinsi andj is then related to the magnetiza-
tion of spini for the ‘experiment’ in which spinj was initially
perturbed. After a mixing time�m, this is just exp.�R�m/ij.

2.2 Cross-Relaxation Rates in Rigid Molecules

The connection between the rate constantsW and molecu-
lar parameters is a complex subject that can only be outlined
here. Basically, the dipoledipole interaction is a through-
space effect in which one nuclear magnetic dipole interacts
with the local field created by a second nucleus. The value of
W depends upon the component of this field that fluctuates at
the frequency of the transition, that is at 0,ω and 2ω for W0,
W1 andW2, wherew is the proton Larmor frequency. Working
out the algebra shows that the cross-relaxation rates are pro-
portional to spectral densities, which are Fourier transforms of
time correlation functions that describe molecular motions:

Jnij.ω/ D
∫ 1

0

〈
Y2n.�lab

ij .0//Y
Ł
2n.�

lab
ij .t//

r3
ij.0/r

3
ij.t/

〉
cos.ωt/dt .2/

Here �lab
ij .t/ denotes the set of polar angles of the vector

connecting spinsi and j at time t in the laboratory frame,
and rij.t/ is the distance between them. The angular bracket
denotes an ensemble average. Ther�6 distance dependence is
key to most structural refinement: observable cross-peaks will
only appear for short inter-proton distances, generally less than
about 5Å.

For a rigid molecule the distances and angles are constant
and can be taken out of the integral; if we assume isotropic
rotational tumbling with time constant�c, we obtain:

Jnij.ω/ D
1

4�

1

r6

(
�c

1C ω2�2
c

)
.3/

This is the simplest motional model for relaxation, in which all
of the spins are rigidly attached to the rotating macromolecule,
and the relaxation is driven entirely by rotational diffusion.

While it is clear that this model is not rigorously correct for
any macromolecule, it has proved to be a useful and powerful
framework for the elucidation of solution structures from NMR
data. Its limitations can be explored only through an explicit
consideration of the effects of molecular motion, which is the
subject of the next section.

If the cross-peak intensities can be measured accurately
for a sufficiently small mixing time, we have as a linear
approximation to exp.�R�m/ij, i 6D j:

Iij D �Rij�m .4/

and the intensities are directly proportional to the relaxation
rates. Since cross-relaxation rates for a rigid system are in
turn proportional to the inverse sixth power of the distance
between spins, equations (3) and (4) provide (for short mixing
times and rigid molecules) a very simple relation between dis-
tances and peak intensities. It is this relation (conservatively
applied) that drives ‘conventional’ NMR structure determina-
tion by establishing distance bounds between pairs of spins
whose cross-peaks appear in a two-dimensional NOESY spec-
trum.

However, even for rigid molecules, practical considerations
can severely compromise the simplicity of this approach. The
intensities at small mixing times may be strongly influenced
by noise, and it can be difficult to determine the range of
validity of the linear approximation. A number of studies
have estimated the errors that may arise in estimated inter-
proton distances from use of the linear approximation beyond
its region of applicability, with a general conclusion that
longer distances may be significantly underestimated, often by
more than 1Å. These uncertainties can be offset by assigning
distance bounds that are deliberately conservative, but this can
entail a significant loss of information.

2.3 A Simple Model for Internal Motion

When internal motion is present, the ensemble averaging
in equation (2) becomes more complicated. There are a vari-
ety of ways in which these motions can be described; here I
will outline a simple model, in which the spins are assumed
to undergo instantaneous jumps between discrete conforma-
tions. Many aspects of real motion can be usefully described
in this way. For example, the motion of methyl protons about
their symmetry axis approximates jumps between three equiv-
alent positions; many other side chain motions can also be
conveniently modeled as jumps between ‘allowed’ rotamers
or ring puckers.8,9 Even small amplitude motions that might
not ordinarily be considered as ‘jumps’ can often be usefully
approximated by transitions between points that sample the
endpoints of allowed motion.

With this in mind, let us return to equation (2), and express
the spherical harmonics in a ‘molecular’ frame that rotates
with the molecule:

Y2n.�
lab
ij / D

mD2∑
mD�2

D2
nm.˝/Y2m.�

mol
ij / .5/

HereD2
nm is the Wigner rotation matrix, and̋ denotes the set

of Euler angles for overall rotation that connects the laboratory
and molecular frames. Equations (2) and (5) then yield:
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Jnij.ω/ D
∑
m,m0

∫ 1
0

〈
D2
nm.˝.0//D
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nm0 .˝.t//

ð Y2m.�mol
ij .0//Y

Ł
2m0 .�

mol
ij .t//

r3
ij.0/r

3
ij.t/

〉
cos.wt/dt .6/

In order to make further progress, we assume that the overall
molecular tumbling and the internal rotation are uncorrelated.
Then the average of the product in equation (6) can be written
as a product of averages. If the overall molecular tumbling is
isotropic with a correlation time�c, then:8,10

hD2
nm.˝.0//D

2Ł
nm0 .˝.t//i D 1

5υmm0 exp.�t/�c/ .7/

so that

Jnij.ω/ D
1

5

∑
m

∫ 1
0

〈
Y2m.�mol

ij .0//Y
Ł
2m.�

mol
ij .t//

r3
ij.0/r

3
ij.t/

〉
ð exp.�t/�c/ cos.wt/dt .8/

Since the right-hand-side is independent ofn, we can remove
this index fromJ. Considerable complication is introduced
if the overall rotational motion is not isotropic, since then
the orientation of the internuclear vector with respect to the
rotational axes can have an important effect on cross-relaxation
rates. This dependence can be an important source of structural
information, but such considerations are beyond the scope of
the current article.

Let us now use the jump model to calculate the average
in equation (8) when the vector fromi to j undergoes jumps
amongN states. The probabilityP� that the system is in the
�th conformer is assumed to follow the rate (or ‘master’)
equations:

dP�
dt
D

N∑
�D1

A��P� .9/

whereA�� characterizes the rate of jumps among sites. The
(time-dependent) probabilities can be written down immedi-
ately:

P�.t/ D
N∑
�D1

exp.At/��P�.0/ .10/

At large t, the probabilityP� tends to the equilibrium value
hP�i, and the average in equation (8) becomes〈

Y2m.�mol
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3
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.11/

Explicit indices are inserted to denote site dependence, e.g.,
rij,� is the ij distance in conformer�. Substitution of equa-
tion (11) into equation (8) yields the desired spectral densities:

Jij.ω/ D 1

5
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m

N∑
�,�D1
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0
exp.At/�� exp.�t/�c/ cos.wt/dt .12/

Although the general solution of equation (12) requires the
knowledge of A, and is rather involved, there are some
important special cases where simplifications occur. For slow
jumps among equally probable sites, all thehP�i D 1/N and
the transition rates are slow compared to 1/�c. We can then
approximate exp.At/ by the identity matrix to obtain

Jij.ω/ D 1

5N

�c

1C ω2�2
c

∑
m
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�D1

Y2m.�mol
ij,�/Y
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2m.�
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.13/

Making use of the addition theorem for spherical harmonics:

Jij.w/ D 1

4�N

�c

1C ω2�2
c

N∑
�D1

1

r6
ij,�

.14/

In general, for transitions that are slow relative to the rotational
tumbling time, cross-relaxation rates are just the weighted
averages of the rates for the various conformers.

Things become more complicated for faster motions. Con-
sider the limiting case for which we still haveN equally
populated states, but the residence times are much shorter than
�c. This implies thathP�iexp.At/�� D hP�ihP�i, so that equa-
tion (12) becomes:

Jij.ω/ D 1

4�N2

�c

1C ω2�2
c

N∑
�,�D1

P2.cos.�ij,��//r
�3
ij,�r

�3
ij,� .15/

where�ij,�� is the angle between the vectors fromi to j in site
� and site�, andP2 is a Legendre polynomial. Formally, the
distance averaging in equation (15) is an inverse cubic one,
compared with the inverse sixth power found for the slow
transition case. However, in many cases, the angular averaging
is as important as distance averaging, and the net results are
not generally well described by a simple distance-only model.

One use of equation (15) would be for methyl groups,
which (in the simplest motional model) jump among three
equally probable sites with a time constant that is short com-
pared to molecular tumbling.11 Elaborations of this idea to
rotations about carboncarbon bonds in side chains can pro-
vide useful models (with a manageable number of adjustable
parameters) for many aspects of side-chain motion in proteins.

2.4 Model-Free Analysis

The jump model has a fairly simple derivation and illus-
trates the general distinction between ‘fast’ and ‘slow’ motions
(relative to the rotational tumbling time). Other models, such
as diffusion in an angular cone or in a continuous torsional
potential, may be considered for quantitative analysis. One
powerful way of representing the general effects of internal
motion on NMR relaxation is the ‘model-free’ approach devel-
oped by Lipari and Szabo.12 Here the potentially complex
spectral density is replaced by a two-term expression in which
the Lorentzian representing overall motion (see equation 3) is
reduced by a generalized order parameterS2, and a second
Lorentzian term (weighted by 1� S2) represents the averaged
effects of internal motion. In this ansatz the spectral density is:

Jij.ω/ D 1

4�
hr�6
ij i

(
S2�c

1C ω2�2
c
C .1� S

2/�

1C ω2�2

)
.16/

where

��1 � ��1
c C ��1

e .17/
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and�e is an effective internal correlation time. It is possible to
relate S2 and �e to the individual rate constants in a jump
model, and indeed to express many models for molecular
motion in this framework. The parameters can also be fitted to
experimental data, making this a convenient interface between
theory and experiment. In the case where internal motions are
very fast and�e is short, the second term of equation (16)
can be neglected. In this limit, the order parameterS2 is
a multiplicative correction factor to the simple rigid-limit
spectral density of equation (3).

For 13C and15N relaxation the ‘model-free’ parameters can
be fitted to readily available relaxation measurements, to pro-
vide local flexibility information about particular spinspin
vectors.13 For example, in15N-labeled proteins, order param-
eters for the NH vector in the amide group can be obtained,
and plotted as a function of sequence to identify rigid and
flexible parts of the polypeptide backbone. Figure 2 shows an
example from a small calcium binding protein.14 The regions
of secondary structure have relatively high order parameters
(indicative of smaller amplitude motions) whereas the loops
connecting secondary structure are clearly more flexible. This
example illustrates, however, that some connecting regions
may be much more flexible than others, such as the second
metal-binding loop in the metal-free form; this loop becomes
much more rigid as metals are bound. This illustrates the rich
variety of detailed data that can be extracted from NMR data.
For technical reasons, measurements of15N relaxation are
more straightforward than those for13C, but rapid advances are
being made that should allow probes of local motion at many
side-chain positions, and promise to yield a large number of
probes of molecular motion.

It is clear that the ensemble averages in equation (2) can be
estimated from molecular dynamics simulations. Calculations
along these lines began shortly after simulations on proteins
became feasible, but only recently have systematic solvated

simulations of useful length become accessible. These can be
directly compared to experimental data (as a check on the
quality of the force fields and simulation methods), and can
also be used to help decide which approximate models are most
appropriate. It is customary to compute from the simulation a
normalized time-correlation function,

C.�/ D chP2[ Om.t/ Ð Om.t C �/]/[r.t/r.t C �/]3i .18/

where Om is a unit vector connection two spins. If the normal-
ization constantc is chosen ashr�6i�1, thenC.0/ D 1. The
order parameterS2 can be identified with a ‘plateau value’ of
the time-correlation function:

S2 D lim
�!�p

C.�/ .19/

where�p is an intermediate time, much less than the overall
rotation time, by whichC.�/ becomes constant. (If such a
plateau does not exist, a more complex analysis is needed.)
The rate at whichC.�/ approaches the plateau determines
the effective internal correlation times,�e. Even in carefully
equilibrated simulations, long trajectories are needed to obtain
converged results.

As an example, Figure 3 shows some backbonebackbone
time correlation functions computed from a 1 ns solvated
simulation of an analogue of the ribonuclease C-peptide.15

During this simulation a helix was generally present from
residues 4 to 13, although there was substantial fraying at the
C-terminus and occasional deviations from helical character
elsewhere; the helicali! iC 4 hydrogen bonds were present
about 87% of the time, on average. Several features of the
correlation functions are worth noting. There is a very rapid,
sub-picosecond, decay arising from vibrational motion, that
typically reducesC.�/ by 10 20%; these decays can also
be computed from normal mode analyses.16 This vibrational
decay is followed by slower motions, with time scales of

S2

Residue

Figure 2 Comparison of NH order parameters for calbindin D9k: open circles: apo; triangles:.Cd2C/1; squares:.Ca2C/2. The two metal-ion
binding loops comprise residues 1622 and 55 62; helical regions are residues 414, 25 35, 46 54 and 63 73. The chain ends and the
connecting loop centered at residue 43 have high mobility; the metal-binding loop centered near residue 60 is clearly more mobile in the
metal-free form, whereas the mobility of the 1622 loop is only slightly altered upon metal binding. Adapted from Ref. 14
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Figure 3 Correlation functions for sequential amide-amide relaxation in an analogue of the ribonuclease C-peptide.C.�/ is defined in
equation (18), andi from top to bottom is 7, 9, 3, 11, 5, 8, 10, 6, 4, 2, 12, and 1. Solid curves are within the predominantly helical region,
dotted curves are at the ends. Adapted from Ref. 15

dozens of picoseconds, that reduce the correlation function
further before a plateau is reached. In many cases, both here
and in proteins, the amplitudes of these processes are roughly
equal. In this particular simulation, there is little evidence
for longer time-scale decays for backbonebackbone vectors,
but it is not known how general a phenomenon this will
be. Segmental motions of stretches of backbone are seen
in proteins that have time scales ranging to nanoseconds
and beyond, and some backboneside-chain vectors in this
peptide simulation showed correlation functions that were not
converged on the time scale of the simulation.

3 USE OF CHEMICAL SHIFTS AND COUPLING
CONSTANTS IN NMR REFINEMENT

Besides the NOE, the NMR technique offers other informa-
tion that can also be used in structure determination. Spinspin
coupling constants are a traditional source of such information,
and it is becoming increasingly clear that the chemical shifts
in proteins and nucleic acids can often give direct information
on the secondary and tertiary structure since they depend upon
the local environment.17 This additional NMR information can
be used at several levels. Coupling constant information is
often converted to dihedral angle constraints and used in a
manner similar to the distance constraints derived from NOE
information. Because of the complexity of the interactions that
influence the chemical shift, this information is more useful at
the final structure refinement stage, where the overall structure
has already been determined.

3.1 Use of Dihedral Constraints in Structural
Refinement

The use of coupling constant data in NMR structural refine-
ments in proteins is quite common. The usual procedure inter-
prets observed coupling in terms of allowed angular ranges,

and incorporates penalty functions that are non-zero outside
of the allowed range. Analysis of coupling constants also
allows stereospecific assignments of pro-chiral protons (such
as theb-methylene protons), which has an important side-
effect of allowing NOE cross-peaks involving such groups to
be included more directly in the list of distance constraints.
This, in turn, pays important dividends in structural analysis.

The3JHNa coupling constant, connecting the amide and Ha
protons, is the most commonly measured coupling in proteins;
it is related to the dihedral anglef according to the Karplus
equation:

3JHNa D A cos2 q� B cosqCC .20/

where � D � � 60° and the coefficientsA, B and C can be
determined either by empirical fits to values found in proteins
of known structure,18 or by quantum chemical calculations.19

Observed coupling constants reflect effects of fluctuations
about the average structure, and this averaging needs to be
taken into account in attempts to estimate the underlying
‘static’ Karplus curves.20

Qualitatively, a large3JHNa coupling constant (810 Hz)
indicates a� in the b range (�160° to �100°, and small
values (ca. 4 Hz) are found in helical and turn regions where
f > �80°. Intermediate values are generally found for amino
acids in unconstrained peptides and in loops of proteins that
are not constrained ina or b conformations or are subject to
conformational averaging.

The3Jab coupling constant, connecting Ha and Hb protons,
can also often be measured, and is related to the�1 dihedral
angle through a Karplus relation. Each allowed�1 rotamer has
different characteristic sets of coupling constants and intra-
residue NOE connectivities, so that a qualitative identification
of rotameric states (i.e.,t, gC or g�) is often possible. Again,
averaged values can be used to identify side chains undergoing
conformational transitions between allowed rotameric states. A
3Jab coupling constant correlation diagram for CbH2 groups
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Figure 4 Correlation diagram for the coupling constants3Jab. The
solid line represents the correlation for fixedc1 dihedral angles, and
the dashed line shows the correlation withš30° uniform averag-
ing. Values near the solid or dashed line may arise from a single
conformer; deviations from the line probably indicate significant side
chain motion. Adapted from Ref. 21

provides valuable insights into the nature of the conformational
averaging about�1. A representative correlation diagram for
plastocyanin21 is shown in Figure 4. Data points located on the
solid curve or between the solid and broken curves correspond
to amino acids that adopt fixed�1 conformations or undergo
rapid fluctuations within a single�1 minimum. Data points in
the central region arise from amino acids whose side chains
are subject to conformational averaging over more than one
staggered conformer.

The methods outlined above interpret spin couplings in
terms of rather broad allowed ranges of torsion angles, and
this has historically been the most common way in which this
information is used in structure refinements. An alternative
procedure uses penalty functions based directly on the dif-
ference between calculated and observed coupling constants.
To the extent that the required ‘Karplus curves’ are reliable,
this provides a natural way to incorporate the influence of sev-
eral coupling constants, and for modeling disorder. Yet another
approach (called CUPID) fits peptide coupling constant data
in terms of a continuous probability distribution of rotamers.22

There has also been a recent upsurge in interest in mea-
surements of heteronuclear coupling constants involving15N
or 13C nuclei, and in one- and two-bond couplings. These
measurements should provide additional valuable information
about torsion angles and their distributions.

3.2 Chemical Shifts and Macromolecular Structure

It has been clear for some time that chemical shifts in pro-
teins and nucleic acids depend upon structure in a reasonably
regular way, so that, for example, the shifts in structurally
homologous proteins are themselves homologous. It should be
possible to exploit this information in structural studies, since
many of the underlying physical interactions that lead to chem-
ical shift dispersion are known, and there is now a sufficiently

large number of assignments to allow useful empirical tests of
these models to be carried out.

Considerable attention has been paid to ways in which
the Ha shift reflects local secondary structure. In qualitative
terms, b-sheet regions show downfield shifts, while helical
regions show upfield shifts, relative to a ‘random coil’ value
found in short linear peptides.17 The mean Ha positions in
helices and sheets differs by nearly 0.8 ppm and there is
remarkably little overlap between the two distributions. The
same general trend is found for amide protons, whereas Hb
shifts moved in the opposite direction by a smaller amount.
These relations, in combination with similar behavior of the
13Ca shift, are in many cases clear enough to drive secondary
structure assignments in proteins, and to gain a qualitative idea
of structural differences among homologous systems.

For more quantitative structure studies, it is necessary
to go beyond these empirical surveys, and to develop an
understanding of the physical interactions influencing chem-
ical shifts. Quantum mechanical calculations of structure-
dependent chemical shifts are now becoming accurate enough
to yield useful insights, although results are still limited to
fairly small molecules.23,24 These results can be extremely
useful in establishing conformation-dependent trends, although
interpretation in terms of ‘chemical’ bonding concepts can still
be a challenge.

In both organic chemistry and biochemistry, empirical anal-
yses of the effects of ‘distant’ substituents on chemical shifts
have played an important role for many years, especially for
proton shifts.25,26 There are generally three such types of
interactions in liquids: (a) local magnetic fields arising from
anisotropies in the magnetic susceptibilities of distant func-
tional groups; (b) local electric fields created by distant dipoles
or charges; and (c) deshielding interactions arising from non-
bonded close contacts. The magnetic anisotropy interactions
are strongest with conjugated or partially delocalized electrons
(such as in aromatic rings or peptide groups) where the res-
onance interaction between valence bond structures leads to
significant anisotropies in group magnetic susceptibilities.27,28

These groups then respond to an external spectrometer field to
create a additional local magnetic field. The geometric depen-
dence of this is easy to calculate if the magnetic anisotropy of
the peptide and aromatic group is known. Group anisotropies
can be from NMR data or from gas-phase spectroscopy,
and are increasingly being estimated from quantum chemical
methods.29

The electrostatic fields of distant groups also influence
chemical shifts, in this case indirectly, by polarizing chemical
bonds, and thus contributing to shielding or deshielding of the
nuclei. The most significant term is expected to be proportional
to the projection of the local electric field onto the CH bond
vector:

�el D AE.C H/ .21/

Close-contact deshieldings clearly rise quickly as the atom-
atom distances become short,30 but the exact functional form
is not yet clear.

Several groups have shown that calculations that model
these effects can explain a large portion of the chemical shift
dispersion seen in globular proteins.31 For example,Ösapay
and Case carried out an empirical analysis of proton chemical
shifts from 17 proteins whose X-ray crystal structures had been
determined, and showed that a significant improvement over
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ring-current theories can be made by including the effects of
the magnetic anisotropy of the peptide group and estimates of
backbone electrostatic contributions. For 5678 protons bonded
to carbon, they found a linear correlation coefficient of 0.88
between calculated and observed secondary shifts, with a root-
mean-square error of 0.23 ppm; for side-chain protons in non-
heme proteins, the rms error was 0.18 ppm, and for methyl
groups it was 0.13 ppm.31 Broadly similar results have been
obtained by others.32

Once empirical formulas are available that relate protein
structure to chemical shift, it is a relatively straightforward pro-
cess to design a refinement system to minimize the difference
between calculated and observed shifts. Each of the contribu-
tions discussed above can be readily differentiated with respect
to the atomic coordinates, so that a penalty function

P D
∑
shifts

Wif.Icalc� Iobs/ .22/

can be incorporated into standard minimization or simulated
annealing refinements. HereWi is a weighting factor, andf
is a function that has a minimum when the calculated and
observed shifts agree. As with refinements based on NOE
intensities and coupling constants, the principal question to be
decided is whether the expressions used to compute the shifts
for a particular structure are sufficiently accurate and reliable
to be used as input in a refinement procedure. For chemical
shift calculations, the situation is complicated by the fact that
several physical interactions contribute to the observed values,
not all of which are fully understood. However, as with NOE
intensities, the (often) pronounced dependence of chemical
shift on structure is an advantage, since even sizable errors
in the calculation of shifts may translate into only small errors
in the resulting structure. Initial applications of these ideas to
myoglobin resulted in structures that appeared to be both more
accurate and better defined.33

In paramagnetic proteins, there can be large pseudo-contact
contributions to the shifts of nuclei near the paramagnetic
center, and these can be readily related to geometry if the
anisotropy of the susceptibility tensor can be determined by
independent means such as EPR spectroscopy. The physical
origin of this effect is the same as that for (dia)magnetic
anisotropies important for ring current shifts, but the effect
can be much larger. Several examples of structure refinement
using pseudo-contact shift calculations are now available that
illustrate the ability of such constraints to locate groups in
the vicinity of a transition metal paramagnetic site,34 37 and
further applications of this method can be expected.

4 BASIC MODELS FOR STRUCTURE REFINEMENT

The second main section of the article provides an overview
of ways in which models of molecular structure and motion
can be refined in light of experimental data. It is useful to
divide this procedure into two parts. In the first, an initial
set of structures is generated that approximately satisfy the
covalent and experimental constraints; this is followed by a
second step in which these are refined against the experimen-
tal data in various ways. A similar division exists in protein
crystallography where an initial stage involves the generation
of an atomic model that can be used to interpret the electron

density, followed by refinement cycles that consider statis-
tical features of the level of agreement between calculated
and observed scattering intensities. Although this dividing line
can sometimes be blurred in NMR refinements, it is a useful
concept because the algorithmic requirements are quite dif-
ferent in the two steps. In the initial phase, one is concerned
with probing wide regions of conformational space and with
generating ensembles of conformers with reasonably random
distributions, given the constraints. The second step is aimed
not only at ‘improving’ the initial models, but also at generat-
ing measures of the quality of the fit to experimental data and
of the uncertainty of the structural models at various points in
the molecule.

4.1 Distance Geometry Methods

The most popular method for carrying out the initial search
step is based on a metric matrix or ‘distance geometry’
approach.38,39 If we consider describing a macromolecule in
terms of the distances between atoms, it is clear that there are
many constraints that these distances must satisfy, since forN
atoms there areN.N� 1//2 distances but only 3N coordinates.
General considerations for the conditions required to ‘embed’ a
set of interatomic distances into a realizable three-dimensional
object forms the subject of distance geometry.40 The basic
approach starts from themetric matrix that contains the scalar
products of the vectorsxi that give the positions of the atoms:

gij � xi Ð xj .23/

These matrix elements can be expressed in terms of the
distancesdij, di0, anddj0:

gij D 1
2.d

2
i0 C d2

j0 � d2
ij/ .24/

If the origin (‘0’) is chosen at the centroid of the atoms, then it
can be shown that distances from this point can be computed
from the interatomic distances alone.38 A fundamental theorem
of distance geometry states that a set of distances can corre-
spond to a three-dimensional object only if the metric matrix
g is rank three, i.e., if it has three positive andN� 3 zero
eigenvalues. This is not a trivial theorem, but it may be made
plausible by thinking of the eigenanalysis as a principal com-
ponent analysis: all of the distance properties of the molecule
should be describable in terms of three ‘components’, which
would be thex, y and z coordinates. If we denote the eigen-
vector matrix asw and the eigenvalues�k, the metric matrix
can be written in two ways:

gij D
3∑
kD1

xikxjk D
3∑
kD1

wikwjk�k .25/

The first equality follows from the definition of the metric
tensor, equation (23); the upper limit of three in the second
summation reflects the fact that a rank three matrix has only
three nonzero eigenvalues. Equation (25) then provides an
expression for the coordinatesxik in terms of the eigenvalues
and eigenvectors of the metric matrix:

xik D �1/2
k wik .26/

If the input distances are not exact, then in general the met-
ric matrix will have more than three nonzero eigenvalues, but
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an approximate scheme can be made by using equation (26)
with the three largest eigenvalues. Since information is lost by
discarding the remaining eigenvectors, the resulting distances
will not agree with the input distances, but will approximate
them in a certain optimal fashion. A further ‘refinement’ of
these structures in three-dimensional space can then be used
to improve agreement with the input distances.

In practice, even approximate distances are not known for
most atom pairs; rather, one can set upper and lower bounds
on acceptable distances, based on the covalent structure of the
protein and on the observed NOE cross peaks. Then particular
instances can be generated by choosing (often randomly)
distances between the upper and lower bounds, and embedding
the resulting metric matrix.

Considerable attention has been paid recently to improv-
ing the performance of distance geometry by examining the
ways in which the bounds are ‘smoothed’ and by which dis-
tances are selected between the bounds.2,41,42The use of trian-
gle and tetrangle bound inequalities can improve consistency
among the bounds. A procedure called ‘metrization’ applies
these inequalities during the course of selecting actual dis-
tances between the upper and lower bounds; this effectively
introduces correlations among the chosen distances, and can
dramatically improve the sampling properties of the procedure.
A method for improving the efficiency and performance of
this approach has recently been described, along with empiri-
cal rules for optimizing the distributions from which distances
are chosen between the upper and lower bounds.42 Systematic
search procedures in torsion angle space can generate addi-
tional relations among bounds, by sampling of all allowable
conformers of a small portion of the protein, and from these
computing the best upper and lower bounds for each atom
pair within the fragment. By carrying out overlapping searches
along the entire sequence, a bounds matrix can be generated
that includes important local correlations among the bounds.43

It is worth noting that the initial phase of refinement need
not use metric matrix ideas, since it is often possible to
construct robust search procedures that allow a protein to be
‘folded’ from random initial structures under the influence of
NMR-derived constraints. These methods are beyond the scope
of the current chapter, and have been reviewed elsewhere.44 46

4.2 Molecular Dynamics Refinements

Refinements in three-dimensional space typically start from
distance geometry structures, and attempt both to preserve the
covalent geometry of the protein and to satisfy the constraints
derived from the NMR measurements. The function to be
optimized is almost always a sum of terms representing the
energetics of the molecule per se and the experimental con-
straints. The molecular terms may be represented by simplified
functions that maintain bond distances and angles and pre-
vent nonbonded overlaps or by use of more realistic molecular
mechanics expressions.

Although standard procedures (such as conjugate gradients)
may be used to minimize such target functions, these typically
get trapped in nearby local minima, and it has become common
practice to use molecular dynamics or Monte Carlo schemes to
obtain more robust optimization,1 in which high temperatures
are used to escape local minima. The cooling or annealing
phase is crucial to the success of the procedure, and should
be carried out as slowly as is practical. One approach uses a

modified dynamicsalgorithmthat removes kinetic energy in an
exponential fashion,47 controlled by a time constant�. Typical
time constants are in the range 1 to 4 ps, and the larger values
nearly always give better results. It is often useful to repeat
the cycle of heating and cooling, starting from the end point
of an initial annealing, but calculating more than two or three
cycles does not appear to be productive. Our current ‘default’
protocol uses two cycles of simulated annealing of 15 ps each,
about 75% of which is devoted to the cooling portion.

There is a natural question about the relative weights of the
molecular mechanics and constraint portions of the optimiza-
tion function. It is clear that some compromise between these
two is required, and sample calculations with various weights
bear out the expected behavior in limiting situations. If the
experimental constraints are too weak, then significant devia-
tions from the observed spectrum will be obtained; in addition,
further weakening of the NOE-based distance restraints will
exacerbate this problem, with only a slight improvement in
molecular mechanics energy. Analogous behavior occurs when
the experimental restraints are very strong: poor geometries are
obtained, and further strengthening of the restraints increases
these errors while providing little improvement in the agree-
ment of calculated and observed spectral intensities. The hope
is that there is a reasonable intermediate region that avoids the
less desirable behavior at the more extreme values. Exploratory
calculations on plastocyanin and calbindin suggest that penalty
function force constants near 30 kcal mol�1 Å�2 satisfy this
criterion.

4.3 Refinement by NOE Intensities

Given that both multi-spin and internal motion effects
can be represented in a natural way by relaxation matrix
calculations, it makes sense to consider refinement schemes
based more directly on observed intensities, using penalty
functions of the form:

P D
∑

peaks,�m

Wijf.I
exp.
ij � Icalc.

ij / .27/

The functionf will have a minimum when the calculated
and experimental estimates agree; its functional form will be
discussed below. The gradient ofP with respect to proton
coordinates provides a contribution to the force in a molecular
dynamics annealing scheme that is used to improve the struc-
tures; this procedure is then closely analogous to that used
in macromolecular crystallography. The forces can be gener-
ated by diagonalizing the rate matrix asR D L�LT, whereL
is the unitary eigenvalue matrix, and� the diagonal eigen-
value matrix. ThenIij can be written asL exp.���m/LT, and
the exponential of the diagonal matrix� is easily determined.
The gradient ofIij with respect to nuclear coordinates can be
expressed in closed form,48 and both perturbation and integral
equation approaches can generate accurate and reasonably effi-
cient gradients.49 For example, perturbation expansion through
third order in the off-diagonal elements is accurate up to about
200 ms mixing time for a protein with a rotational tumbling
time of a few nanoseconds.

These ‘direct’ methods can used not only to optimize the
structural coordinates, but also to refine other parameters (such
as order parameters and correlation times) that are involved in
computing the elements of the matrixR. Both overall rota-
tional correlation times and effective internal order parameters
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are commonly extracted from heteronuclear relaxation data,
but the same ideas can also applied to protonproton relax-
ation measurements as well.

Refinement schemes based on equation (27) require accu-
rate measurements of cross-peak intensities, and can also be
only as accurate as the models used for the relaxation pro-
cesses. There also remains the question of which statistics
relating calculated and observed intensities should be opti-
mized in the refinement process. One could consider using
a statistic akin to theR-factor of X-ray crystallography, but
this tends to give too little weight to weak cross-peaks that
are important in defining the structure. Various proposals have
been put forth for improved functions.50,51 As with protein
crystallography, the development of generally accepted proce-
dures for refinement will depend to a large extent on empirical
tests of various schemes.

In this context, it is also worth noting that alternative
methods exist for quantitative comparisons to NOESY inten-
sities, based mainly on iterative refinements of the rate matrix
itself.51 53 These models provide a translation from observed
intensities to cross-relaxation rates, providing a useful interme-
diate step in the generation of structural and dynamic models
that fit observed data. Much work remains to be done to deter-
mine the best approach to refinement and the benefits of going
beyond the more common ‘conventional’ level of structure
determinations that uses distance bounds derived by empirical
calibration from short-mixing time experiments.

4.4 Inclusion of Dynamical Effects

The refinement methods discussed above all use the ‘single
average structure’ model as a refinement target, and do not
contain explicit references to dynamical parameters. The chal-
lenge for simultaneous refinements against both homonuclear
and heteronuclear relaxation data is to devise useful mod-
els for molecular motion and disorder that do not have so
many adjustable parameters as to be intractable. Some sorts
of motion, such as methyl rotations or flips of aromatic side
chains, can be described with models that have few or no
adjustable parameters, and these sorts of corrections are readily
incorporated into refinement programs. Molecular dynamics
simulations can suggest appropriate motional models, and in
favorable cases can provide estimates of the jump rates or
order parameters involved. This can lead to a multi-step refine-
ment procedure, in which MD simulations are used to generate
approximate motional models, with adjustable parameters that
are then refined against relaxation data.54 This is very promis-
ing for relatively localized motions, but it is not clear how
easy it will be to extend to the generation of more global
descriptions of the dynamic behavior of proteins or nucleic
acids.

Three additional ideas for going beyond the single-average-
structure model currently seem to have considerable promise:

1. Crystallographers have had some success in using nor-
mal mode descriptions of internal motion, with effective
frequencies as adjustable parameters,55 and initial steps
have been taken to incorporate similar ideas into NMR
refinements.56 This model builds in important large-scale
correlated motions, but not generally the effects of local
conformational jumps.

2. Another model allows the dynamical process of the refine-
ment itself to generate a description of the motional char-
acteristics of the molecule. In this model of ‘time-averaged
restraints’, it is averaged rather than instantaneous struc-
tural parameters that are compared to experimental esti-
mates. So far, this procedure has only been implemented in
the ‘slow-motion’ limit, in which cross-relaxation rates are
just averages of those from several structures, as in equa-
tion (14),57,58 but these studies suggest that this approach
does allow both motion and disorder to be described in
NMR refinements. It is clear that the development of tech-
niques for including dynamical effects in NMR structure
refinement will continue to pose interesting challenges at
both the spectroscopic and the computational level.

3. The multiple-copies model, also adapted from crystallo-
graphy,59 allows all or parts of the protein to be rep-
resented with several conformers, perhaps with differ-
ent populations.60 62 Although care needs to be taken
to avoid introducing too many adjustable parameters, in
favorable cases this can lead to a useful description of
conformational heterogeneity, especially when coupling
constant information is available. It bears similarities to
the ‘locally enhanced sampling’ model, where multiple
copies of pieces of the proteins interact in a mean-field
way to improve coverage of configuration space.63

5 CONCLUDING REMARKS

Much of the machinery for successful refinement of bio-
molecular structures from NMR data is now in place. It
remains to be seen how much the quality of NMR structures
can be further improved by the implementation of relaxation
matrix refinement or other procedures discussed above. At the
very least, iterative NOE refinement protocols are desirable as
aids in eliminating errors or over-interpretations in distance
constraints. However, many problems remain to be solved,
particularly with regard to conformational heterogeneity and
from variable order parameters arising from internal motion.
Considerable work will be required before these methods
can be applied routinely to NMR structure determination.
Further progress in developing methods to asses the accuracy
and precision of NMR structures will rest upon careful data
collection procedures, theoretical analyses of the connection
between structure, dynamics and cross-relaxation rates, and
the development of improved computational tools to tie these
together.
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