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Please refer to the Resources tab in the Prelims section of your eBookPlUs for a comprehensive 
step-by-step guide on how to use your CAS technology.

6.1 Kick off with CAS
Solving equations with CAS

Algebra can be used to solve many equations.

For example, the solution of the polynomial x3 − 4x2 + x + 6 = 0 can be found by 
determining a linear factor using the Null Factor Law, dividing the polynomial by the 
linear factor and factorising the resulting quadratic quotient.

The solution to 274−x = 92x+1 can be found by expressing both sides of the equation 
to the base 3 and then equating the coeffi cients.

A trigonometric equation such as 2 cos(x) = −1 for x ∈ [0, 2π] can be solved 
without the use of a calculator as a knowledge of certain values for sin, cos and tan 
is expected.

There are many equations that cannot be solved using algebra and must be solved 
either numerically (using iteration) or graphically. If a question requires a solution to 
a set number of decimal places, then a numeric or graphical solution may be the only, 
or shortest, means of obtaining the solution.

1 Use CAS to solve the following equations, giving your answers correct to 
3 decimal places.

a 2x = x + 4 b 2x3 − 10x2 + 8x + 4 = 0

c 2x2 + 1 = 1
x

d 5 cos(x) = x

e x + loge (x) = 0 f 3x = x2 + 2x

g sin(x) = log (x) + x2 h x5 = 4x − 2

2 In a narrow passage between two 
walls there are two ladders: one ladder 
3 metres long and the other 2 metres 
long. The fl oor is horizontal and the 
walls are vertical. Each ladder has its 
foot at the bottom of one wall and its 
top resting against the other wall. The 
3 metre ladder slopes up from left to 
right and the 2 metre ladder slopes up 
from right to left. The ladders cross 
1 metre above the ground. How wide is 
the passage? (Give your answer correct 
to 3 decimal places.)
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Statics of a particle
Statics
Statics is the study of the equilibrium of a particle under the action of concurrent 
coplanar forces.

Some definitions
Particle
A particle is a body or an object with a mass such that all of the mass acts through 
one point. Large objects such as cars, trains or desks are still regarded as point 
particles for the purposes of this topic. It will always be assumed that a particle is 
uniform or a point particle, so that in problems a square or a rectangle can be drawn 
to represent the object.

Forces
A force is merely a push or a pull. A force 
is an action which tries to alter the state 
of the motion of a particle. For example, 
pushing a car with a certain force may 
move the car, but if the push is not strong 
enough, it will not move.

A force has both magnitude and direction 
and is a vector quantity. The magnitude 
of the vector F∼  is expressed as F (that is, 
without the vector tilde). The standard unit 
of force is the newton, N. This is named 
after Sir Isaac Newton (1642–1727) who 
postulated several laws of motion.

Equilibrium
A system of concurrent coplanar forces acting on a particle is a set of two-
dimensional forces all passing through the same point. The equilibrium of a particle 
means that the vector sum of all the forces acting on the particle is zero. The 
forces cancel each other out; the particle is said to be in static equilibrium, and the 
acceleration of the particle is zero.

When a particle is in equilibrium and is acted upon by only two forces, F∼1 and F∼2, 
then F∼1 + F∼2 = 0∼ and F∼1 = −F∼2, so the two forces act in a straight line but in opposite 
directions. If a particle is in equilibrium and has two forces acting on it that are not in 
a straight line, then there must be another, or third, force that balances these forces. 
So when a particle is acted upon by three forces, F∼1, F∼2 and F∼3, and the particle is 
in equilibrium, the vector sum of these three forces must be zero: F∼1 + F∼2 + F∼3 = 0∼. 
In this case these three concurrent forces can be represented as the sides of a closed 
triangle, and the vector sum when the forces are placed head to tail is zero.

Trigonometry and Pythagoras’ theorem can be used to solve many force problems.

Throughout this topic answers should be given as exact values where appropriate; 
otherwise, they should be given correct to 2 decimal places. For calculations involving 
inexact values, retain the decimal places throughout the working, otherwise the final 
answer will be affected by the rounding process.

6.2
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A particle is in equilibrium and is acted upon by three forces. One force acts 
horizontally and has a magnitude of 5 newtons; another force acts at right 
angles to the first force and has a magnitude of 6 newtons. Find the third 
force.

THINK WRITE/dRaW

1 Draw a force diagram with the three forces 
acting through a point. Since the particle 
is in equilibrium, the third force, F∼3, must 
act in the opposite direction to the vector 
sum of the two given forces. Let θ be the 
acute angle the third force makes with the 
horizontal. 5

6

y

xθ

F3~  

2 Because the particle is in equilibrium, the 
vector sum of three forces is zero and they 
form a closed triangle.

Redraw the diagram.

5

6

θ

F3~

 

3 Use Pythagoras’ theorem to fi nd the 
magnitude of the third force.

∣F∼3
2 ∣ = 62 + 52

         = 61

4 State the magnitude of the third force. ∣F∼3 ∣ = 61

5 Find the direction of the third force. tan(θ) = 6
5

6 Solve for θ. θ = tan−1 6
5

= 50.19°

7 State the fi nal result. The third force has a magnitude of 61 newtons 
and acts at an angle of 129.81° with the force of 
5 newtons.

WORKED 
EXaMPLE 11111111

angles other than right angles
If the forces are not at right angles, then the sine and cosine rules can be used to solve 
the force problems.
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A particle is in equilibrium and is acted upon by three forces. The first 
force acts horizontally and has a magnitude of 5 newtons; the second 
force, of magnitude 6 newtons, acts at 60° with the first force. Find the 
third force.

THINK WRITE/dRaW

1 Draw a force diagram with the three 
forces acting through a point. Because 
the particle is in equilibrium, the third 
force, F∼3, must act in the opposite 
direction to the vector sum of the 
two given forces. Let θ be the acute 
angle the third force makes with the 
horizontal.

5

y

x
60°

F3~

θ

6

 

2 Because the particle is in equilibrium, 
the vector sum of three forces is zero 
and they form a closed triangle.

Redraw the diagram.

560°
120°

F3~

θ

6

 

3 Use the cosine rule to fi nd the 
magnitude of the third force.

∣F∼3
2 ∣ = 62 + 52 − 2 × 6 × 5 cos(120°)

= 91

4 State the magnitude of the third force. ∣F∼3 ∣ = 91

5 To fi nd the direction of the third force, 
use the sine rule.

F3

sin(120°)
= 6

sin(θ)

6 Solve for sin(θ). sin(θ) =
6 sin(120°)

F3

= 3 3
91

7 Find the angle θ. θ = sin−1 3 3
91

= 33°

8 State the fi nal result. The third force has a magnitude of 91 newtons 
and acts at an angle of 147° with the force of 
5 newtons.

WORKED 
EXaMPLE 22222222

260 MathS QuESt 12 SPECIaLISt MathEMatICS VCE units 3 and 4

UNCORRECTED P
AGE P

ROOFS



Lami’s theorem
Lami’s theorem states that if three concurrent forces act on a body in equilibrium, 
then the magnitude of each force is proportional to the sine of the angle between the 
other two forces.

α
β γ

F3~

F1~

F2~
Redraw the diagram with the forces forming a closed triangle. The magnitude of each 
force is proportional to the sine of the angle between the other two forces.

α
β

γ

F3~

F1~

F2~

The sine rule gives 
F1

sin(180° − α)
=

F2

sin(180° − β)
=

F3

sin(180° − γ)
, and 

sin(180° − θ) = sin(θ). Thus, 
F1

sin(α)
=

F2

sin(β)
=

F3

sin(γ)
, which is Lami’s theorem.

Other types of forces
Weight force
The mass and weight of a particle are different. The mass of a particle is defined as 
the amount of substance in the body; mass is a scalar quantity. When an object is 
placed on a set of bathroom scales, the reading is the amount of mass in the object, 
typically in kilograms. When an object is suspended from a spring balance, the 
reading gives a measure of the gravitational force exerted; this is the object’s weight.

Weight is a vector quantity and is defined to be the downwards force exerted in a 
gravitational field on a particle. For a particle of mass m kg, this weight force is 
m kg-wt or mg newtons and always acts vertically downwards, where g = 9.8 m/s2 is 
the acceleration due to gravity in the Earth’s gravitational field.

A weight force acts on all bodies near the Earth’s surface. The units for a weight 
force can be either kilograms-weight or newtons; the SI unit for force is the newton.

m kg-wt

    

mg newtons

Units 3 & 4

AOS 5

Topic 1

Concept 2

Types of forces
Concept summary
Practice questions
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tension
A string has a tension in it denoted by T.

T
T

The tension is the same at all points in the string and this tension is unaltered if the 
string passes over a smooth hook or pulley.

Note: In this discussion, only light strings are considered, so that the mass of the 
string can be ignored. Also, strings are assumed to be inextensible, so that when the 
string is pulled tight it is taut.

A particle of mass 20 kg is supported by two strings of lengths 12 cm 
and 9 cm. The ends of the string are attached to two fixed points 15 cm 
apart on the same horizontal level. Find the tensions in the strings.

THINK WRITE/dRaW

1 Draw the force diagram. Let the two fi xed 
points be A and B and the position of the 
particle be point C. Let ∠BAC = α and 
∠ABC = β. Let the tension in the 12 cm string 
be T2 and let the tension in the 9 cm string be 
T1. Include the weight force, 20g. Note that all 
the forces in the diagram are in newtons.

9

α

α

C

20g

BA 15

12

β

β
20 kg

T2~ T1~

 

2 The triangle is a right-angled triangle. Because d(AC) = 12, d(BC) = 9 and d(AB) = 15, 
and 122 + 92 = 152, ΔACB is right angled.
∠ACB = 90° and α + β = 90°.

3 Find the trigonometric ratios. sin(β) = cos(α) = 12
15

 and cos(β) = sin(α) = 9
15

  

4 Since the particle is in equilibrium, the vector 
sum of three forces is zero and they form a 
closed triangle.

Redraw the diagram.

α

α

20g

β

βT2~

T1~

 

5 Use Lami’s theorem.
T1

sin(β)
=

T2

sin(α)
=

20g

sin(90°)

6 Since sin(90°) = 1, fi nd the tension in the 
shorter string.

T1 = 20g sin(β)

7 Substitute for the trigonometric ratio and 
evaluate the tension in the shorter string.

T1 = 20g × 12
15

= 16g
= 16 × 9.8
= 156.8

WORKED 
EXaMPLE 33333333

Units 3 & 4

AOS 5

Topic 2

Concept 2

Friction and 
tension
Concept summary
Practice questions
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Resolving forces
An alternative method to Lami’s theorem and using 
trigonometry is the method of resolving forces. Consider 
a force F∼  making an angle of θ with the positive x-axis.

Resolving a vector means splitting the vector up into its 
horizontal and vertical components. Because i∼ is a unit 
vector in the x-direction and j

∼
 is a unit vector in the 

y-direction, F∼ = F cos(θ) i∼ + F sin(θ) j
∼

.

In two dimensions, the equilibrium of a particle means that the vector sum of all 
the resolved horizontal components of the forces is equal to zero. In the i∼ direction, 

Fx = 0. The vector sum of all the resolved vertical components of the forces in a 
perpendicular direction is equal to zero, from the j

∼
 component: Fy = 0∼. Now we 

will repeat the fi rst three worked examples, but this time, we will solve them using 
the method of resolution of vectors.

y

x

F~
θ

F sin(θ)

F cos(θ)
i~

j~

8 Find the tension in the longer string. T2 = 20g sin(α)

9 Substitute for the trigonometric ratio and 
evaluate the tension in the longer string.

T2 = 20g × 9
15

= 12g
= 12 × 9.8
= 117.6

10 Note that the lengths of the strings do not 
represent the magnitudes of the tensions in 
the strings; however, the tensions act along 
the line and direction of the strings. State the 
fi nal result.

The tension in the 9 cm string is 156.8 newtons 
and the tension in the 12 cm string is 
117.6 newtons.

A particle is in equilibrium and is acted upon by three forces. One force acts 
horizontally and has a magnitude of 5 newtons; another force acts at right 
angles to the first force and has a magnitude of 6 newtons. By resolving the 
forces, find the third force.

THINK WRITE/dRaW

1 Draw a force diagram with the three forces 
acting through a point. Since the particle is in 
equilibrium, the third force, F∼3, must act in the 
opposite direction to the vector sum of the two 
given forces. Let θ be the acute angle the third 
force makes with the horizontal.

y

x
5

6

θ i~

j~

F3~

F1~

F2~

 

2 Express the given horizontal force in terms of i∼. F∼1 = 5 i∼

WORKED 
EXaMPLE 44444444
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3 Express the given vertical force in terms of j
∼
. F∼2 = 6j

∼

4 Resolve the force F∼3 into its horizontal and 
vertical components.

y

x
5

6

θ

F3 sin(θ)

F3 cos(θ)

i~

j~

F3~

F1~

F2~

F∼3 = −F3 cos(θ) i∼ − F3 sin(θ) j
∼

 

5 Because the particle is in equilibrium and by 
addition of vectors, F∼1 + F∼2 + F∼3 = 0∼.

F∼1 + F∼2 + F∼3 = 0∼
(5 − F3 cos(θ)) i∼ + (6 − F3 sin(θ)) j

∼
= 0∼

6 By resolving horizontally, the i∼ component 
must be zero.

5 − F3 cos(θ) = 0
        F3 cos(θ) = 5      (1) 

7 By resolving vertically, the j
∼
 component 

must be zero.
6 − F3 sin(θ) = 0
        F3 sin(θ) = 6     (2)

8 To fi nd F3 eliminate θ from (1) and (2). Square both equations.
(1)2: F 2

3  cos2(θ) = 25
(2)2: F 2

3  sin2(θ) = 36

9 Now add these equations, since 
cos2(θ) + sin2(θ) = 1.

F 2
3  cos2(θ) + F 2

3   
sin2(θ) = 25 + 36

   F 2
3  (cos2(θ) + sin2(θ)) = 61

                                       F 2
3 = 61

10 State the magnitude of the third force. F3 = 61

11 To fi nd θ, the direction of the third force, 
divide the equations to eliminate F3.

(2)

(1)
 ⇒ tan(θ) = 6

5

12 Solve for θ. θ = tan−1 6
5

= 50.19°
13 State the fi nal result. The third force has a magnitude of 

61 newtons and acts at an angle of 129.81° 
with the force of 5 newtons.

A particle is in equilibrium and is acted upon by three forces. The first force 
acts horizontally and has a magnitude of 5 newtons; the second force, of 
magnitude 6 newtons, acts at 60° with the first force. By resolving the forces, 
find the third force.

WORKED 
EXaMPLE 55555555
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THINK WRITE/dRaW

1 Draw a force diagram and resolve the forces 
into their horizontal and vertical components.

5
60°

6

θ

y

x

F3~

y

x

6

5θ

F3 sin(θ)

F3 cos(θ)

6 sin(60°)

6 cos(60°)

60°
i~

j~

F3~

F1~

F2~

2 Express the given horizontal force F∼1 in 
terms of i∼.

F∼1 = 5 i∼

3 F∼2 has components F2 cos(60°) horizontally to 
the right and F2 sin(60°) vertically upwards.

F∼2 = 6 cos(60°) i∼ + 6 sin(60°) j
∼

= 3 i∼ + 3 3j
∼

4 Resolve the force F∼3 into its horizontal and 
vertical components, noting that both are in 
the opposite directions to i∼ and j

∼
.

F∼3 = −F3 cos(θ) i∼ − F3 sin(θ) j
∼

5 Since the particle is in equilibrium, use 
addition of vectors.

                                               F∼ 1 + F∼2 + F∼3 = 0∼
(8 − F3 cos(θ)) i∼ + (3 3 − F3 sin(θ)) j

∼
= 0∼

6 By resolving horizontally, the i∼ component 
must be zero.

8 − F3 cos(θ) = 0
        F3 cos(θ) = 8          (1)

7 By resolving vertically, the j
∼
 component 

must be zero.
3 3 − F3 sin(θ) = 0
               F3 sin(θ) = 3 3    (2)

8 To find F3 eliminate θ from (1) and (2). Square both equations.
(1)2: F 2

3   
cos2(θ) = 64

(2)2: F 2
3   

sin2(θ) = 27

9 Now add these equations, since  
cos2(θ) + sin2(θ) = 1.

F 2
3   

cos2(θ) + F 2
3   

sin2(θ) = 64 + 27
   F 2

3  (cos2(θ) + sin2(θ)) = 91
                                       F

2
3 = 91

10 State the magnitude of the force. F3 = 91
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11 To fi nd θ, the direction of the third force, 
divide the equations to eliminate F3.

(2)

(1)
 ⇒ tan(θ) = 3 3

8

12 Solve for θ. θ = tan−1 3 3
8  

= 33°

13 State the fi nal result. The third force has a magnitude of 
91 newtons and acts at an angle of 

147° with the force of 5 newtons.

A particle of mass 20 kg is supported by two strings of lengths 12 cm 
and 9 cm. The ends of the string are attached to two fixed points 15 cm 
apart on the same horizontal level. By resolving the forces, find the tensions 
in the strings.

THINK WRITE/dRaW

1 Draw the force diagram. Let the two fi xed points 
be A and B and the position of the particle be 
point C. Let ∠BAC = α and ∠ABC = β. Let 
the tension in the 12 cm string be T2 and let the 
tension in the 9 cm string be T1. Include the 
weight force 20g. Note that all the forces in the 
diagram are in newtons.

9

α

α

C

20g

BA 15

12

β

β
20 kg

T2~ T1~

 

2 The triangle is a right-angled triangle. Because d(AC) = 12, d(BC) = 9 and
d(AB) = 15, and 122 + 92 = 152, 
ΔACB is right angled.
∠ACB = 90° and α + β = 90°.

3 Find the trigonometric ratios. sin(β) = cos(α) = 12
15

 and cos(β) = sin(α) = 9
15

  

4 T∼1 has components T1 cos(β) horizontally to the 
right and T1 sin(β) vertically upwards.

T∼2 has components T2 cos(α) horizontally to the 
left and T2 sin(α) vertically upwards.

α

20g

β
20 kg

T2~ T1~

T2 cos(α)

T2 sin(α) T1 sin(β)

T1 cos(β)

 

5 Resolving horizontally, all the forces 
horizontally to the right minus all the forces 
horizontally to the left add to zero.

T1 cos(β) − T2 cos(α) = 0     (1)

WORKED 
EXaMPLE 66666666
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6 Resolving vertically, all the forces vertically 
upward minus all the forces vertically 
downwards sum to zero.

T2 sin(α) + T1 sin(β) − 20g = 0     (2)

7 Substitute for the trigonometric ratios into 
(1) and (2).

9T1

15
−

12T2

15
= 0                                 (1)

9T2

15
+

12T1

15
− 20g = 0                      (2)

8 From (1), express T2 in terms of T1. T2 =
3T1

4

9 Simplify (2). 9T2 + 12T1 = 300g

10 Substitute for T2 and solve for T1. 9
3T1

4
+ 12T1 = 300g

     
T1(27 + 48)

4
= 300g

                    75T1 = 1200g

11 State the value of T1. T1 = 1200g
75

= 16g
= 16 × 9.8
= 156.8

12 Substitute for T1 and evaluate T2. T2 = 3T1

4
= 3

4
× 16g

= 12g
= 12 × 9.8
= 117.6

13 State the fi nal result, noting that the 
shorter string carries more tension.

The tension in the 9 cm string is 
156.8 newtons and the tension in the 
12 cm string is 117.6 newtons.

Resolving all the forces
Lami’s theorem can only be used when dealing with problems involving three forces. 
When there are more than three forces acting, resolve the forces.

A string PQR is tied to two fixed points, P and R, on the same horizontal 
plane. A mass of 20 kg is suspended from the string at Q by means of a 
smooth hook that is pulled aside by a horizontal force of F newtons until the 
system is in equilibrium. The parts of the string PQ and QR are then inclined 
at angles of 65° and 55° to the vertical respectively. Find the value of F and 
the tension in the strings.

WORKED 
EXaMPLE 77777777
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Statics of a particle
1 WE1  A particle is in equilibrium and is acted upon by three forces. One force acts 

horizontally and has a magnitude of 7 newtons; another force acts at right angles 
to this force and has a magnitude of 8 newtons. Find the third force.

2 A particle is in equilibrium and is acted upon by three forces. One force acts 
horizontally and has a magnitude of F newtons; another force acts at right angles 
to this force and has a magnitude of 2F newtons. Find the third force.

3 WE2  A particle is in equilibrium and is acted upon by three forces. The first force 
acts horizontally and has a magnitude of 7 newtons; a second force of magnitude 
8 newtons acts at 30° with the first force. Find the third force.

4 A particle is in equilibrium and is acted upon by three forces. The first force acts 
horizontally and has a magnitude of F newtons; a second force of magnitude 
2F newtons acts at 45° with the first force. Find the third force.

ExERcIsE 6.2

PRacTIsE

THINK WRITE/dRaW

1 Because the hook is smooth, the tension is 
unaltered when passing over it, so let the tension 
in the strings PQ and QR both be T. We need 
to find the values of T and F. Note that all the 
forces in the diagram are in newtons.

20g

P R

Q
20 kg

65° 55°

35°25°
F~

T~T~

 

2 The tension in the string QR has a horizontal 
component T cos(35°) and a vertical component 
T sin(35°), both in the positive direction.

QR: horizontal component T cos(35°), vertical 
component T sin(35°)

3 The tension in the string PQ has a horizontal 
component T cos(25°) in the negative direction 
and a vertical component T sin(25°) in the 
positive direction.

PQ: horizontal component T cos(25°) in 
the negative direction, vertical component 
T sin(25°) in the positive direction.

4 Resolve the forces horizontally. F + T cos(35°) − T cos(25°) = 0   (1)

5 Resolve the forces vertically. T sin(35°) + T sin(25°) − 20g = 0   (2)

6 Use (2) to factor and solve for T. T(sin(35°) + sin(25°)) = 20g

                                      T = 20g
sin (35°) + sin(25°)

                                       = 196.75

7 State the value of the tension in the strings. The tension in the strings PQ and QR is 
196.75 newtons.

8 Use (1) to find F. F = T cos(25°) − T cos(35°)
= T(cos(25°) − cos(35°))

9 Substitute for T. F =
20g(cos(25°) − cos(35°))

(sin(35°) + sin(25°))

10 State the value of F. F = 17.15 N
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5 WE3  A particle of mass 10 kg is supported by two strings of lengths 5 cm and 
12 cm. The ends of the string are attached to two fixed points 13 cm apart on the 
same horizontal level. Find the tensions in the strings.

6 A particle of mass 5 kg is supported by two strings of lengths 7 cm and 24 cm. 
The ends of the string are attached to two fixed points 25 cm apart on the same 
horizontal level. Find the tensions in the strings.

7 WE4  A particle is in equilibrium and is acted upon by three forces. One force acts 
horizontally and has a magnitude of 7 newtons; another force acts at right angles 
to this force and has a magnitude of 8 newtons. By resolving the forces, find the 
third force.

8 A particle is in equilibrium and is acted upon by three forces. One force acts 
horizontally and has a magnitude of F newtons; another force acts at right angles 
to this force and has a magnitude of 2F newtons. By resolving the forces, find the 
third force.

9 WE5  A particle is in equilibrium and is acted upon by three forces. The first force 
acts horizontally and has a magnitude of 7 newtons; a second force of magnitude 
8 newtons acts at 30° with the first force. By resolving the forces, find the 
third force.

10 A particle is in equilibrium and is acted upon by three forces. The first force acts 
horizontally and has a magnitude of F newtons; a second force of magnitude 
2F newtons acts at 45° with the first force. By resolving the forces, find the 
third force.

11 WE6  A particle of mass 10 kg is supported by two strings of lengths 5 cm and 
12 cm. The ends of the string are attached to two fixed points 13 cm apart on the 
same horizontal level. By resolving the forces, find the tensions in the strings.

12 A particle of mass 5 kg is supported by two strings of lengths 7 cm and 24 cm. 
The ends of the string are attached to two fixed points 25 cm apart on the same 
horizontal level. By resolving the forces, find the tensions in the strings.

13 WE7  A string PQR is tied to two fixed points, P and R, on the same horizontal 
plane. A mass of 5 kg is suspended from the string at Q by means of a smooth 
hook that is pulled aside by a horizontal force of F newtons, until the system is 
in equilibrium. The parts of the string PQ and QR are then inclined at angles of 
60° and 30° to the vertical respectively. Find the value of F and the tension in 
the strings.

14 A string PQR is tied to two fixed points, P and R, on the same horizontal plane. 
A mass of m kg is suspended from the string at Q by means of a smooth hook that 
is pulled aside by a horizontal force of 8 newtons, until the system is in equilibrium. 
The parts of the string PQ and QR are then inclined at angles of 40° and 20° to the 
vertical respectively. Find the value of m and the tension in the strings.

15 a  A body is in equilibrium under the action of three forces, F∼1 = 3 i∼ − 4j
∼

, 
F∼2 = xi∼ + 7j

∼
 and F∼3 = 6 i∼ + yj

∼
. Find the values of x and y.

b A body is in equilibrium under the action of three forces, F∼1 = −2 i∼ + 5j
∼

, 
F∼2 = 6 i∼ − 8j

∼
 and F∼3 = xi∼ + yj

∼
. Find the values of x and y and the magnitude 

of the force F∼3.
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16 a  A particle is in equilibrium and is acted upon by three forces. One acts 
horizontally and has a magnitude of 50 newtons; another acts at right angles to 
this force and has a magnitude of 120 newtons. Find the third force.

b A particle is in equilibrium and is acted upon by three forces. One acts 
horizontally and has a magnitude of 30 newtons; another acts at right angles to 
the 30 newton force and has a magnitude of F1 newtons. The second force F∼2 
acts at an angle of 120° with the 30 newton force. Find the magnitudes of the 
forces F∼1 and F∼2.

17 a  A particle is in equilibrium and is acted upon by three forces. The first force 
acts horizontally and has a magnitude of 30 newtons; the second force, with 
magnitude 60 newtons, acts at 40° with the first force. Find the third force.

b A particle is in equilibrium and is acted upon by three forces. The first force 
acts horizontally and has a magnitude of 120 newtons; the second force, with 
magnitude 50 newtons, acts at 140° with the first force. Find the third force.

18 a  A particle of mass 4 kg is supported by a string AB attached to a fixed point 
A and is pulled aside from the vertical by a horizontal force of F newtons 
acting on the particle at B. If AB makes an angle of 35° with the vertical in the 
equilibrium position, find:
i the value of F
ii the magnitude of the tension in the string.

b A child of mass m kg is sitting on a swing that is held in equilibrium by a 
horizontal force of 200 newtons applied by his father. At this time, the rope 
attached to the swing makes an angle of 40° with the vertical. Find the tension 
in the rope and the mass of the child.

19 a  A painting of mass 600 g is to be hung on 
a wall. It is supported by a string whose 
ends are attached to two fixed points on the 
wall at the same horizontal level a distance 
of 80 cm apart. A hook is attached to the 
painting. When the painting is hanging in 
equilibrium, the hook is 30 cm directly 
below the midpoint of the two fixed 
points. Find the tension in the string 
around the hook.

b A string of length 2L has its ends fixed to two points at the same horizontal 
level a distance of L apart. A bead of mass m kg is threaded on the string and 
hangs at the midpoint of the string. Find the tension in the string.

20 a  An egg chair is hanging by two inextensible 
cables of lengths 88 cm and 105 cm. The 
other ends of the cable are attached to 
the ceiling at a distance of 137 cm apart. 
The shorter cable has a tension of T1 
newtons and the longer cable has a tension of 
T2 newtons.

i Show that T2 =
88 T1

105
.

ii The longer cable is strong, but the shorter 
cable will break if the tension in it exceeds 

10588

137
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980 newtons. The egg chair has a mass of 10 kg, and a person of mass m kg 
sits in it. Find the maximum value of m for which the eggchair remains in 
equilibrium.

b  A downlight of mass 250 g is hanging from two cables of lengths 48 cm and 
55 cm. The other ends of the cables are attached to the ceiling a distance 
of 73 cm apart. Show that the tensions in the 48 cm and 55 cm cables have 

magnitudes of 
55g

292
 and 

48g

292
 newtons respectively.

21 a  A particle of mass 10 kg is attached to one end of a string, and the other end 
of the string is attached to a fixed point. When in equilibrium, the mass is 
pulled aside by a horizontal force of 2T newtons and the tension in the string is 
3T newtons. The string makes an angle of θ with the vertical. Find the angle θ 
and the value of T.

b A particle of mass 2m kg is attached to one end of a string, and the other end of 
the string is attached to a fixed point. When in equilibrium, the mass is pulled 
aside by a horizontal force of 3mg newtons and the tension in the string is 
T newtons. The string makes an angle of θ with the vertical. Find the angle θ 
and express T in terms of m.

22 a  A string ABC is tied to two fixed points, A and C, at the same horizontal level. 
A mass of 10 kg is suspended at B. When in equilibrium, the strings AB and 
BC make angles of θ and 70° with AC, and the magnitudes of the tensions in 
the strings AB and BC are T and 2T newtons respectively. Find the angle θ and 
the value of T.

b A string PQR is tied to two fixed points, P and R, at the same horizontal level. 
A mass of 4 kg is suspended at Q. When in equilibrium, the strings PQ and 
QR make angles of 50° and θ with PR, and the magnitude of the tension in the 
string PQ is 12 newtons. Find the angle θ and the tension in the string QR.

23 a  Two points A and B are at the same horizontal level and are a distance of 
5L apart. A mass of m kg at point C is connected by two strings, such that 
the lengths AC and BC are 3L and 4L respectively. Find the tensions in the 
two strings AC and BC.

b A particle is supported by two strings at right angles to one another and 
attached to two points at the same horizontal line. Prove that the tensions in 
the strings are inversely proportional to the lengths of the strings.

24 a  A string is tied to two points at the same horizontal level. A mass of m kg is 
suspended from a smooth hook and is pulled across horizontally by a force of 
10 newtons. When the string makes angles of 55° and 35° to the vertical, the 
system is in equilibrium. Find the tension in the string and the mass, m.

b A string is tied to two points at the same horizontal level. A mass of m kg is 
suspended from a smooth hook and is pulled across horizontally by a force 
of F newtons. When in equilibrium, the string makes angles of α and β to the 
horizontal, where β > α. Show that

F
mg

=
cos(α) − cos(β)

sin(α) + sin(β)
.

25 a  A string PQR is tied to two fixed points P and R at the same horizontal level. 
A mass of 5 kg is suspended at Q. When in equilibrium, the strings PQ and 
QR make angles of α and β with PR respectively. The magnitude of the 
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tensions in the strings PQ and QR are 30 and 35 newtons respectively. Find the 
angles α and β.

b A string ABC is tied to two fixed points A and C at the same horizontal level. 
A mass of 7m kg is suspended at B. When in equilibrium, the strings AB 
and BC make angles of α and β with AC respectively. The magnitude of the 
tensions in the strings AB and BC are 5mg and 4mg newtons respectively. Find 
the angles α and β.

26 a  A string is tied to two points at the same horizontal level. A mass of 1.5 kg 
is suspended from a smooth hook and is pulled across horizontally by a force 
of 4 newtons. When in equilibrium, the string makes angles of α and β to the 
horizontal, where β > α and the tension in the string is 10 newtons. Find the 
angles α and β.

b A string ABC is tied to two points A and C at the same horizontal level. A mass 
of 5 kg is suspended from a smooth hook at B and is pulled across horizontally 
by a force of 10 newtons. When in equilibrium, the strings AB and BC make 
angles of α and 30° with the vertical respectively. Find the angle α and the 
tension in the string.

6.3 Inclined planes and connected particles
Other types of forces
action and reaction
If we think of a computer resting on a desk, 
the weight force is not the only force acting 
on the computer, for if the desk were not 
there, the computer would fall vertically 
downwards.

Newton’s Third Law of Motion states that for 
every action there is an equal and opposite 
reaction. That is, if a body exerts a force 
by resting on a desk, then the desk exerts a 
force of equal magnitude but in the opposite 
direction. This type of force is called the 
normal reaction and will be denoted by N. 
The upward force is the reaction of the desk 
on the computer or object.

The normal reaction is always perpendicular 
to the surface and only acts when a body is in 
contact with another surface.

Inclined planes
Consider a particle of mass m kg on a smooth plane 
inclined at angle of θ to the horizontal. A smooth plane 
means that there are no frictional forces acting. The 
particle is being acted on by two external forces: the 
normal reaction N, which is perpendicular to the plane, 
and the weight force, which acts vertically downwards.

mg

N

mg

N

θ
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When dealing with problems involving inclined planes, it 
is usually easier to resolve parallel and perpendicular to 
the plane rather than horizontally and vertically.

The weight force has components mg sin(θ) parallel to 
and down the plane and mg cos(θ) perpendicular to the 
plane. Note that if these were the only forces acting on 
the particle, then it could not be in equilibrium. In that 
situation the particle would slide down the plane.

mg cos(θ)

mg sin(θ)

N

θ

θ

A suitcase of mass 12 kg is maintained in equilibrium on a smooth plane 
inclined at 60° to the horizontal by means of a strap. Find the tension in the 
strap and the reaction of the plane if the strap is parallel and acting up the 
line of greatest slope.

THINK WRITE/dRaW

1 Draw the diagram and mark in the forces on 
the suitcase. Let T be the tension in the strap, 
acting up the line of the slope. 12g is the 
weight force and N is the normal reaction. 
Note that the normal reaction is perpendicular 
to the plane. All forces in the diagram are 
in newtons.

12g

N
T

60°

12 kg

 

2 Resolve the weight force into its components 
parallel and perpendicular to the plane.

12g

12g cos(60°)

12g sin(60°)

N

T

60°

30°
60°

12 kg

 

3 Resolve the forces up the plane. The tension 
force is up the plane and the component of 
the weight force acts down the plane.

T − 12g sin(60°) = 0          (1)

4 Resolve the forces perpendicular to the plane. 
The normal reaction and the component of the 
weight force act perpendicular to the plane.

N − 12g cos(60°) = 0          (2)

5 Use (1) to solve for T. From (1):
T = 12g sin(60°)

= 12g × 3
2

6 State the value of T. The tension in the strap is 6g 3 newtons.

7 Use (2) to solve for N. From (2):
N = 12g cos(60°)

= 12g × 1
2

8 State the value of N. The normal reaction is 6g newtons.

WORKED 
EXaMPLE 88888888
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Resolve all the forces
When two or more forces have components, it is a common mistake to forget to fi nd 
the resolved components of all the forces both parallel and perpendicular to the plane.

A suitcase of mass 12 kg is maintained in equilibrium on a smooth plane 
inclined at 60° to the horizontal by means of a strap. Find the tension in the 
strap and the reaction of the plane if the strap is inclined at an angle of 15° 
to the plane.

THINK WRITE/dRaW

1 Draw the diagram and mark in the forces on the 
suitcase. Let T be the tension in the strap, acting 
at an angle to the plane. 12g is the weight force 
and N is the normal reaction. All forces in the 
diagram are in newtons.

12g

N

T

60°

15°

12 kg

 

2 Resolve the weight force and the tension into 
their components parallel and perpendicular to 
the plane.

12g

N

T

60°

15°

12 kg
T cos(15°)

T sin(15°)

12g cos(60°)

12g sin(60°)

60°

 

3 Resolve the forces up the plane. The component of 
the tension force is up the plane and the component 
of the weight force acts down the plane.

T cos(15°) − 12g sin(60°) = 0        (1)

4 Resolve the forces perpendicular to the plane. The 
normal reaction and the component of the tension 
act up and the component of the weight force acts 
down, perpendicular to the plane.

N + T sin(15°) − 12g cos(60°) = 0        (2)

5 Use (1) to solve for T. From (1):
T cos(15°) = 12g sin(60°)

                T =
12g sin(60°)

cos(15°)

6 State the value of T. The tension in the strap is 105.44 newtons.

7 Use (2) to solve for N. From (2):
N = 12g cos(60°) − T sin(15°)

= 12g × 1
2

− 105.44 × sin(15°)

8 State the value of N. The normal reaction is 31.51 newtons.

WORKED 
EXaMPLE 99999999

Note that, in Worked examples 8 and 9, the normal reaction and tension forces have 
different values.
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Connected particles
When dealing with connected particles or a system involving two or more particles, 
isolate the particles and resolve around each particle independently.

A mass of 10 kg lies at rest on a smooth plane inclined at 30° to the horizontal. 
The mass is held in place by a string that is parallel to the plane and passes 
over a smooth pulley at the top of the plane. The other end of the string is 
connected to a mass of m kg that hangs vertically. Find the value of m.

THINK WRITE/dRaW

1 Draw the diagram and mark in all the forces. The 
pulley is smooth, meaning the tensions on each side 
are equal. Let the tension in the strings be T. All 
forces in the diagram are in newtons.

mg

m kg

10g
30°

N T
T

 

2 Resolve vertically upwards around the mass m 
hanging vertically.

T − mg = 0

3 Resolve parallel to the plane around the 10 kg mass. T − 10g sin(30°) = 0

4 Equate the tensions. mg = 10g sin(30°)

5 Solve for the unknown mass. m = 10 sin(30°)

= 10 × 1
2

6 State the value of the mass. The mass is 5 kg.

WORKED 
EXaMPLE 1010101010101010

If the system has two connected particles in a situation similar to that depicted in 
Worked example 11, then resolve horizontally and vertically around each particle. 
This can give four equations, so in these types of problems, there can be up to four 
unknowns that need to be found.

PQRS is a rope fastened to a horizontal beam at P and S. A mass of m kg 
is suspended from R and a mass of 10 kg is suspended from Q. The section 
of the rope PQ makes an angle of 70° with PS, and section QR is inclined at 
10° below the horizontal, while section RS is inclined at an angle of 40° to the 
vertical. Find the tensions in all the sections of the rope and the value of m.

THINK WRITE/dRaW

1 Draw the diagram and mark in all 
appropriate angles. Let the tensions 
in the strings PQ, QR and RS be 
T1, T2 and T3 respectively. We have 
4 unknowns: T1, T2, T3 and m.

10g
R

SP

T1 T3

T2
T2

70°
20°

10°

10°

50°

40°

Q

mg

10 kg

m kg

 

WORKED 
EXaMPLE 1111111111111111
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2 Resolve horizontally around Q. T2 cos(10°) − T1 sin(20°) = 0          (1)

3 Resolve vertically around Q. T1 cos(20°) − T2 sin(10°) − 10g = 0          (2)

4 Resolve horizontally around R. T3 cos(50°) − T2 cos(10°) = 0          (3)

5 Resolve vertically around R. T3 sin(50°) + T2 sin(10°) − mg = 0          (4)

6 Use (1) to express T2 in terms of T1. (1) ⇒ T2 cos(10°) = T1 sin(20°)

                            T2 =
T1 sin(20°)

cos(10°)

7 Substitute for T2 into (2). (2) ⇒ T1 cos(20°) − T2 sin(10°) = 10g

T1 cos(20°) −
T1 sin(20°)sin(10°)

cos(10°)
= 10g

8 Solve for T1 by taking a common 
denominator.

T1 cos(20°)cos(10°) − T1 sin(20°)sin(10°)

cos(10°)
= 10g

    

T1[cos(20°)cos(10°) − sin(20°)sin(10°)]

cos(10°)
= 10g

9 Use a trigonometric compound-angle  
formula.

T1 cos(30°) = 10g cos(10°)

                T1 =
10g cos(10°)

cos(30°)

                T1 = 111.44

10 State the value of T1. The tension in the string PQ is 111.44 newtons.

11 Back substitute and solve for T2. T2 =
10g cos(10°)

cos(30°)
×

sin(20°)

cos(10°)

T2 =
10g sin(20°)

cos(30°)

T2 = 38.70

12 State the value of T2. The tension in the string QR is 38.70 newtons.

13 Use (3) to solve for T3. (3)
   
⇒ T3 cos(50°) − T2 cos(10°) = 0

                                                       T3 =
T2 cos(10°)

cos(50°)

14 Substitute for T2. T3 =
10g sin(20°)

cos(30°)
×

cos(10°)

cos(50°)

T3 = 59.30

15 State the value of T3. The tension in the string RS is 59.30 newtons.

16 Use (4) to solve for m. (4)
   
⇒ mg = T3 sin(50°) + T2 sin(10°)

17 Substitute for T2 and T3. mg = 59.30 sin(50°) + 38.70 sin(10°)
mg = 52.147

  m = 52.147
9.8

= 5.32

18 State the value of m. The mass m is 5.32 kg.
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Inclined planes and connected particles
1 WE8  A parcel of mass 5 kg is maintained in equilibrium on a smooth plane 

inclined at 40° to the horizontal by means of a force acting up and parallel to the 
plane. Find the magnitude of this force and the reaction of the plane.

2 A book of mass 200 g is maintained in equilibrium on a smooth inclined plane by 
a force of 1 N acting up and parallel to the plane. Find the inclination of the plane 
to the horizontal and the reaction of the plane on the book.

3 WE9  A parcel of mass 5 kg is maintained in equilibrium on a smooth plane 
inclined at 40° to the horizontal by means of a force acting at an angle of 20° 
to the plane. Find the magnitude of this force and the reaction of the plane on 
the parcel.

4 A book of mass 200 g is maintained in equilibrium on a smooth inclined plane by 
a force of 1 N acting at an angle 20° with the plane. Find the inclination of the 
plane to the horizontal and the reaction of the plane on the book.

5 WE10  A mass of m kg is held at rest on a smooth plane inclined at 60° to the 
horizontal by a string that is parallel to the plane and passes over a smooth pulley 
at the top of the plane. The other end of the string is connected to a mass of 4 kg 
that hangs vertically. Find the value of m.

6 A mass of M kg is held at rest on a smooth plane inclined at θ to the horizontal 
by a string that is parallel to the plane and passes over a smooth pulley at the top 
of the plane. The other end of the string is connected to a mass of m kg that hangs 

vertically. If M > m, show that sin(θ) = m
M

.

7 WE11  PQRS is a rope fastened to a horizontal beam at P and S. A mass of 5 kg is 
suspended from R and a mass of m kg is suspended from Q. The section of the 
rope PQ makes an angle of 60° with PS, and section QR is inclined at 45° below 
the horizontal, while section RS is inclined at an angle of 30° to the vertical. Find 
the tensions in all the sections of the rope and the value of m.

8 PQRS is a rope fastened to a horizontal beam at P and S. A mass of m1 kg is 
suspended from Q and a mass of m2 kg is suspended from R. The section of the 
rope PQ makes an angle of 55° with PS, and section QR is inclined at 25° below 
the horizontal. The tensions in the string PQ and RS are 30 and 40 newtons 
respectively. Find the tension in QR, the inclination of RS to PS, and the 
masses m1 and m2.

9 a  Two particles are at rest on two smooth 
inclined planes which are placed back to 
back. The planes are inclined at angles 
of α and β to the horizontal, and the 
particles are connected by a string which 
passes over a smooth pulley at the top 
of the planes. The particle on the plane 
inclined at an angle of α has a mass of m1 kg and the particle on the plane 
inclined at an angle of β has a mass of m2 kg. Show that

m1

m2
=

sin(β)

sin(α)
.

ExERcIsE 6.3

PRacTIsE

coNsolIdaTE
m2 kgm1 kg
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b Two bodies are at rest on two smooth inclined planes which are placed back to 
back. The planes are inclined at angles of 60° and 30° to the horizontal, and the 
bodies are connected by a string passing over a smooth pulley at the top of the 
planes. The body on the steeper plane has a mass of 4 kg and the other body 
has a mass of m kg. Find the tension in the string and the value of m.

10 Masses of m kg and 5 kg are suspended from two points of a string that has one 
end attached to a beam. The lower mass of 5 kg is pulled aside by a horizontal 
force of F newtons until the upper and lower parts of the string are inclined at 20° 
and 40° respectively to the vertical. Find the values of:

a F
b the mass m
c the tensions in both sections of the string.

11 Two masses are attached to two different points on a string that hangs at one end 
from a support. The higher mass is 3 kg; the lower mass is 4 kg and is acted upon 
by a horizontal force of 20 newtons to the right. Find the tension in each portion 
of the string and the angle that each section of the string makes with the vertical.

12 Two masses are attached to two different points of a 
string that hangs from a fixed point, A. The higher mass 
of 4 kg at point B is acted upon by a horizontal force of 
F1 newtons acting to the right, and the lower mass of 
6 kg at point C is acted upon by a horizontal force 
of magnitude F2 newtons to the left, such that the lower 
mass is vertically below A. If AB is inclined at the 
angle of 30° to the vertical and angle ABC is 90° when 
the system is in equilibrium, find the tension in each 
portion of the string and the magnitudes of F1 and F2.

13 Two masses are attached to two different points of a string that hangs from a fixed 
point A. The higher mass m1 kg at point B is acted upon by a horizontal force of 
15 newtons acting to the right so that the string AB makes an angle of 40° with 
the vertical. The lower mass m2 kg at point C is acted upon by a horizontal force 
of magnitude 5 newtons to the left such that the lower mass is vertically below A. 
The angle ABC is 90° when the system is in equilibrium. Find the tension in each 
portion of the string and the values of m1 and m2.

14 Two bodies of mass 5 kg and 8 kg are at the same 
horizontal level, with the 5 kg mass to the left of 
the 8 kg mass. Both are hanging vertically and are 
connected by a light string that passes over two 
pulleys vertically above both particles and at the same 
horizontal level. A third body of mass m kg is suspended between the pulleys 
by the string such that the string on the left makes an angle of 40° to the vertical. 
If the system is in equilibrium, find the angle that the string on the right makes 
with the vertical and the mass of the third body.

15 A string passes over two smooth pegs on the same horizontal level and supports 
masses of 5 kg at both ends hanging vertically. A mass of 6 kg is then hung from 
the string midway between the pegs, and this moves down 3 cm.

a If the system is now in equilibrium, find the distance between the pegs.

F1

C

B

A

F2

60°

30°

6 kg

4 kg

θ

8 kgm kg5 kg

40°
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b If instead the 6 kg mass was replaced with a mass of m kg, find an expression 
in terms of m for the distance of the mass below the pegs. 

c What would happen if m = 10 kg?

16 PQRS is a rope fastened to a horizontal beam at P and S. A mass of 5 kg is suspended 
from R and a mass of m kg is suspended from Q. If the section of the rope PQ makes 
an angle of 50° with PS, and QR is 25° below the horizontal while RS is inclined at 
40° to the vertical, find all the tensions in the strings and the value of m.

17 ABCD is a rope fastened to a horizontal beam at A and D. A mass of m kg is 
suspended from B and a mass of M kg is suspended from C. If the tensions in the 
strings AB and CD are equal and twice the tension in the string BC, show that the 
strings AB and CD make equal angles with the vertical. If the string BC is inclined 
at 60° below the horizontal, find the angle that AB makes with the vertical.

18 a  Two masses are attached to two different points of a string that hangs from a 
fixed point A. The higher mass of 2m kg at point B is acted upon by a horizontal 
force of 3F newtons acting to the right, and the lower mass of m kg at point C 
is acted upon by a horizontal force of magnitude F newtons to the left, such that 
the lower mass is vertically below A. If the angle ABC is 90° when the system 
is in equilibrium, find the angle that AB makes with the vertical.

b Two masses are attached to two different points of a string that hangs from a 
fixed point A. The higher mass m1 kg at point B is acted upon by a horizontal 
force of F1 newtons acting to the right. The lower mass m2 kg at point C is 
acted upon by a horizontal force of magnitude F2 newtons to the left such 
that the lower mass is vertically below A. If the angle ABC is 90° and AB is 
inclined at angle of α to the vertical, show that

m1

m2
=

F1

F2

− 1  cot2(α) − 1.

19 PQR is a rope fastened to a beam at P. A mass of m1 kg is suspended at Q and 
a mass of m2 kg is suspended at R so that m2 is below and to the right of m1. 
A horizontal force of magnitude F newtons acts to the right at the point R. The 
section of the rope PQ makes an angle of α with the horizontal, and the section of 
the rope QR is inclined at an angle of β below the horizontal where α > β.

Show that 
m2

m1
=

cos(α)sin(β)

sin(α − β)
 and F =

m1g cos(α)cos(β)

sin(α − β)
.

20 PQRS is a rope fastened to a horizontal beam at P and S. A mass of m1 kg is 
suspended from Q and a mass of m2 kg is suspended from R. The sections of the 
rope PQ and RS make angles of α and γ respectively with PS, and QR makes an 
angle of β below the horizontal, where α > β > γ.

Show that 
m2

m1
=

cos(α)sin(β + γ)

cos(γ)sin(α − β)
.

MasTER

Dynamics
newton’s laws of motion
In contrast to kinematics, which is the study of the motion of particles without 
consideration of the causes of the motion, dynamics is the study of the causes of 
the motion of particles.

6.4
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The study of dynamics is based upon 
Newton’s three laws of motion. Isaac 
Newton (1642–1727) worked in many 
areas of mathematics and physics. It is 
believed that he fi rst started studying the 
effects of gravity after watching an apple 
fall from a tree.

He wondered why the apple fell, and he 
wanted to calculate the speed at which 
it hit the ground. He was also curious 
about the stars and the movement of the planets in the skies: he asked, were they 
falling too? He developed his theory of gravitation in 1666, and in 1686 he published 
his three laws of motion in the book Principia Mathematica Philosophiae Naturalis. 
These laws can be stated in modern English as follows.

Newton’s First Law of Motion: Every body continues in a state of rest or uniform 
motion in a straight line unless acted upon by an external force.

Newton’s Second Law of Motion: The resultant force acting on a body is proportional 
to the rate of change of momentum.

Newton’s Third Law of Motion: For every action there is an equal but opposite 
reaction.

Momentum
The concept of momentum is fundamental to Newton’s Second Law of Motion. 
The momentum p

∼
 of a body of mass m moving with velocity v∼ is defi ned by

momentum = mass × velocity
p
∼

= mv∼.

The standard unit for momentum is kilogram metres/second (kg m/s).

Note that momentum is a vector quantity.

Units 3 & 4

AOS 5

Topic 1

Concept 4

Equilibrium and
Newton’s First Law
of Motion
Concept summary
Practice questions

Find the magnitude of the momentum of a car of mass 1.4 tonnes moving at 
72 km/h.

THINK WRITE

1 Determine the mass of the car in SI units; 
that is, express the mass in kg.

m = 1.4 tonnes
m = 1400 kg

2 Convert the speed into m/s. Multiply 
by 1000 and divide by 60 and 60 again, 
since there are 60 minutes in an hour and 
60 seconds in a minute.

v = 72 km/h

v = 72 × 1000
60 × 60

= 20 m/s

3 Find the product of the mass and speed. p = mv
= 1400 × 20

4 State the magnitude of the momentum. The magnitude of the momentum is 2800 kg m/s.

WORKED 
EXaMPLE 1212121212121212

Resultant force, R∼ = ma∼
Newton’s second law also involves the resultant force. Let R∼ = F∼  be the vector 
resultant sum of all the forces acting on a body. If the resultant force acting on a body 
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is proportional to the rate of change of momentum, then R∼ ∝ d
dt

(
 p
∼
). Taking k as the 

proportionality constant, R∼ = k d
dt

(
 p
∼
).

Now substituting for the momentum, R∼ = k d
dt

(mv∼). Differentiating using the product 

rule gives R∼ = k m 
dv∼
dt

+ v∼ 
dm
dt

. But since the mass is constant, dm
dt

= 0, we have 

R∼ = km  
dv∼
dt

= kma∼, since the acceleration a∼ =
dv∼
dt

.

We can make k = 1 if we use correct and appropriate units. If the mass m is measured 
in kg, the forces in N and the acceleration in m/s2, then k = 1. So a force of 1 newton 
is defi ned as the force which, when applied to a mass of 1 kilogram, produces an 
acceleration of 1 m/s2.

Newton’s laws imply that a force is needed to make an object move. By considering 
the forces acting on an object we can analyse its motion.

Units 3 & 4

AOS 5

Topic 1

Concept 1

Inertial mass 
and momentum
Concept summary
Practice questions

A particle of mass 2 kg on a smooth horizontal plane is acted upon by three 
forces in that horizontal plane. F∼1 has a magnitude of 8 newtons and acts in 
direction N35°E, F∼2F2222F  has a magnitude of 6 newtons and acts in direction S20°E, 
and F∼3F3333F  has a magnitude of 7 newtons and acts in direction W40°S. If i∼ is a unit 
vector of magnitude 1 newton acting east and j

∼
 is a unit vector of magnitude 

1 newton acting north, find the magnitude of the acceleration of the particle.

THINK WRITE/dRaW

1 Draw the force diagram.

W E

S

8

7 6

N

40°

35°

20°
i~

j~

F3~

F1~

F2~
 

2 Resolve the force F∼1 into its components. F∼1 = 8 sin(35°) i∼ + 8 cos(35°) j
∼

3 Resolve the force F∼2 into its components. F∼2 = 6 sin(20°) i∼ − 6 cos(20°) j
∼

4 Resolve the force F∼3 into its components. F∼3 = −7 cos(40°) i∼ − 7 sin(40°) j
∼

5 Find the resultant force, which is the vector 
sum of all the forces acting on the body.

R∼ = F∼1 + F∼2 + F∼3

R∼ = (8 sin(35°) i∼ + 8 cos(35°) j
∼
)

+ (6 sin(20°) i∼ − 6 cos(20°) j
∼ 

)
− (7 cos(40°) i∼ + 7 sin(40°) j

∼ 

)

6 Use the properties of vector addition. R∼ = F∼1 + F∼2 + F∼3

R∼ = (8 sin(35°) + 6 sin(20°) − 7 cos(40°)) i∼
+ (8 cos(35°) − 6 cos(20°) − 7 sin(40°)) j

∼

WORKED 
EXaMPLE 1313131313131313
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Constant acceleration formulas
When considering constant forces, this implies that the acceleration is constant. 
The constant acceleration formulas developed in earlier topics can be used for 
rectilinear motion. Rectilinear motion is motion in a straight line, either horizontally 
or vertically.

The constant acceleration formulas are v = u + at, s = ut + 1
2
at2, v2 = u2 + 2as and 

s = u + v
2

t.

7 Evaluate the resultant force. R∼ = 1.278 i∼ − 3.584j
∼

8 Use Newton’s Second Law of Motion to fi nd 
the acceleration, which is a vector.

Since the mass m = 2,
R∼ = 1.278 i∼ − 3.584j

∼
= 2a∼

 a∼ = 0.639 i∼ − 1.792j
∼

9 Find the magnitude of the acceleration. ∣a∼ ∣ = 0.6392 + 1.7922

= 1.90

10 State the result. The magnitude of the acceleration is 1.90 m/s2.

A boy of mass 63 kg on a skateboard of mass 
2 kg is freewheeling on a level track. His 
speed decreases from 10 m/s to 5 m/s as he 
moves a distance of 30 m. Find the magnitude 
of the resistant force, which is assumed to be 
constant.

THINK WRITE/dRaW

1 Draw a force diagram. The only horizontal 
force acting on the boy and the skateboard 
is the resistance force RF, which opposes the 
direction of motion.

N

RF

65g

Direction of motion

 

2 Use the constant acceleration formulas. u = 10, v = 5, s = 30, a = ?
Use v2 = u2 + 2as.

3 Find the acceleration, a, of the boy on the 
skateboard.

   25 = 100 + 2a × 30
60a = −75
    a = −1.25  m/s2

The acceleration is negative as he is 
slowing down.

WORKED 
EXaMPLE 1414141414141414

Units 3 & 4

AOS 5

Topic 1

Concept 3

Resultant force
Concept summary
Practice questions
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newton’s third Law of Motion
Action and reaction pairs are equal and opposite and act on different bodies.

This law has already been considered when including the normal reaction on 
particles when they are at rest on, or in contact with, a surface. Note that only the 
external forces acting on a body will be considered in this course, and the effects of 
compression or the rotational aspects of bodies when forces are applied to them will 
be ignored.

4 Find the resistance force using Newton’s 
second law.

RF = ma
m = 65 and a = −1.25 

RF = 65 × −1.25
= −81.25

5 State the magnitude of the resistance force. The resistance force is 81.25 newtons.

A 60 kg student stands in a lift. Find the reaction of the lift floor on the 
student if the lift is:

a accelerating upwards at 2 m/s2 b accelerating downwards at 2 m/s2

c moving with constant velocity.

THINK WRITE/dRaW

a 1 Draw a force diagram, including the 
direction of motion. Let N newtons 
be the reaction of the lift fl oor on the 
student when the lift travels upwards.

a N

a = 2 m/s2

60g 

2 Resolve the forces in the direction of 
motion using Newton’s second law.

Consider the upwards direction as positive.
The lift is accelerating upwards at 2 m/s2 and m = 60.
N − 60g = 60 × 2

3 Find the magnitude of the 
reaction force.

N = 60g + 60 × 2
= 60(9.8 + 2)
= 708

4 State the value of the reaction force. The reaction force is 708 N.

b 1 Draw a force diagram, including the 
direction of motion. Let N newtons 
now be the reaction of the lift fl oor 
on the student when the lift travels 
downwards. This value of N is 
different from the case in part a.

b N

a = 2 m/s2

60g  

WORKED 
EXaMPLE 1515151515151515

Units 3 & 4

AOS 5

Topic 2

Concept 1

Newton’s Second 
and Third Laws of 
Motion
Concept summary
Practice questions
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Motion on inclined planes
When a particle is moving along a slope, the forces are resolved parallel and 
perpendicular to the slope. For inclined plane problems, consider the i∼ direction as 
parallel to the slope. Thus, Newton’s Second Law of Motion states that Fx = ma. 
That is, the vector sum of all the resolved forces in the direction of motion is equal 
to ma. The vector sum of all the resolved forces in the direction perpendicular to the 
motion in the j

∼
 direction, Fy, is equal to zero, because the particle is not moving 

in that direction.

In this section, the term ‘tractive force’ is used. This is a force that moves a body on 
a surface.

Slopes
When a particle moves up or down a slope, the inclination of the slope is often stated 
as the vertical distance raised over the distance travelled along the slope. So a slope 

of 1 in n means that sin(θ) = 1
n

, where θ is the inclination of the slope to the horizontal.

2 Resolve the forces in the direction of 
motion using Newton’s second law.

Consider the downwards direction as positive.
The lift is accelerating downwards at 2 m/s2.
60g − N = 60 × 2

3 Find the magnitude of the 
reaction force.

N = 60g − 60 × 2
= 60(9.8 − 2)
= 468

4 State the value of the reaction force. The reaction force is 468 N.

c 1 When the lift moves with constant 
velocity, its acceleration is zero.

c The weight force is equal to the reaction 
force.
N = mg

= 60 × 9.8
= 588

 

2 State the value of the reaction force 
in this case.

The reaction force is 588 N.

N

60g

A boy of mass 70 kg rides a 10 kg bicycle up a slope of 1 in 5. If the 
resistance to the motion is one-quarter of the weight force, find the tractive 
force of the tyres when he ascends with an acceleration of 2 m/s2.

THINK WRITE/dRaW

1 Draw a force diagram. Let F newtons be 
the tractive force exerted by the tyres that 
makes the bike go up the hill. The resistance 
force RF is one-quarter of the weight force. 
Consider the i∼ direction as the positive 
direction going up and parallel to the slope. mg

N

θ

R
F

F
a = 2 m/s2

 

WORKED 
EXaMPLE 1616161616161616

Units 3 & 4

AOS 5

Topic 2

Concept 4

Motion on an 
inclined plane
Concept summary
Practice questions
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Resolution of all the forces
When two or more forces have components, it is important to remember to fi nd the 
resolved components of all the forces parallel and perpendicular to the plane.

2 Resolve the forces upwards in the direction 
of motion.

The boy and the bike move up the slope with 
an acceleration of a.
F − RF − mg sin(θ) = ma

3 Solve for the tractive force. F = RF + mg sin(θ) + ma

4 Substitute for the given values. RF = 1
4 

mg and a slope of 1 in 5 is defi ned to 

mean sin(θ) = 1
5
.

F =
mg

4
+

mg

5
+ ma

5 Evaluate and fi nd the value of the 
required force.

F = m 

9g

20
+ a  

The total mass of the boy and the bike is 80 kg 
and the acceleration is 2 m/s2.

F = 80 
9 × 9.8

20
+ 2

= 512.80

6 State the result. The tractive force is 512.80 N.

A certain strap on a suitcase will break when the tension in it exceeds 
10 kg-wt. Find the greatest acceleration with which a 12 kg suitcase can be 
dragged up a smooth plane inclined at an angle of 40° to the horizontal when 
the strap is inclined at 20° to the plane.

THINK WRITE/dRaW

1 Draw the force diagram. Let T newtons be the 
tension in the strap. Note that T = 10g, as all the 
forces must be in newtons.

12g

10g
N

Direction of motion 20°

40°  

2 Find the component of the tension force up and 
parallel to the plane.

The component of the tension in the strap 
parallel to the plane is 10g cos(20°).

3 Find the component of the weight force parallel to 
the plane.

The component of the weight force is 
12g sin(40°), which acts down the plane.

4 Use Newton’s second law to fi nd the acceleration. The suitcase moves up the plane with an 
acceleration of a.

10g cos(20°) − 12g sin(40°) = 12a

5 Resolve all the forces, perpendicular to the plane.
However, this equation is not needed in this case.

10g sin(20°) + N − 12g cos(40°) = 0

WORKED 
EXaMPLE 1717171717171717
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Dynamics
1 WE12  Find the magnitude of the momentum of a truck of mass 6 tonnes moving 

at 96 km/h.

2 Find the magnitude of the momentum of the Earth as it orbits the Sun. Use the 
internet to obtain the relevant values.

3 WE13  A particle of mass 3 kg on a smooth horizontal plane is acted upon by 
three forces in that horizontal plane. F∼1 has a magnitude of 9 newtons and acts in 
direction N55°E, F∼2 has a magnitude of 7 newtons and acts in direction S40°E, 
and F∼3 has a magnitude of 6 newtons and acts in direction W35°S. If i∼ is a unit 
vector of magnitude 1 newton acting east and j

∼
 is a unit vector of magnitude 

1 newton acting north, find the magnitude of the acceleration of the particle.

4 A particle of mass 4 kg on a smooth horizontal plane is acted upon by four forces 
in that horizontal plane. F∼1 has a magnitude of 12 newtons and acts due north, 
F∼2 has a magnitude of 8 newtons and acts in direction S60°W, F∼3 has a magnitude 
of 8 newtons and acts in direction E30°S, and F∼4 has a magnitude of 10 newtons 
and acts due east. If i∼ is a unit vector of magnitude 1 newton acting east and j

∼
 

is a unit vector of magnitude 1 newton acting north, find the magnitude of the 
acceleration of the particle.

5 WE14  A car of mass 1200 kg moves on a horizontal road and brakes. Its speed 
decreases from 16 m/s to 6 m/s while it moves a distance of 25 m. Find the 
magnitude of the resistant breaking force which is assumed to be constant.

6 A woman is riding a bicycle and is moving 
at a speed of 6 km/h. She freewheels, 
coming to rest after 5 seconds. If the 
magnitude of the constant resistance force is 
20 newtons, find the mass of the woman and 
the bicycle.

7 WE15  An 80 kg man stands in a lift. Find the reaction of the lift floor on the man 
if the lift is:

a accelerating upwards at 3 m/s2

b accelerating downwards at 3 m/s2

c moving with constant velocity.

8 A girl stands in a lift. When the lift accelerates up at 1.5 m/s2, the reaction of the 
lift floor on the girl is 734.5 N. When the lift accelerates down at 1.5 m/s2, find 
the reaction of the lift floor on the girl.

9 WE16  A car of mass 1200 kg ascends a hill of slope 1 in 4. If the resistance to the 
motion is one-fifth of the weight force, find the tractive force of the tyres when the 
car ascends the hill with an acceleration of 2 m/s2.

ExERcIsE 6.4

PRacTIsE

6 Solve to find the maximum acceleration. a = 9.8
12

(10 cos(20°) − 12 sin(40°))

= 1.37

7 State the acceleration that occurs when the tension 
is 10g newtons.

The acceleration is 1.37 m/s2.
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10 A truck of mass 1.5 tonnes is moving at a speed of 36 km/h down a hill of slope 
1 in 6. The driver applies the brakes and the truck comes to rest after 2 seconds. 
Find the braking force, which is assumed to be constant, ignoring any other 
resistance forces.

11 WE17  A parcel of mass 5 kg is pushed up a slope inclined at an angle of 40° to the 
horizontal by a force of F N that is inclined at an angle of 15° to the plane. The 
parcel accelerates at 2 m/s2 up the slope. Find the value of F.

12 A crate of mass 8 kg sits on a smooth plane inclined at an angle of 25° to the 
horizontal. It is acted upon by a force of F N that is inclined at an angle of 20° to 
the plane.

a If the crate accelerates at 1 m/s2 up the slope, find the value of F.
b Find the maximum value of F that can be applied without the crate leaving 

the plane.

13 a  Find the resultant force acting on a body of mass 3 kg moving with an 
acceleration of 2 m/s2.

b Find the magnitude of the acceleration when a mass of 2.5 kg is acted upon by 
a force of F∼ = 3 i∼ − 4j

∼
 N.

c Find the magnitude of the acceleration when a mass of 2 kg is acted upon by 
two forces of F∼1 = 3 i∼ − 4j

∼
 and F∼2 = −7 i∼ + 7j

∼
 N.

14 a  A particle of mass 2 kg is acted upon by two forces. One force has a magnitude 
of 3 2 N acting in the north-west direction; the other force has magnitude 
of 4 2 N acting in the south-west direction. Find the magnitude of the 
acceleration of the particle.

b A particle of mass m kg is acted upon by two forces. One force has a magnitude 
of b N acting in the north-east direction; the other force has magnitude of c N 
acting in the south-east direction. Find the magnitude of the acceleration acting 
on the body.

15 a  A particle of mass 5 kg on a smooth horizontal plane is acted upon by 
three forces. F∼1 has a magnitude of 9 N and acts in direction N55°E, F∼2 has 
a magnitude of 8 N and acts in direction S40°E, and F∼3 has a magnitude of 
7 N and acts in direction W35°S. Find the magnitude of the acceleration of 
the particle.

b A body on a smooth horizontal plane is acted upon by four forces. F∼1 has a 
magnitude of 6 N and acts in direction N30°E, F∼2 has a magnitude of 8 2 N 
and acts in direction S45°E, F∼3 has a magnitude of 4 N and acts in direction 
W30°N, and F∼4 has a magnitude of 5 2 N and acts in direction S45°W. If i∼ is 
a unit vector of magnitude 1 N acting east and j

∼
 is a unit vector of magnitude 

1 N acting north, find the resultant force acting on the body.

16 a  A constant force of 12 newtons acts on a body of mass 4 kg originally at 
rest. Find:
i the speed of the body after 3 seconds
ii the distance travelled by the body in 3 seconds.

b Find the average resistance force exerted by the brakes on a car of mass 
1.2 tonnes during braking if its speed decreases from 60 km/h to rest:
i in a time of 1.5 seconds
ii in travelling a distance of 15 metres.

coNsolIdaTE

topic 6 MEChanICS 287

UNCORRECTED P
AGE P

ROOFS



17 a  A package of mass 4 kg lies on the floor of a lift that is accelerating upwards at 
2 m/s2. Find the reaction of the lift floor on the package.

b A parcel of mass 5 kg rests on the floor of a lift. If the reaction between the box 
and the floor is 48 N, find the downwards acceleration of the lift.

18 A man of mass 75 kg stands in a lift. What is the 
reaction between his feet and the floor when the lift is:

a ascending with a constant acceleration of 0.5 m/s2

b descending with a constant acceleration of 0.5 m/s2

c moving with a constant speed of 0.5 m/s?

19 A boy stands in a lift. When the lift accelerates upwards 
with a constant acceleration of a m/s2, the reaction of 
the floor on the boy is 502.5 N. When the lift accelerates 
downwards with a constant acceleration of a m/s2, the 
reaction of the floor on the boy is 477.5 N. Find the mass 
of the boy and the value of a.

20 A child of mass 40 kg is on a 2 kg sled on horizontal snow-covered ground. The 
child and sled are being pulled along the snow by a force of 100 N. Find the 
acceleration of the child and the magnitude of the normal reaction of the child on 
the snow if the force is:

a horizontal
b at an angle of 35° to the horizontal.

21 a  A child of mass 40 kg is on a 2 kg sled which is being pulled up a snow-
covered slope by a force of 300 N. The slope is inclined at an angle of 40° 
to the horizontal. Find the acceleration of the child and the magnitude of the 
normal reaction of the child on the snow if the force is:
i parallel to the slope
ii acting at an angle of 25° to the slope.

b A child of mass 40 kg is on a 2 kg 
sled sliding down a snow-covered 
slope which is inclined at an angle 
of 40° to the horizontal. Given that 
the initial speed is zero and that the 
friction is negligible, calculate the 
speed attained when the child and 
sled have travelled a distance of 20 m 
down the slope.

22 Calculate the tension in a rope if a 15 kg 
mass is moved with an acceleration of 2 m/s2:

a vertically upwards
b along a smooth horizontal plane parallel to the rope
c along a smooth horizontal plane if the rope makes an angle of 15° with the  

plane
d up along a smooth plane that is inclined at an angle of 20° to the horizontal, and 

the rope is parallel to the plane
e up along a smooth plane that is inclined at an angle of 20°, and the rope makes 

an angle of 15° with the plane.
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Dynamics with connected particles
two or more particles
When dealing with connected particles or a system involving two or more particles, 
isolate the particles and resolve around each independently. In the direction of 
motion, equate the resultant force to ma where m is the mass of the particle and a the 
acceleration of the system.

23 a  A parcel of mass m kg is on a smooth slope inclined at an angle of θ to the 
horizontal. When a force of 25 N is applied acting up and parallel to the slope, 
the parcel accelerates up the slope at 0.8 m/s2. When the force is increased to 
30 N acting up and parallel to the slope, the parcel accelerates up the slope at 
1.8 m/s2. Find the values of m and θ.

b A parcel of mass m kg is on a smooth slope that is initially inclined at an angle 
of θ to the horizontal. When a force of 16 N is applied acting up and parallel to 
the slope, the parcel accelerates up the slope at 0.6 m/s2. When the inclination 
of the slope is increased to 2θ to the horizontal and the force is increased to 
30 N acting up and parallel to the slope, the parcel accelerates up the slope at 
1.2 m/s2. Find the values of m and θ.

24 a  A package of mass m kg is on a smooth horizontal surface. When a force of 
5 newtons is applied to the parcel acting at an angle of α to the horizontal, the 
parcel accelerates at 0.5 m/s2. When the force is increased to 10 N and is acting 
at an angle of 2α to the horizontal, the package accelerates at 0.9 m/s2. Find the 
values of m and α.

b A package of mass 5 kg is on a smooth slope inclined at an angle of θ to the 
horizontal. When a force of 40 N is applied acting at an angle of α to the slope, 
the package accelerates up the slope at 1.2 m/s2. When the force is increased to 
50 N, the package accelerates at 3.1 m/s2. Find the values of θ and α.

MasTER

6.5

Two boxes of masses 5 kg and 10 kg are connected by a string and lie on a 
smooth horizontal surface. A force of 30 newtons acts on the 10 kg box at 
an angle of 30° to the surface. Find the acceleration of the system and the 
tension in the string connecting the boxes.

THINK WRITE/dRaW

1 Draw the force diagram. The force pulling the 
box is 30 N. Let T be the tension in newtons 
in the connecting string and let a m/s2 be the 
acceleration of the system.

N2N1

F = 30

10g
5g

5 kg

a

T T
30°10 kg

 

WORKED 
EXaMPLE 1818181818181818

Units 3 & 4

AOS 5

Topic 2

Concept 5

Motion with 
connected bodies
Concept summary
Practice questions

topic 6 MEChanICS 289

UNCORRECTED P
AGE P

ROOFS



Particles connected by smooth pulleys
Often particles may be connected by a smooth pulley. In these situations, the tension 
in the string is unaltered when the string passes over the pulley.

2 Isolate the particles and consider the motion 
of the fi rst box. It is not necessary to resolve 
vertically around the boxes in this situation.

Resolving horizontally around the 10 kg box: 
30 cos(30°) − T = 10a    (1)

3 Consider the motion of the second box. Resolving horizontally around the 5 kg box: 
T = 5a    (2)

4 To fi nd the acceleration, eliminate the tension 
in the string.

Substitute T = 5a into (1):
30 cos(30°) − 5a = 10a

                30 × 3
2

= 15a

5 Find the common acceleration of the system. a = 3
The acceleration of the system is 3 m/s2.

6 Find the tension in the string. From (2), T = 5a.
The tension is 5 3 N.

A block of mass 3 kg rests on a smooth table, 2 metres from the edge. It is 
connected by a light inextensible string that passes over a smooth pulley 
at the edge of the table to a second block of mass 2 kg hanging vertically. 
Initially the 2 kg block is 1.5 metres above the ground. Find the time taken 
for the 2 kg block to hit the ground after the system is released from rest.

THINK WRITE/dRaW

1 Draw the force diagram and let T newtons be 
the tension in string.

N

3g

2g

1.5 m

T

a

T

 

2 Isolate the particles and consider the motion 
of the particle hanging vertically.

The 2 kg block moves vertically downwards 
with an acceleration of a m/s2.
2g − T = 2a    (1)

3 Consider the motion of the particle on 
the table.

The 3 kg block moves horizontally along the 
smooth table with an acceleration of a m/s2.

T = 3a    (2)

4 To fi nd the acceleration, eliminate the tension 
in the string.

Substitute T = 3a into (1):
2g − 3a = 2a

WORKED 
EXaMPLE 1919191919191919
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atwood’s machine
George Atwood (1745–1807) was an English mathematician who invented a machine 
consisting of masses attached to pulleys to illustrate Newton’s laws of motion. He was 
also a highly skilled chess player.

5 Find the common acceleration of the system. 5a = 2g

  a =
2g

5

6 Use constant acceleration formulas to fi nd the 
time for the particle hanging vertically to hit 
the ground.

a =
2g

5
, u = 0, s = 1.5, t = ?

Use s = ut + 1
2
at2.

7 Find the required time.  
3
2

= 0 + 1
2

×
2g

5
t2

 
t2 = 15

2g

  
t = 15

2 × 9.8

= 0.87

8 State the fi nal result. The time taken is 0.87 seconds.

Two particles of masses 3 kg and 2 kg are both hanging vertically and are 
connected by a light inextensible string which passes over a smooth pulley. 
Initially the 3 kg block is 1.5 metres above the ground. Find the time taken 
for the 3 kg block to hit the ground once the system is released from rest.

THINK WRITE

1 Draw the force diagram and let T newtons be 
the tension in string. Because the 3 kg mass 
is heavier, it moves down and the 2 kg mass 
moves up. Because they are connected, they 
both move with the same acceleration a m/s2.

3g2g

1.5 m

T

a

T
a

2 kg 3 kg

 

2 Isolate the particles and consider the motion 
of the 3 kg particle hanging vertically.

The 3 kg particle moves vertically downwards 
with an acceleration of a m/s2.
3g − T = 3a    (1)

3 Consider the motion of the 2 kg particle 
hanging vertically.

The 2 kg particle moves vertically upwards with 
an acceleration of a m/s2.
T − 2g = 2a    (2)

WORKED 
EXaMPLE 2020202020202020
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4 To fi nd the acceleration, eliminate the tension 
in the string.

Add (1) and (2):
g = 5a

5 Find the common acceleration of the system. a =
g

5
 m/s2

6 Use constant acceleration formulas to fi nd the 
time for the particle hanging vertically to hit 
the ground.

a =
g

5
, u = 0, s = 1.5, t = ?

Use s = ut + 1
2
at2.

7 Find the required time.  
3
2

= 0 + 1
2

×
g

5
t2

 
t2 = 15

g

  t = 15
9.8

= 1.24

8 State the fi nal result. The time taken is 1.24 seconds.

Connected vehicles
When cars, trucks, trains and carriages are connected, they are typically connected 
by tow bars. It is the tension in the tow bar that enables the secondary object to move 
with the same acceleration as the primary object, which exerts the force to make the 
connected objects move.

A car of mass 1400 kg is pulling a caravan 
of mass 2850 kg up an incline of slope 
1 in 4. The resistances to the motion of the 
car and the caravan are both one-quarter 
of their weight forces. Find the tension in 
the tow bar and the tractive force exerted 
by the engine in the car if the car moves up 
the incline with an acceleration of 1 m/s2.

THINK WRITE/dRaW

1 Draw the force diagram. Let the 
tension in the tow bar be T newtons 
and let the tractive force of the car 
be F newtons. Let the resistances to 
the car and the caravan be R1 and R2 
respectively.

m2g

N2

N1

m1g

θ

R2

R1

F

T
T

a = 1 m/s2

m1 = 1400 and m2 = 2850 

WORKED 
EXaMPLE 2121212121212121
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2 Isolate the particles and resolve 
around each independently.

Resolving upwards parallel to the slope around the car:
F − R1 − T − m1g sin(θ) = m1a    (1)

3 Isolate the particles and resolve 
around each independently.

Resolving upwards parallel to the slope for the caravan:
T − R2 − m2g sin(θ) = m2a    (2)

4 The values of F and T are 
to be found.

The resistance forces are one-quarter of the weight forces.

R1 =
m1g

4
 and R2 =

m2g

4

5 Find the tension in the tow bar. 
Recall that a slope of 1 in 4 

means sin(θ) = 1
4
. The system 

accelerates up the slope at 1 m/s2, 
so a = 1 m/s2.

Substitute the known values into (2):
T = R2 + m2 

g sin(θ) + m2a

T =
m2g

4
+

m2g

4
+ 1 × m2

T = m2
g

2
+ 1

T = 2850(4.9 + 1)
T = 16 815

6 State the value of the tension in the 
tow bar. Note that kN is the unit 
representation of 1000 newtons.

The tension in the tow bar is 16 815 newtons or 
16.815 kN.

7 Find the tractive force. Substitute the known values into (1):
F = R1 + T + m1g sin(θ ) + m1a

F =
m1g

4
+ 16 815 +

m1g

4
+ 1 × m1

F = m1
g

2
+ 1 + 16 815

F = 1400(4.9 + 1) + 16 815
F = 25 075

8 State the value of the tractive force. The tractive force exerted by the car is 25.075 kN.

9 Alternative methods are possible. If we add equations (1) and (2), we can eliminate the 
tension in the tow bar.
F − (R1 + R1) − (m1 + m2)g sin(θ ) = (m1 + m2)a
Doing this is equivalent to resolving around the system as 
a whole unit rather than considering individual particles.

10 Use the system to find the value of 
the tractive force.

F = (R1 + R1) + (m1 + m2)g sin(θ ) + (m1 + m2)a

F = 1
4
(m1 + m2)g + (m1 + m2)g sin(θ ) + (m1 + m2)a

F = (m1 + m2)
g

4
+ g sin(θ ) + a

F = 4250 9.8
4

+ 9.8
4

+ 1

F = 25 075 N as before.
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Dynamics with connected particles
1 WE18  Two boxes of mass 3 kg and 4 kg are connected by a string and lie on a 

smooth horizontal surface. A force of F N acts on the 4 kg box at angle of 60° 
to the surface. The system accelerates at 1.5 m/s2. Find the value of F.

2 Two boxes of mass m1 kg and m2 kg are connected by a string and lie on a smooth 
horizontal surface. A force of 18 N acts on the m1 kg box at angle of 30° to 
the surface, and the tension in the string joining the two masses is 4 3 N. The 
system accelerates at 3 m/s2. Find the values of m1 and m2.

3 WE19  A block of mass 4 kg rests on a smooth table, 1.5 m from the edge. It is 
connected by a light inextensible string passing over a smooth pulley at the edge 
of the table to a second block of mass 3 kg hanging vertically over the edge. 
Initially the 3 kg block is 1 m above the ground. Find the speed with which the 
3 kg block hits the ground when the system is released.

4 A block of mass m2 kg rests on a smooth table. It is connected by a light 
inextensible string that passes over a smooth pulley at the edge of the table to 
a second block of mass m1 kg hanging vertically over the edge of the table. 

When the system is released from rest, the tension in the string is 
24g

5
 N and the 

mass m1 accelerates down at 
2g

5
 m/s2. Find the values of m1 and m2.

5 WE20  Two particles with masses 4 kg and 3 kg are both hanging vertically and are 
connected by a light inextensible string that passes over a smooth pulley. Initially 
the 4 kg block is 2 m above the ground. Find the speed with which the 4 kg block 
hits the ground when the system is released from rest.

6 Two particles with masses m kg and 2m kg are both hanging vertically and are 
connected by a light inextensible string that passes over a smooth pulley. Find the 
tension in the string when the system is released from rest.

7 WE21  A car of mass 1200 kg is pulling a trailer of mass 950 kg up an incline 
of slope 1 in 5. The resistances to the motion of the car and the trailer are both 
one-third of their weight forces. Find the tractive force exerted by the engine 
in the car and the tension in the tow bar if the car moves up the incline with an 
acceleration of 0.8 m/s2.

8 A train of mass 10 tonnes is pulling a carriage of mass 5 tonnes up an incline 
of slope 1 in 3. The resistances to the motion of the train and the carriage are 
both one-fifth of their weight forces. The tractive force exerted by the engine in 
the train is 90 kN. Find the tension in the tow bar connecting the train and the 
carriage and the acceleration of the system.

9 Two suitcases of mass 12 kg and 15 kg are connected by a string and lie on a 
smooth horizontal surface. A force of 20 newtons acts on the 12 kg suitcase. 
Find the acceleration of the system and the tension in the string connecting the 
suitcases if:

a the force is horizontal
b the force acts at angle of 40° to the surface.

ExERcIsE 6.5

PRacTIsE

coNsolIdaTE
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10 a  Two particles with masses 3 kg and 5 kg both initially at rest are hanging 
vertically and are connected by a light inextensible string that passes over a 
smooth fixed pulley. Find the acceleration of the system when released and the 
tension in the string.

b Two particles with masses m1 kg and m2 kg are hanging vertically and are 
connected by a light inextensible string that passes over a smooth fixed pulley.  

If m2 > m1, show that the acceleration of the system is given by 
(m2 − m1)g

m1 + m2
 m/s2 

and the tension in the string is equal to 
2m1m2g

m1 + m2
 N.

11 a  A mass of 3 kg is lying on a smooth horizontal table and is joined by a light 
inextensible string to a mass of 5 kg hanging vertically. This string passes over 
a smooth pulley at the edge of the table. The system is released from rest. Find 
the system’s acceleration and the tension in the string connecting the masses.

b Two particles with masses m1 kg and m2 kg are connected by a light 
inextensible string. Mass m1 lies on a smooth horizontal table and m2 hangs 
vertically. The connecting string passes over a smooth pulley at the table’s edge. 

Show that the tension in the string is 
m1m2g

m1 + m2
  N.

12 Two suitcases of mass 12 kg and 15 kg are 
connected by a string. They both lie on a 
smooth ramp inclined at an angle of 20° to 
the horizontal. A force of 120 N acts on the 
12 kg suitcase, pulling it up the ramp.

Find the acceleration of the system and the 
tension in the string connecting the suitcases if:

a the force is parallel to the ramp
b the force acts at an angle of 40° to the ramp.

13 a  A particle of mass 3 kg is placed on the 
surface of a smooth plane inclined at an 
angle of 30° to the horizontal. It is connected 
by a light inextensible string passing over 
a smooth pulley at the top of the plane to a 
particle of mass 5 kg hanging freely. Find the 
acceleration of the system and the tension 
force in the string.

b A particle of mass m1 kg is placed on the surface of a smooth plane inclined 
at an angle of θ to the horizontal. It is connected by a light inextensible string 
passing over a smooth pulley at the top of the plane to a particle of mass m2 kg 
hanging vertically. Show that the acceleration of the system is given by
g(m2 − m1sin(θ ))

m1 + m2
  m/s2 and that the tension force in the string is  

m2m1g(1 + sin(θ ))

m1 + m2
   N,  provided m2 > m1sin(θ).

12 kg

15 kg

20°

30°

3 kg
5 kg
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14 a  A particle of mass 5 kg is placed on a slope inclined at an angle of 30° to the 
horizontal. It is connected by a light inextensible string passing over a smooth 
pulley at the top of the slope to a particle of mass 3 kg, which is on a smooth 
horizontal table. Find the tension in the string.

b A particle of mass m2 kg is placed on a slope inclined at an angle of θ to the 
horizontal. It is connected by a light inextensible string passing over a smooth 
pulley at the top of the slope to a particle of mass m2 kg, which is on a smooth 
horizontal table. Show that the tension in the string is given by

m2m1g sin(θ )

m1 + m2
  N.

15 a  Two masses of 3 kg and 5 kg are placed 
on two smooth inclines of 45° and 60° 
respectively placed back to back. The 
masses are connected by a light string that 
passes over a smooth pulley at the top of the 
inclines. Show that the acceleration of the 
system is given by

g

16
(5 3 − 3 2) m/s2.

b A wedge consists of two smooth inclined planes placed back to back. A particle 
of mass m1 rests on the slope inclined at an angle of α to the horizontal, and a 
particle of mass m2 rests on the slope inclined at an angle of β to the horizontal. 
The particles are connected by a light string that passes over a smooth pulley 
at the common vertex of the two planes. If β > α and the mass m2 moves down 
the plane, show that the tension in the string is given by

m1m2g(sin(α) + sin(β))

m1 + m2
  N.

16 a  A truck of mass 8 tonnes pulls a trailer of mass 2 tonnes with an acceleration 
of magnitude 2 m/s2 along a level road. The truck exerts a tractive force of 
magnitude 60 000 newtons, and the total resistance due to wind and other 
factors of the trailer is 2000 newtons. Find the resistance to motion of the truck 
and the tension in the coupling.

b A truck of mass 8 tonnes is pulling a trailer of mass 2 tonnes up a hill of 
slope 1 in 3. The tractive force exerted by the engine is 60 000 newtons, and 
the resistances to both the truck and the trailer are one-tenth of the respective 
weight forces. Find the acceleration of the system and the tension in the 
coupling between the truck and the trailer.

3 kg

5 kg

30°

5 kg
3 kg

45° 60°
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17 Two masses of 3 kg and 4 kg are connected 
by a light string and both lie on a smooth 
horizontal table. The 4 kg mass is connected 
to another mass of 5 kg hanging vertically by 
another light inextensible string that passes 
over a smooth fixed pulley at the edge of the 
table. The system is released from rest and the 
5 kg mass moves downwards.

Find the tension in the string connecting the:

a 3 kg and 4 kg masses
b 4 kg and 5 kg masses.

18 Two masses of 3 kg and 4 kg are hanging vertically and are 
connected by a light string with the 4 kg mass above the 3 kg mass. 
The 4 kg mass is attached to another string, which passes over a 
smooth pulley and supports a third mass of 5 kg hanging vertically. 
The system is released from rest.

Find the tension in the string connecting the:

a 3 kg and 4 kg masses
b 4 kg and 5 kg masses.

19 a  Two masses of 3 kg and 5 kg are hanging vertically over two different edges of 
a table. They are connected by two light strings that pass over two smooth fixed 
pulleys at the edges of the table to another 4 kg mass which lies on a smooth 
horizontal table. The system is released from rest and the 5 kg mass moves 
downwards.

Find the tension in the string connecting the:

i 3 kg and 4 kg masses ii 4 kg and 5 kg masses.
b Two masses of m2 and m1 kg are hanging vertically over two different 

edges of a table. They are connected by two light strings that pass over two 
smooth fixed pulleys at the edges of the table to another mass of M kg which 
lies on a smooth horizontal table. The system is released from rest. If m2 > m1, 
so the mass m2 moves downwards, show that the acceleration of the system 
is given by

g(m2 − m1)

m1 + m2 + M
  m/s2.

MasTER

5 kg

4 kg

3 kg

4 kg

3 kg
5 kg

5 kg

4 kg3 kg
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20 a  A particle of mass 3 kg is placed on a slope inclined at an angle of 45° to 
the horizontal. It is connected by a light inextensible string passing over a 
smooth pulley at the top of the slope to a particle of mass 4 kg which is on 
a smooth horizontal table. Another light inextensible string passing over a 
smooth pulley at a different edge of the table connects the 4 kg mass to 5 kg 
mass on a slope inclined at an angle of 60° to the horizontal. If the 5 kg mass 

moves down the slope, show that the tension connecting the 3 kg and 4 kg 

masses is 
g

8
(5 3 + 9 2) N and the tension connecting the 4 kg and 5 kg 

masses is 
g

24
(35 3 + 15 2) N.

45° 60°

5 kg3 kg

4 kg

b A particle of mass m1 kg is placed on a slope inclined at an angle of α to 
the horizontal. It is connected by a light inextensible string passing over a 
smooth pulley at the top of the slope to a particle of mass M kg which is on 
a smooth horizontal table. Another light inextensible string passing over a 
smooth pulley at the edge of the table connects the M kg mass to another mass, 
m2 kg, on a slope inclined at an angle of β to the horizontal. Assuming that 
m2sin(β) > m1sin(α) so that the mass m2 moves down the plane, show that the 
acceleration of the system is given by

g(m2 sin(β) − m1 sin(α))

m1 + m2 + M
  m/s2.
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6 Answers
ExERcIsE 6.2
1 113 N acting at angle of 131.19° with the 

7 newton force

2 5F N acting at angle of 116.57° with the 
F newton force

3 14.49 N acting at angle of 163.98° with the  
7 newton force

4 2.80F N acting at angle of 149.64° with the 
F newton force

5 90.46 N in the 5 cm string and 37.69 N in the 
12 cm string

6 47.04 N in the 7 cm string and 13.72 N in the 
24 cm string

7 113 N acting at angle of 131.19° with the 
7 newton force

8 5F N acting at angle of 116.57° with the 
F newton force

9 14.49 N acting at angle of 163.98° with the  
7 newton force

10 2.80F N acting at angle of 149.64° with the 
F newton force

11 90.46 N in the 5 cm string and 37.69 N in the 
12 cm string

12 47.04 N in the 7 cm string and 13.72 N in the 
24 cm string

13 49(2 − 3), 49( 3 − 1) N

14 4.63, 26.60 N

15 a x = −9, y = −3

b x = −4, y = 3 ∣F∼3 ∣ = 5

16 a  130 N acting at angle of 112.62° with the 
50 newton force

b ∣F∼1 ∣ = 30 3, ∣F∼2 ∣ = 60

17 a  85.19 N acting at angle of 153.08° with the 
30 newton force

b 87.79 N acting at angle of 158.53° with the 
120 newton force

18 a i F = 27.45 ii  TAB = 47.85 N

b 311.14 N, 24.32 kg

19 a 4.9 N b 
3mg

3
 N

20 a 120.48

 b  Check with your teacher.

21 a 41.81°, 43.83 b 56.31°, 13 mg

22 a 46.84°, 37.56 b 75.58°, 30.98 N

23 a TAC =
4mg

5
, TBC =

3mg

5
 N

 b Check with your teacher.

24 a 40.72 N, 5.79

25 a α = 44.92°, β = 52.63° b α = 55.95°, β = 45.58°
26 a α = 34.39°, β = 64.84° b 53.07°, 33.40 N

ExERcIsE 6.3
1 31.50, 37.54 N

2 30.68°, 1.69 N

3 33.52, 26.07 N

4 28.65°, 1.38 N

5 
8 3

3

6 Check with your teacher.

7 TPQ = TRS = 35.86, TQR = 25.36 N, 1.34

8 18.99 N, 64.52°, m1 = 1.69, m2 = 4.5

9 a Check with your teacher.

b 2 3 g, m = 4 3

10 a 41.12 N b 6.53 kg

c Tupper = 120.21 N, Tlower = 63.96 N

11 Tupper = 71.45 N at 16.25°
Tlower = 44.01 N at 27.03°

12 TAB =
20g 3

3
, TBC = 12g N

F1 =
28 3g

3
, F2 = 6 3g

13 TAB = 15.56, TBC = 6.53 N

m1 = 0.79, m2 = 0.43

14 23.69°, 11.16

15 a 8 cm b 
4m

100 − m2

c The system cannot be in equilibrium; therefore, the 
string breaks.

16 TPQ = 45.98, TQR = 32.61, TRS = 45.98 N, m = 2.19

17 14.48°
18 a 39.23° b  Check with your teacher.

19 Check with your teacher.

20 Check with your teacher.

ExERcIsE 6.4
1 160 000 kg m/s

2 1.79 × 1029 kg m/s

3 2.62 m/s2

4 1
2

29 m/s2

5 5280 N
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6 60 kg

7 a 1024 N b 544 N c 784 N

8 539.5 N

9 7692 N

10 17 450 N

11 42.96 N

12 a 43.77 N b 207.75 N

13 a 6 N b 2 m/s2 c 2.5 m/s2

14 a 5 2
2

 m/s2 b   
1
m

b2 + c2 m/s2

15 a 1.68 m/s2

b (6 − 2 3) i∼ + (3 3 − 11) j
∼

 N

16 a i 9 m/s ii 13.5 m

b i 13 333 1
3
 N ii 11 111 1

9
 N

17 a 47.2 N b 0.2 m/s2

18 a 772.5 N b 697.5 N c 735 N

19 m = 50 kg, 0.25

20 a 2.38 m/s2, 411.60 N b 1.95 m/s2, 354.24 N

21 a i 0.84 m/s2, 315.31 N ii 0.17 m/s2, 188.52 N

b 15.87 m/s

22 a 177 N b 30 N c 31.06 N

d 80.28 N e 83.11 N

23 a m = 5, θ = 25.38° b m = 3.75, θ = 21.99°

24 a m = 9.67, α = 14.75° b θ = 40.77°, α = 18.19°

ExERcIsE 6.5
1 21 N

2 m1 = 5, m2 = 4

3 2.90 m/s

4 m1 = 8, m2 = 12

5 2.37 m/s

6 
4mg

3
 N

7 Tractive force 12 957.33 N, tension 5725.33 N

8 0.77m/s2, 30 kN

9 a 0.74 m/s2, 11.11 N b 0.57 m/s2, 8.51 N

10 a 2.45 m/s2, 36.75 N

b Check with your teacher.

11 a 6.13 m/s2, 18.38 N

b Check with your teacher.

12 a 1.09 m/s2, 66.67 N b 0.053 m/s2, 51.07 N

13 a 
7g

16
 m/s2, 

45g

16
 N

b Check with your teacher.

14 a 
15g

16
 N

b Check with your teacher.

15 a Check with your teacher.

b Check with your teacher.

16 a Rtruck = 38 kN, T = 6 kN b  1.75 m/s2, T = 12 kN

17 a 
5g

4
 N b 

35g

12
 N

18 a 
5g

2
 N b 

35g

6
 N

19 a i 
7g

2
 N ii 

25g

6
 N

b Check with your teacher.

20 Check with your teacher.
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