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Please refer to the Resources tab in the Prelims section of your eBookPlUs for a comprehensive 
step-by-step guide on how to use your CAS technology.

14.1 Kick off with CAS
Mean and spread of sample distributions

If samples are taken from a large population, X, with a mean of µ and variance σ2, 
then the sample mean, X, is considered to be approximately normally distributed.

Use CAS to answer the following.

1 The age of truck drivers in Australia has a mean of 53 and a standard deviation 
of 10. If 20 truck drivers are randomly selected from the population, what is the 
probability that the sample mean of their ages is:

a less than 50

b greater than 55

c between 47 and 57?

2 The height of Australian women is normally distributed with a mean of 70 kg 
and a standard deviation of 8.5 kg. A lift is overloaded if the total weight exceeds 
580 kg. If 8 women enter the lift, determine the probability that the lift is 
overloaded.
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Linear combinations of random variables
In this section we consider data about Melbourne temperatures in June 2014. 
The following table shows the minimum and maximum temperatures recorded for 
each day of the month.

14.2

Date Day

Temperatures

Min. Max.

(°C) (°C)

1 Su 11.4 15.1

2 Mo 11.5 17.4

3 Tu 12.6 16.6

4 We 10.8 18.6

5 Th 11.9 17.1

6 Fr  8.5 16.6

7 Sa 10.5 17.5

8 Su 11.2 15.9

9 Mo  8.6 15.6

10 Tu  9.7 19.0

11 We  6.9 16.6

12 Th  9.2 16.3

13 Fr 12.2 17.0

14 Sa 10.3 15.8

15 Su  9.9 16.4

16 Mo 10.4 17.0

Date Day

Temperatures

Min. Max.

(°C) (°C)

17 Tu 10.1 16.3

18 We 11.1 14.3

19 Th  8.0 12.3

20 Fr  9.3 15.5

21 Sa 11.3 15.7

22 Su  7.7 15.8

23 Mo  8.5 14.7

24 Tu  7.1 14.5

25 We  8.6 16.0

26 Th 11.2 16.8

27 Fr 11.0 14.7

28 Sa  9.6 13.0

29 Su  8.8 11.3

30 Mo  6.5 13.3
Source: Bureau of Meteorology  
http://www.bom.gov.au/climate/dwo/201406/
html/IDCJDW3050.201406.shtml

The following summary statistics can be calculated (correct to 2 decimal places) from 
the minimum temperatures:

Mean: 9.81

Standard deviation: 1.60

Variance: 2.57

Let the name of this distribution be X. The mean of the distribution can also be called 
the expected value. (If you were going to Melbourne in June, what would you expect 
the minimum temperature to be?) The summary information about mean and variance 
can be written as E(X) = 9.81 and Var(X) = 2.57. Standard deviation has the same 
units as the mean, so it can also be shown on the distribution graph. As the variances 
of different distributions can be added together under certain circumstances, variance 
is also calculated for distributions.

A dot plot of the minimum (blue) and maximum (red) temperatures distribution 
would look like the following figure.

Units 3 & 4

AOS 6

Topic 1

Concept 1

Mean and  
variance
Concept summary
Practice questions
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Change of origin
If, for some reason, we want to look 
at the minimum temperatures in 
degrees Kelvin instead of degrees 
Celsius, it is a simple matter to add 
273.15 to each measurement. A dot 
plot of these temperatures is shown.

As you can see, the distribution has 
been moved up by 273.15 units. This 
repositioning is known as a change 
of origin. As all of the scores are 
increased by 273.15 units, the mean 
is also increased by 273.15. As the 
spread of the data is the same, the 
standard deviation and therefore the 
variance remain unchanged. This can be summarised as:

E(X + 273.15) = E(X) + 273.15
= 9.81 + 273.15
= 282.96

Var(X + 273.15) = Var(X)
= 1.60

In general, E(X + b) = E(X) + b and Var(X + b) = Var(X ) .

Change of scale
The temperature can be converted to a Fahrenheit 
scale. The formula for this conversion is 

[°F ] = 5
9

[°C ] + 32. This involves both a change 

in origin (adding 32) and a change in scale 

(multiplying by 5
9

). Let us explore what happens 

if the scale is changed first.

Consider the distribution shown in the table for 
a variable Z.

We
Th
Fr
Sa

Mo
Su

27
8

27
9

28
0

28
1

28
2

Temperature (°K)

28
3

Tu

28
4

28
5

28
6

28
7

28
8

28
9

29
0

29
1

29
2

29
3

Melbourne min. and max. temperatures, June 2014

1 standard
deviation 1.6

1 standard
deviation 1.6

f

Average 282.9

We
Th
Fr
Sa

Mo
Su

5 6 7 8 9

Temperature (°C)

10

Tu

11 12 13 14 15 16 17 18 19 20

Melbourne min. and max. temperatures, June 2014

1 standard
deviation 1.6

1 standard
deviation 1.6

f

Average 9.8

z Frequency (  f ) f z
0 1 0
1 3 3
2 6 12
3 5 15
4 4 16
5 1 5

Totals 20 51
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For this distribution, E(Z) = 2.55, Var(Z) = 1.5475 and the standard deviation 
is 1.2439.

If for some reason, we decided to double the distribution, the values would become 
those in the following table.

2Z Frequency (  f ) f(2Z)

0 1 0

2 3 6

4 6 24

6 5 30

8 4 32

10 1 10

Totals 20 102

For this distribution, E(2Z) = 5.1, Var(2Z) = 6.19 and the standard deviation is 
2.487 971. If you look at the graph of the distributions, it becomes clear why the 
measures of central tendency and spread have changed. When the Z values are 
doubled, both the mean and the standard deviation are doubled. This means that the 
variance has been quadrupled.

E(2Z) = 2E(Z)
= 2 × 2.55
= 5.1

Var(2Z) = 22Var(X)
= 4 × 1.5475
= 6.19

In summary, E(aX) = aE(X) and Var(aX) = a2Var(X).

Change of origin and scale
A dot plot of the Melbourne minimum temperatures in degrees Fahrenheit for 
June 2014 looks like this.

We
Th
Fr
Sa

Mo
Su

42 43 44 45 46

Temperature (°F)

47

Tu

48 49 50 51 52 53 54 55 56 57

Melbourne minimum temperatures, June 2014

1 standard
deviation 2.88

1 standard
deviation 2.88

f

Average 49.66

4
5
6
7
8

f

2
1
0

0 1

1 sd 1 sd

2 3 4 5
E(Z)

E(2Z)

3

6 7 8 9 10
z

= Distribution of Z

= Distribution of 2Z
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Notice that:

E 5
9

X + 32 = 5
9

E(X ) + 32

= 5
9

× 9.81 + 32

= 37.45

Var 5
9

X + 32 = 5
9

2
Var(X)

= 25
81

× 2.57

= 0.79

In general, E(aX + b) = aE(X ) + b and Var(aX + b) = a2Var(X).

For a random variable X, the expected value of the distribution is 3 and the 
variance is 2.2.

a If 10 is added to each score in the distribution, what is the new expected 
value and variance?

b If each score in the distribution is doubled, what is the new expected value 
and variance?

tHinK WritE

Write the information using correct notation. E(X) = 3,  Var(X) = 2.2

a Each score has 10 added to it. This will increase 
the expected value by 10 but will not change 
the variance.

a E(X + 10) = E(X) + 10
= 3 + 10
= 13

Var(X + 10) = Var(X)
= 2.2

b Each score is doubled. This will double the 
expected value and quadruple the variance.

b E(2X) = 2E(X)
= 2 × 3
= 6

Var(2X) = 22Var(X)
= 4 × 2.2
= 8.8

WOrKeD 
eXaMPLe 11111111

Linear combinations of random variables
Say that we are concerned with the range of temperatures on a particular day rather 
than the actual temperatures. We have already called the distribution of minimum 
temperatures X, so we will call the distribution of maximum temperatures Y. The 
range for each day can be found by calculating Y − X.

The summary statistics are E(X) = 9.81, Var X = 2.57, E Y = 15.76 
and Var Y = 2.85.

We can calculate the individual differences and then fi nd the expected value and 
variance, as shown in the table on the next page.

Units 3 & 4

AOS 6

Topic 1

Concept 2

Distribution 
of linear 
combinations of 
random variables
Concept summary
Practice questions
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June Day

Temperature

Range (Y − X)Min. (X) Max. (Y)

(°C) (°C) (°C)

1 Su 11.4 15.1 3.7

2 Mo 11.5 17.4 5.9

3 Tu 12.6 16.6 4.0

4 We 10.8 18.6 7.8

5 Th 11.9 17.1 5.2

6 Fr  8.5 16.6 8.1

7 Sa 10.5 17.5 7.0

8 Su 11.2 15.9 4.7

9 Mo  8.6 15.6 7.0

10 Tu  9.7 19 9.3

11 We  6.9 16.6 9.7

12 Th  9.2 16.3 7.1

13 Fr 12.2 17 4.8

14 Sa 10.3 15.8 5.5

15 Su  9.9 16.4 6.5

16 Mo 10.4 17 6.6

17 Tu 10.1 16.3 6.2

18 We 11.1 14.3 3.2

19 Th 8 12.3 4.3

20 Fr  9.3 15.5 6.2

21 Sa 11.3 15.7 4.4

22 Su  7.7 15.8 8.1

23 Mo  8.5 14.7 6.2

24 Tu  7.1 14.5 7.4

25 We  8.6 16 7.4

26 Th 11.2 16.8 5.6

27 Fr 11 14.7 3.7

28 Sa  9.6 13 3.4

29 Su  8.8 11.3 2.5

30 Mo  6.5 13.3 6.8

Average 9.81 15.76 5.94

S. D. 1.60 1.69 3.69

Variance 2.57 2.85 13.63

We are interested in using the original summary statistics to find the statistics for 
linear combinations of variables, rather than recalculating them.
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Notice that:
E(Y − X) = E(Y  

) − E(X )
= 15.76 − 9.81
= 5.95

In general, E(aX + bY) = aE(X) + bE(Y).

If X and Y are independent, it is possible to fi nd the variance of the distribution using 
Var(aX + bY) = a2Var(X) + b2Var(Y).

In our example above, it is reasonable to assume that there is some correlation 
between the minimum and maximum temperatures for the day. Therefore, the 
variables are not independent and the relationship does not hold.

Ten patients in a hospital ward are 
taking vitamin C and vitamin D. 
Their doses of the two vitamins are 
shown in the table below. It is 
believed that the consumption of 
vitamin C and vitamin D by patients 
are independent random events. As 
vitamin C(X) is recorded in mg and 
vitamin D(Y) is recorded in μg, the 
formula T = X + 0.001Y  is used to find 
the total amount of vitamins taken.

If E(X) = 3.9032, Var(X) = 9.898976, E(Y ) = 121.71 and Var(Y) = 24499.7129, 
what would be the expected value and variance of T?

Note: One microgram ( μg) is equal to 10−6 g.

Patient 
number

Vitamin C (mg), 
X

Vitamin D ( μg), 
Y

Total vitamins,
X + 0.001Y

1 0.909  94.5 1.0035

2 2.201  52.1 2.2531

3 8.945  73.4 9.0184

4 6.262 88 6.35

5 1.866  79.9 1.9459

6 0.697  60.4 0.7574

7 3.114  95.3 3.2093

8 9.835  19.4 9.8544

9 3.723  67.3 3.7903

10 1.48 586.8 2.0668

tHinK WritE

1 Find the expected value of T using 
E(aX + bY) = aE(X) + bE(Y).

T = X + 0.001Y
E(X + 0.001Y) = E(X) + 0.001E(Y)

= 3.9032 + 0.001 × 121.71
= 4.024 91

WOrKeD 
eXaMPLe 22222222
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Linear combinations of normally distributed 
random variables
If X and Y are independent normally distributed variables, then the distribution  
aX + bY also has a normal distribution. The mean of this distribution is  
E(aX + bY) = aE(X) + bE(Y) and the variance is  
Var(aX + bY) = a2Var(X) +  b2Var(Y) .

Linear combinations of random variables
1 WE1  For a random variable X, the expected value of the distribution is 15.3 and 

the variance is 1.8.

a If 10 is subtracted from each score in the distribution, what is the new expected 
value and variance?

b If each score in the distribution is doubled, what is the new expected value 
and variance?

2 For a random variable X, the expected value of the distribution is 13 and the 
variance is 3.2.

a If 4 is added to each score in the distribution, what is the new expected value 
and variance?

b If each score in the distribution is tripled, what is the new expected value 
and variance?

3 WE2  If E(X) = 3.5, Var(X) = 1.1, E(Y) = 5.4 and Var(Y) = 2.44, what would be 
the expected value and variance of 2X + 3Y?

4 If E(X) = 23.43, Var(X) = 5.89, E(Y) = 12.43 and Var(Y) = 9.7, what would be 

the expected value and variance of 1
2

X + Y?

5 For a random variable X, the expected value of the distribution is 17.3 and the 
variance is 3.9.

a If 20 is added to each score in the distribution, what is the new expected value 
and variance?

b If each score in the distribution is halved, what is the new expected value 
and variance?

6 For a random variable X, the expected value of the distribution is 13 and the 
variance is 5.6.

a If 3 is added to each score in the distribution, what is the new expected value 
and variance?

b If each score in the distribution is multiplied by 1.5, what is the new expected 
value and variance?

7 E(X) = 4.5 and Var(X) = 2.3. If Y = 2X + 3, find E(Y) and Var(Y).

8 E(Y) = 36.4 and Var(Y) = 4.2. If Y = −2X + 5, find E(X) and Var(X).

9 E(Y) = 56.3 and Var(Y) = 24.3. If Y = 3X + 11, find E(X) and Var(X).

ExErcisE 14.2

PractisE

consolidatE

2 Find the variance of T using 
Var(aX + bY) = a2Var(X) + b2Var(Y).

Var(X + 0.001Y) = Var(X) + 0.0012Var(Y)
= 9.898 976 + 0.000 001 × 24 499.7129
= 9.923 476
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10 If E(X) = 5.3, Var(X) = 0.1, E(Y) = 5.9 and Var(Y) = 2.4, what would be the 
expected value and variance of 3X + 2Y?

11 If E(X) = 34.2, Var(X) = 1.1, E(Y) = 2.4 and Var(Y) = 0.3, what would be the 
expected value and variance of 0.1X + 2Y?

12 In a class of 30 students, each student has completed 2 tests. The results are 
recorded as percentages. If the distribution of results for the fi rst test is called X 
and the distribution of results for the second test is called Y, the overall percentage 

is found by calculating 
X + Y

2
. If E(X) = 53.2 and E(Y) = 83, what is the 

expected value for the overall percentage?

13 Using your results from question 12, if Var(X) = 104 and Var(Y) = 245, what 
is the standard deviation of the overall percentage? You may assume that the 
variables are independent.

14 The notation X ∼ N (0, 9) means that X is normally distributed where E(X) = 0 
and Var(X) = 9. If Y ∼ N (4, 1.5) , describe the distribution 2X + 5Y.

15 The formula yi =
xi − x

sx
 can be used to change normally distributed X x, sx

2  into 

a standard normal distribution. Verify that the distribution Y has a mean of 0 and 
a variance of 1.

16 The expected value of a distribution can be written as E(X) = 1
n

n

i=1

Xi. 

Use this formula to prove that E(aX + bY) = aE(X) + bE(Y).

MastEr

14.3 Sample means
estimating population parameters
Population parameters are often not known. For very large populations, or where data 
for the entire population is very diffi cult and/or expensive to obtain, samples can be 
used to estimate the population parameters. In this section, we are concerned with 
fi nding the mean of samples.

Dylan is interested in finding the average length of a television show on 
Netflix. He records the following data. All times are recorded in minutes. 
Estimate the mean program length.

WOrKeD 
eXaMPLe 33333333
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Sample
Show 

1
Show 

2
Show 

3
Show 

4
Show 

5
Show 

6
Show 

7
Show 

8
Show 

9
Show 

10

1 60 55 60 60 60 5 55 30 30 30

2 60 30 30 60 35 130 35 60 30 35

3 85 30 50 55 60 60 55 25 55 30

4 30 30 30 30 30 30 30 30 30 30

5 30 30 30 30 30 25 25 25 25 25

6 60 60 60 60 60 60 60 30 30 60

7 30 60 60 60 90 60 35 35 35 30

8 55 55 60 35 35 55 55 55 50 55

9 85 60 60 30 30 60 60 60 60 60

10 30 30 30 45 45 45 45 45 45 45

11 70 70 130 35 35 70 70 35 35 70

12 60 105 60 120 60 60 60 60 60 105

tHinK WritE

1 Write the 
formula 
for the mean.

x =
xi

n

2 Find the mean 
for each sample.

Sample 1: x = 445
10

= 44.5

Sample 2: x = 505
10

= 50.5

Sample 3: x = 505
10

= 50.5

Sample 4: x = 300
10

= 30

Sample 5: x = 275
10

= 27.5

Sample 6: x = 540
10

= 54

Sample 7: x = 495
10

= 49.5

Sample 8: x = 510
10

= 51
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the distribution of sample means
For purposes of understanding, we will examine a very small population and an even 
smaller sample. Consider the following data points: 23, 42, 12, 21 and 11. 
The average of these points is µ = 21.8 and the standard deviation is 11.16.

Consider all of the different samples of size 2 from this 
data set. The mean of a sample is used to give some 
indication of the likely population mean. The sample 
mean is given the symbol x.

As you can see, there is a lot of variety in the values of 
x. This variability would be reduced by selecting larger 
samples. If you calculate the average of all of the 
sample x values, you will find it is equal to 21.8. 
Notice that this is the same as the population mean. 
Although the means of individual samples will vary, 
the mean of the sample means will be the same as the 
population mean. That is, µx = µ.

The standard deviation of the sample means can be 
found using

σ
n

= 11.16

2
= 7.89

As the standard deviation is divided by the square root of the sample size, this 
measure of variability becomes smaller as the sample size increases: σx = σ

n
.

Data points x

23, 42 32.5

23, 12 17.5

23, 21 22

23, 11 17

42, 12 27

42, 21 31.5

42, 11 26.5

12, 21 16.5

12, 11 11.5

21, 11 16

 Sample 9: x = 565
10

= 56.5

Sample 10: x = 405
10

= 40.5

Sample 11: x = 620
10

= 62

Sample 12: x = 750
10

= 75

3 Calculate the 
average, x.

x = 44.5 + 50.5 + 50.5 + 30 + 27.5 + 54 + 49.5 + 51 + 56.5 + 40.5 + 62 + 75
12

= 591.5
12

= 49.3

4 Answer 
the question.

An estimate of the population mean is 49.3 minutes.

Units 3 & 4

AOS 6

Topic 2

Concept 1

Mean and 
standard 
deviation 
of a sample
Concept summary
Practice questions
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Verifying the formulas
The original population X has E(X) = µ and Var(X) = σ2. In this instance, we are 
concerned with the distribution of sample means taken from this population. Each 
sample has a mean, xi, and the distribution of these means can be referred to as X.

We have observed that E(X) = µ. As each sample comes from the original population, 
the expected value for the mean of each sample is the same as the population mean, µ. 
(In reality the actual value is xi, but we can’t expect a random value; we expect it 
to be µ.).

E(X ) = E
X1 + X2 + . . . + Xn

n

= 1
n

E(X1 + X2 + . . . Xn )

= 1
n

(nµ )

= µ

The variance of the distribution can be proven in a similar fashion. We assume that 
the random samples are mutually independent, and as each sample comes from the 
population, it will have the same variance as the population.

Var(X) = Var
X1 + X2 + … + Xn

n

= 1
n2

Var(X1 + X2 + … + Xn)

= 1
n2

(nσ2)

= σ2

n

Five hundred students are studying a 
Mathematics course at Flinders 
University. On a recent exam, the mean 
score was 67.2 with a standard deviation 
of 17.

a Samples of size 5 are selected and the 
means are found. Find the mean and 
standard deviation of the distribution 
of X.

b If the sample size was increased to 30, what effect would this have on the 
mean and standard deviation of the distribution of sample means?

tHinK WritE

a 1 The mean of the distribution of sample 
means is the same as the population mean.

a E(X) = µ
= 67.2

2 Write the formula for variance of the 
distribution of sample means.

Var(X ) = σ2

n

WOrKeD 
eXaMPLe 44444444
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Sample means
1 WE3  Ronit decides to measure his mean travel time to school. He records the time, 

in minutes, every day for 7 weeks. Estimate his mean travel time.

Week Monday Tuesday Wednesday Thursday Friday

1 92 43 41 39 35

2 118 81 46 51 38

3 62 48 46 41 49

4 82 48 42 43 41

5 78 51 42 41 38

6 63 62 41 43 44

7 55 41 46 41 32

2 Leesa wants to know the mean movie length for her favourite movie channel. She 
records the lengths of 8 movies every day for 1 week. Her results are recorded in 
minutes. Estimate the population mean movie length.

ExErcisE 14.3

PractisE

Day Movie 1 Movie 2 Movie 3 Movie 4 Movie 5 Movie 6 Movie 7 Movie 8

Monday 115 95 105 95 115 100 90 95

Tuesday 95 85 90 90 105 95 75 95

Wednesday 110 95 80 110 95 90 105 80

Thursday 95 100 90 95 105 100 90 85

Friday 105 95 90 100 105 100 90 105

Saturday 90 85 90 110 80 100 90 90

Sunday 105 100 100 95 90 90 90 110

3 Calculate the standard deviation. Var(X ) = 172

5
= 57.8

   sd(X ) = 7.6

b 1 The mean is not dependant on  
sample size.

b E(X ) = µ
= 67.2

2 Calculate the standard 
deviation using n = 30.

Var(X ) = σ2

n

= 172

30
= 9.63

  sd(X ) = 3.1

3 Write your conclusions. Increasing the sample size does not change the 
mean of the distribution, but it does reduce the 
standard deviation.
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6 Find an estimate of the population mean and compare it to the theoretical mean.

7 Repeat the experiment with your own simulation of dice tosses. Estimate the 
population mean.

3 WE4  Every year 500 students apply for a place at Monotreme University. The 
average enrolment test score is 600 with a standard deviation of 300.

a Samples of size 10 are selected and the means are found. Find the mean and 
standard deviation of the distribution of X.

b If the sample size was increased to 20, what effect would this have on the mean 
and standard deviation of the distribution of sample means?

4 One thousand students are studying a statistics course at Echidna University. On a 
recent exam, the mean score was 90.5 with a standard deviation of 10.

a Samples of size 15 are selected and the means found. Find the mean and 
standard deviation of the distribution of X.

b If the sample size was increased to 30, what effect would this have on the mean 
and standard deviation of the distribution of sample means?

5 Use the random number generator on your calculator to generate random numbers 
between 0 and 100. Perform the simulation 40 times and find the sample mean.

a Compare your results to those of your classmates. How close are they to the 
expected value of 50?

b Find the average of X for your class. How close is it to 50?

Questions 6–8 refer to the following data set — a simulation of the total obtained 
when a pair of dice were tossed. Eight people each tossed the dice 10 times.

consolidatE

Toss Player 1 Player 2 Player 3 Player 4 Player 5 Player 6 Player 7 Player 8

Toss 1 7 6 10 7 11 2 10 8

Toss 2 8 9 8 6 6 11 4 10

Toss 3 2 4 3 10 6 8 8 6

Toss 4 8 5 6 5 11 7 6 2

Toss 5 10 12 6 8 10 8 3 4

Toss 6 4 10 9 5 3 6 5 5

Toss 7 7 6 5 6 9 10 4 2

Toss 8 11 8 9 8 9 9 6 10

Toss 9 4 7 10 10 7 4 12 8

Toss 10 7 8 3 8 10 4 7 11
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8 Construct a dot plot for the distribution of sample means. Use the samples given 
here, the ones you simulated yourself and your classmates’ simulations.

Questions 9–11 refer to a population with a mean of 73 and a standard 
deviation of 12.

9 If samples of size 20 are selected, find the mean and standard deviation of the 
distribution of sample means.

10 If the sample size is increased to 30, find the mean and standard deviation of the 
sample means.

11 What sample size would be needed to reduce the standard deviation of the 
distribution of sample means to less than 2?

Questions 12–14 refer to a population with a mean of 123 and a standard 
deviation of 43.

12 If samples of size 25 are selected, find the mean and standard deviation of the 
distribution of sample means.

13 If samples of size 40 are selected, find the mean and standard deviation of the 
distribution of sample means.

14 What sample size would be needed to reduce the standard deviation of the 
distribution of sample means to less than 5?

15 Using Excel or similar spreadsheet software, record the song lengths from your 
music library. Select at least 15 random samples of 10 songs from your library 
and calculate the sample mean song length. Construct a dot plot of your sample 
means. What do you notice about the shape of the distribution?

16 We wish to create data points from a skewed population. Use Excel or similar 
spreadsheet software to create the data points.

a Use a random number generator to find 70 numbers between 1 and 20. Use 
the generator to find another 30 numbers between 15 and 20. The distribution 
should now be skewed to the right. You should now have 100 numbers. Plot 
your distribution.

b Now take samples from the distribution to see what the distribution of sample 
means might look like when the original population is skewed. Select random 
samples of size 10 from your distribution and calculate the sample means. Plot 
the distribution of sample means. What do you observe?

Confidence intervals
We have seen that different samples will have different means. Because a sample is 
used to tell us what the population parameters might be, we need to be able to say 
more than that the mean is approximately equal to the sample mean. Confidence 
intervals allow us to quantify the interval within which the population mean might lie.

Calculation of confidence intervals
We have learned that when the sample size is large, x is normally distributed with a 

mean of µx = µ and a standard deviation of σ
n

. As a sample is normally selected in 

order to estimate the population mean and standard deviation, the best estimates for  

MastEr
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As you can see, 90% of the possible confi dence intervals contain the population 
mean. This is the meaning of the 90% confi dence interval.

Note that the size of the confi dence intervals varies between samples. The smaller 
the sample standard deviation is, the smaller the confi dence interval for the 
sample will be.

µ and σ are the sample mean and standard deviation x and s respectively. We know 

that for normal distributions, z =
x − µ

σ . This means that to fi nd the upper and lower 

values of z, z = x ±  x
s╱ n

. Rearranging this gives us x = x ±  z 
s

n
.

For a 95% confi dence interval, 95% of the 
distribution is in the middle area of the 
distribution. This means that the tails combined 
contain 5% of the distribution (2.5% each). The 
z-score for this distribution is 1.96.

Returning to the sample data we used for 
investigating sample means, it is possible to 
calculate a 90% confi dence interval (although 
it is not very accurate because of the small 
sample). This interval gives some indication of 
what the population mean might be.

0.95

0.025 0.025

μ

–1.96σx– 1.96σx–

After surveying the 20 people in your class, you find that they plan to spend 
an average of $4.53 on their lunch today. The standard deviation for your 
sample was $0.23. Estimate the average amount that your classmates will 
spend on lunch today. Find a 95% confidence interval for your estimate.

tHinK WritE

1 There are 20 people in the class. This is the 
sample size. $4.53 is spent on lunch. This is 
the sample mean.

The sample standard deviation is $0.23.

n = 20
x = 4.53
s = 0.23

2 For a 95% confi dence interval, z = 1.96. z = 1.96

WOrKeD 
eXaMPLe 55555555

Units 3 & 4

AOS 6

Topic 3

Concept 1

Confi dence 
intervals for 
means
Concept summary
Practice questions

Data points x s
90% confi dence

interval

Contains 
population

mean
23, 42 32.5 13.435 16.8–48.1 Yes
23, 12 17.5 7.778 8.5–26.5 Yes
23, 21 22 1.414 20.4–23.6 Yes
23, 11 17 8.485 7.1–26.9 Yes
42, 12 27 21.213 2.3–51.7 Yes
42, 21 31.5 14.849 14.2–48.8 Yes
42, 11 26.5 21.920 1–52 Yes
12, 21 16.5 6.364 9.1–23.9 Yes
12, 11 11.5 0.707 10.7–12.3 No
21, 11 16 7.071 7.8–24.2 Yes
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More generally, we can talk about a 1 − α 
confi dence interval. In this case, the tails 
combined will have an area of α (or α

2
 in each 

tail). In this case, the z-score that has a tail area 

of α
2

 is used.

1– α

μ

–Zσx– Zσx– σx–

3 The confi dence interval is 

x − z 
s

n
, x + z 

s

n
. Find z 

s

n
.

z s

n
= 1.96 × 0.23

20
= 0.1

4 Identify the 95% confi dence interval. x − z s

n
= 4.53 − 0.1

= 4.43

x + z 
s

n
= 4.53 + 0.1

= 4.63
We can be 95% confi dent that, on average, 
 between $4.43 and $4.63 will be spent on lunch 
by  students from this class today.

Arabella samples 102 people and 
finds, with a standard deviation of 
0.8, that on average they eat 5.2 cups 
of vegetables per day. Estimate 
the average daily vegetable 
consumption. Find a 99% confidence 
interval for your estimate.

tHinK WritE

1 There are 102 people in the sample. This 
is the sample size.

The sample mean is 5.2.

The sample standard deviation is 0.8.

n = 102
x = 5.2
s = 0.8

2 For a 99% confi dence interval, fi nd the 
z-score.

99% confi dence interval:
1% will be in the tails.
0.5% in each tail:
z = 2.58

3 The confi dence interval is 

x − z 
s

n
, x + z 

s

n
. Find z 

s

n
.

z s

n
= 2.58 0.8

102

= 0.2

WOrKeD 
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Confidence intervals
1 WE5  Among 75 Victorians who were surveyed, the average amount spent on 

holidays this year was $2314 with a standard deviation of $567. Find a 95% 
confi dence interval for the average amount spent on holidays by Victorians.

ExErcisE 14.4

PractisE

4 Identify the 99% confi dence interval. x − z s

n
= 5.2 − 0.2

                       = 5

x + z s

n
= 5.2 + 0.2

                       = 5.4
We can be 99% confi dent that, on average, 
a person consumes between 5 and 5.4 cups 
of vegetables.

In Worked example 5, the average amount spent on lunch was between 
$4.43 and $4.63. What sample size would be needed to reduce the interval to 
±$0.05 at the 95% level of confidence?

tHinK WritE

1 The confi dence interval formula is x ± z 
s

n
. 

This means that we need z 
s

n
= 0.05.

z s

n
= 0.05

2 Although the sample standard deviation will 
change with a larger sample, the current value 
is the best estimate that we have.

s = 0.23

3 For a 95% confi dence interval, z = 1.96. z = 1.96

4 Solve z 
s

n
= 0.05 for n.            

    

z s

n
= 0.05

1.96 × 0.23

n
= 0.05

1.96 × 0.23
0.05

= n

                 

   

n = 9.016
                  n = 81

At least 81 people would need to be surveyed.

WOrKeD 
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2 After surveying 30 swimmers as they entered the local swimming complex, you 
found that the average distance that they intended to swim was 1.2 km. The 
sample standard deviation was 0.5 km. Estimate the average distance people were 
intending to swim that day. Find a 95% confidence interval for your estimate.

3 WE6  James samples 116 people and finds, with a standard deviation of $537, that 
their average car value is $23 456. Estimate, to the nearest dollar, the average car 
value for the population. Find a 99% confidence interval for your estimate.

4 Charles samples 95 people and finds, with a standard deviation of 5.8 g, that on 
average, they each consume 25.7 g of chocolate per day. Estimate the proportion 
of the population that eats chocolate daily. Find a 90% confidence interval for 
your estimate.

5 WE7  For question 1, what sample size would be needed to reduce the interval to 
±$100 at the 95% level of confidence?

6 For question 2, what sample size would be needed to reduce the interval to 
±0.1 km at the 95% level of confidence?

7 You are auditing a bank. You take a sample of 50 cash deposits and find a mean of 
$203.45 and a standard deviation of $43.32. Estimate, with 95% confidence, the 
average cash deposit amount.

8 A sample of 40 AA batteries were tested to determine their average lifetime. 
It was found that they lasted an average of 2314 minutes with a standard deviation 
of 243 minutes. Estimate, with 95% confidence, the average battery life.

9 For her class assignment, Holly times her trips to school. She records the times for 
30 days and finds the average trip time is 24.6 minutes with a standard deviation 
of 7.6 minutes. Estimate, with 95% confidence, the average time that Holly will 
take to travel to school over the year.

10 Repeat question 7 but find a 90% confidence interval.

11 Repeat question 8 but find a 99% confidence interval.

12 Repeat question 9 but find a 90% confidence interval.

13 For question 7, what sample size would be needed to reduce the interval to ±$2 at 
the 95% level of confidence?

14 For question 8, what sample size would be needed to reduce the interval to  
±50 minutes at the 95% level of confidence?

15 For question 9, what sample size would be needed to reduce the interval to  
±2 minutes at the 95% level of confidence?

16 For question 9, what sample size would be needed to reduce the interval to  
±2 minutes at the 90% level of confidence?

17 Refer to the data about song tune length that you collected in Exercise 14.3 
question 15. Construct a 95% confidence interval for your average song length 
prediction. Some people say that for a song to be popular, it must be less than 
3.05 minutes long. How does this statement compare with your data?

18 Refer to the data set that you created for Exercise 14.3 question 16. Construct a 
90% confidence interval for the population average.
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Hypothesis testing
Calculating confi dence intervals involves fi nding an interval in which the population 
mean is likely to lie. Different samples can have different means. If a sample mean 
is different to what might have been expected, we need to determine if the difference 
is large enough to state that the sample is from a different population, or if the 
difference is just due to chance.

hypotheses
A hypothesis is a claim about a population that requires formal investigation before 
the claim can be determined. For example, if we are testing a particular drug, either 
the drug is no different to other treatments, or it performs differently in terms of 
treatment time. In this case we propose two hypotheses.

The fi rst hypothesis, called the null hypothesis and indicated by the symbol H0, 
assumes that nothing has happened. This is the statement that we accept unless 
we have suffi cient evidence to claim otherwise. This should be the statement that 
‘does no harm’.

The alternative hypothesis, symbol H1, is the statement that something is going on. 
It is possible to make the claim that the mean is greater than or less than the original 
value. This is called a one-tailed test. If the claim is that the mean is different to the 
original value, it is a two-tailed test.

• The null hypothesis (H0) makes the claim that there is no 
difference, μ = μ0.

• The alternative hypothesis (H1) makes the claim that there is a 
difference: μ > μ0 and μ < μ0 are one-tailed tests, and μ ≠ μ0 
is a two-tailed test.

In our example about the new drug, we would pose the following hypotheses:

H0: The new drug has the same treatment time as the normal drug.

H1: The new drug works within a different treatment time.

14.5

Riley has decided to participate in his 
schools Maths tutoring program. He 
decides to go for one hour per week. 
With reference to his exam results, state 
the null and alternative hypothesis.

tHinK WritE

1 The null hypothesis states that there will 
be no effect.

H0: The tutoring will have no effect on Riley’s 
Maths results.

2 The alternative hypothesis states that 
there will be an effect. (In this case Riley 
is hoping that there is improvement in 
his results.)

H1: The tutoring will change Riley’s Maths 
 results.
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type I and type II errors
Before analysis, we assume that the null hypothesis is true. After analysis, if there is 
suffi cient evidence, we may choose to reject the null hypotheses and believe that the 
alternative hypothesis is true. Note that we never prove the null hypothesis; we just 
accept that it is true unless we have evidence to say otherwise.

In the decision making process, two types of errors are possible.

• A type I error is rejecting the null hypothesis when it 
is actually true.

• A type II error is accepting the null hypotheses when 
it is actually false.

It is not possible to reduce the chances of making both types of errors. Reducing the 
chances of making a type I error increases the likelihood of making a type II error 
and vice versa.

Suppose you are testing a new medication. 
You are going to conclude that the drug 
has no effect unless there is sufficient 
evidence to say otherwise.

a If a type I error was made, what 
conclusions were reached?

b If a type II error was made, what 
conclusions were reached?

tHinK WritE

Create the null and alternative 
hypotheses.

H0: The new drug has the same treatment time 
as the normal drug.
H1: The new drug has a different treatment time.

a A type I error means that the null hypothesis 
was rejected when it was actually true.

a The null hypothesis was rejected.
The new drug works differently to the 
normal drug.

b A type II error means that the null hypothesis 
is accepted when it is actually false.

b The null hypothesis was accepted.
There is insuffi cient evidence to support the 
claim that the new drug works differently.

WOrKeD 
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The level of signifi cance predicts the 
likelihood of making a type I error. Often tests 
are conducted at a 5% level of signifi cance, 
meaning that 5% of the time the null 
hypothesis is rejected when it is actually true. 
If that level of signifi cance is not acceptable, 
it is also possible to test at, say, a 1% level of 
signifi cance. Reducing the level of signifi cance 
means that the null hypothesis is less likely to 
be falsely rejected, but it increases the chances 

1 – α

μ

Accept H0

Reject
H0

Reject
H0
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of accepting the null hypothesis when it is false. In general, we talk about the α level 
of signifi cance.

hypothesis testing
Once we have created hypotheses and decided on the level of signifi cance, it is 
necessary to test the hypotheses and draw any conclusions.

We are going to assume that we know the standard deviation of the population that 
we are testing. In practice, this information is often not available and there are other 
statistical tests that may be used, but the overall process is the same as this one.

The test statistic z =
x − µ

σ / n
 can be used.

Bi More supermarkets’ sales records show 
that the average monthly expenditure per 
person on a certain product was $11 with 
a standard deviation of $1.80.

The company recently ran a promotion campaign 
and would like to know if sales have changed. 
They sampled 30 families and found their average 
expenditure to be $11.50. Has the promotion 
campaign changed sales figures? Test this at the 
5% level of significance.

tHinK WritE

1 Create the null and alternative hypotheses. 
Assume that the promotion campaign has 
not changed the average sales unless there is 
suffi cient evidence otherwise.

H0: µ = 11; the promotion has not changed 
sales.
H1: µ ≠ 11; the promotion has changed sales.

2 We are testing at the 5% level of 
signifi cance and are concerned with means 
not equal to 11.

μ = 11

Accept H0

0.025 0.025

–1.96 1.96

 

3 Find the z-score that corresponds with the 
5% level of signifi cance. Values greater than 
that score will be rejected.

Note: If Pr(Z > z) = 0.025, then, using 
invnorm, z = 1.96.

If Pr(Z < z) = 0.025, then, using 
invnorm, z = −1.96.

At the 5% level of signifi cance, z = ±1.96.
Reject values if z > 1.96 or z < −1.96.

4 Calculate the test statistic for our sample. z =
x − µ

σ / n

= 11.5 − 11

1.8 / 30
= 1.52

WOrKeD 
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Hypothesis testing
1 WE8  Des has decided to increase his mountain bike training by adding an extra 

three 1-hour sessions to his weekly training schedule. He is hoping to improve 
his best race time. With reference to his race times, state the null and alternative 
hypotheses.

ExErcisE 14.5

PractisE

Repeat Worked example 10 using the P-value to test the hypothesis.

tHinK WritE

1 State the null and alternative hypotheses. H0: µ = 11; the promotion has not changed 
sales.
H1: µ ≠ 11; the promotion has changed sales.

2 Convert 11.5 to a z-score. z =
x − µ

σ / n

= 11.5 − 11

1.8 / 30
= 1.52

3 Calculate the P-value. P (Z > 1.52) = 0.06

1.52

0.06

 

4 If the tail area is less than 0.025, then we 
can reject H0. As this tail area is greater than 
0.025, we accept the null hypothesis.

Accept H0.
There is insuffi cient evidence to support the 
claim that the promotion has changed sales.

WOrKeD 
eXaMPLe 1111111111111111

5 The test statistic is z = 1.52. We would 
reject it if z > 1.96.

The test statistic does not fall in the rejection 
region.

–1.96 1.96

1.52

0.025 0.025

μ
 

6 Draw your conclusions. Accept H0.
There is insuffi cient evidence to support the 
claim that the promotion has changed sales.

P-value
The P-value is a probability used to test the hypothesis. It is the likelihood that a 
value at least as extreme as the sample statistic occurs, given that the null hypothesis 
is true. The P-value is another way that the hypothesis can be tested.
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2 Gabby attempts to improve her cross country time by adding an extra training 
session per week. With reference to race times, state the null and alternative 
hypotheses.

3 WE9  Ezy Pet Food believes that it has a contaminated batch of pet food. The 
company decides to test some of the tins. It will assume that the batch is 
contaminated unless there is evidence to the contrary.

a If a type I error is made, what conclusions are reached?
b If a type II error is made, what conclusions are reached?

4 The probability of low birth weight in Australia is about 6%. Out of 200 babies 
born at Bundaberg during a period when aerial spraying of sugar cane was 
common, 18 had low birth weight. The local paper claimed that this proved that 
aerial spraying was dangerous because the rate of birth problems was 150% of 
the national average. Aerial spraying will only be stopped if there is sufficient 
evidence to do so.

a If a type I error was made, what conclusions were reached?
b If a type II error was made, what conclusions were reached?

5 WE10  Bi More supermarkets’ sales records show that the average monthly 
expenditure per person on a certain product was $11 with a standard deviation of 
$1.80. The company recently ran a promotion campaign and would like to know if 
sales have changed. They sampled 30 families and found their average expenditure 
to be $11.80. Has the promotion campaign made a difference? Test this at the 5% 
level of significance.

6 Bi More supermarkets’ sales records show that the average monthly expenditure 
per person on a certain product was $11 with a standard deviation of $1. The 
company recently ran a promotion campaign and would like to know if sales have 
changed. They sampled 25 families and found that their average expenditure had 
increased to $11.50. Has the promotion campaign made a difference? Test this at 
the 5% level of significance.

7 WE11  Repeat question 5 using the P-value to test the hypothesis.

8 Repeat question 6 using the P-value to test the hypothesis.

Questions 9–13 refer to the following information.

A manufacturer of a particular car tyre uses a machine to study the wear and tear 
characteristics of tyres. The average tyre tread is believed to last for 17 000 km with 
a standard deviation of 1500 km. A change in manufacturing is being considered. 
A sample of 25 tyres created with the new process was found to have a mean life of 
17 400 km. Does the new process change the average mileage for the tyres?

9 Create the null and alternative hypotheses.

10 Test the claim at a 5% level of significance.

11 If x = 17 852 and a 1% level of significance is used, what is the decision?

12 If x = 17 852, what is the smallest α at which H0 is rejected (using n = 25)?

consolidatE
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13 If x = 18 000, what is the P-value (using n = 25)?

Questions 14–18 refer to the following  
information.

The drying time for a particular type of paint  
is known to be normally distributed with  
µ = 75 minutes and σ = 9.4 minutes. A new 
additive has been developed that is supposed 
to change the drying time. After testing 
100 samples, the observed average drying time 
is x = 71.2. Does the new additive change the 
drying time?

14 Create the null and alternative hypotheses.

15 The new additive is expensive. Test the claim at the 1% level of significance.

16 If x = 72.9, what is the conclusion using α = 0.01?

17 What is the P-value if x = 72.9?

18 What is the α for the test procedure that rejects H0 when Z < −2.88 or Z > 2.88?

19 A random sample is drawn from a normal population ~N (µ,  σ2) . The mean 
of this sample is µ1. When a statistician tests the hypothesis that the mean is 
µ using this sample, she calculates a P-value ≥ 0.01. Show that µ1 is in the 99% 
confidence interval.

20 An expensive drug has been shown to improve recovery time from a disease. 
Without the drug, the recovery time is normally distributed with µ = 7.3 days. 
Because the drug is expensive, it was tested at a 1% level of significance. 
A sample of 20 patients was found to have an average recovery time of 6.9 days 
and the null hypothesis was rejected. Even though the drug has been shown to 
improve recovery time, what might prevent it from being introduced?
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14 Answers
ExErcisE 14.2
1 a E(X − 10) = 5.3, Var(X − 10) = 1.8

b E(2X) = 30.6, Var(2X) = 7.2

2 a E(X + 4) = 17, Var(X + 4) = 3.2

b E(3X) = 39, Var(3X) = 28.8

3 E(2X + 3Y ) = 23.2, Var(2X + 3Y ) = 26.36

4 E
1
2

 X + Y = 24.145, Var
1
2

 X + Y = 11.1725

5 a E(X + 20) = 37.3, Var(X + 20) = 3.9

b E(2X) = 8.65, Var(2X) = 0.975

6 a E(X + 3) = 16, Var(X + 3) = 5.6

b E(1.5X) = 19.5, Var(1.5X) = 12.6

7 E(Y ) = 12, Var(Y ) = 9.2

8 E(X) = −15.7, Var(X) = 1.05

9 E(X) = 15.1, Var(X) = 2.7

10 E(3X + 2Y ) = 27.7, Var(3X + 2Y ) = 10.5

11 E(0.1X + 2Y ) = 8.22, Var(0.1X + 2Y ) = 1.211

12 E
X + Y

2
= 68.1

13 SD
X + Y

2
= 9.34

14 2X + 5Y ~ N(20, 73.5)

15 Use Y = 1
sx

X − x
sx

 and then check with your teacher.

16 Check with your teacher.

ExErcisE 14.3
1 51.5 minutes

2 95.9 minutes

3 a µx = 600, σx = 5.48 b µx = 600, σx = 3.87

4 a µx = 90.5, σx = 2.58 b µx = 90.5, σx = 1.83

5 Check with your teacher.

6 E(X) = 7.09, true mean 7

7 Check with your teacher.

8 Check with your teacher.

9 E(X) = 73, SD(X) = 2.68

10 E(X) = 73, SD(X) = 2.19

11 36

12 E(X) = 123, SD(X) = 8.6

13 E(X) = 123, SD(X) = 6.8

14 74

15 The distribution should be symmetrical.

16 Check with your teacher, but the distribution should be 
symmetrical.

ExErcisE 14.4
1 $2186–$2442

2 1–1.4 km

3 $23 327–$23 585

4 24.7–26.7 g

5 124

6 96

7 $191.44–$215.46

8 2239–2389 minutes

9 21.9–27.3 minutes

10 $193.40–$213.50

11 2215–2413 minutes

12 22.3–26.9 minutes

13 1803

14 91

15 56

16 39

17 Check with your teacher.

18 Check with your teacher.

ExErcisE 14.5
1 H0: the extra training sessions do not change his 

race time.

H1: the extra training sessions improve his race time.

2 H0: the extra training sessions do not change her 
race time.

H1: the extra training sessions improve her race time.

3 a The pet food is safe.

b The pet food is contaminated.

4 a Aerial spraying is not safe.

b There is insufficient evidence to conclude that aerial 
spraying is safe.

5 The promotion has changed sales.

6 The promotion has changed sales.

7 The promotion has changed sales. P = 0.0075

8 The promotion has changed sales. P = 0.0062

9 H0: µ = 17 000; the new process does not change 
the mileage.

H1: µ ≠ 17 000; the new process changes the mileage.

10 Accept H0. There is insufficient evidence to claim that the 
process changes mileage.

11 Reject H0. The new process changes the mileage.

12 α = 0.0046
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13 P = 0.000 429

14 H0: µ = 75; the new additive does not change the 
drying time.

H1: µ ≠ 75; the new additive changes the drying time.

15 Reject H0. The new additive changes the drying time.

16 Accept H0. There is insufficient evidence to claim that the 
additive changes drying time.

17 P = 0.0129

18 α = 0.004

19 Check with your teacher.

20 The improvement is only 0.4 days. As the drug is 
expensive, it probably is not worth the money.
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