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9 Cosine and sine rules

9.1 Overview
Although Pythagoras is given the credit for
discovering that the sum of the squares of the
sides of a right-angled triangle is equal to the
square of its hypotenuse, the Babylonians
and the Egyptians were already using this
relationship at least two thousand years before
he was even born.

The pyramids of Giza were built over
four thousand years ago and are remarkable
not just for their sheer size, but also for the
incredible level of mathematical precision
and engineering skill that went into their
construction. The right angles of their square
bases are exact to within half a degree – no
small feat considering that the base of the largest pyramids has sides 230 metres long.

The device they are credited with using to obtain such precise 90-degree angles
was a simple piece of rope tied in a loop with twelve evenly spaced knots along its
length. The rope was stretched taut to form a triangle with 3 knots to one side, 4
knots to the next side and 5 knots on the last side. Lo and behold, the angle bounded
by the 3-knot and 4-knot sides was a perfect 90° — though this is not surprising
given that 32 + 42 = 52, which is consistent with Pythagoras’ theorem. Perhaps
we should rename it the Egyptian theorem?

LEARNING SEQUENCE
9.1 Overview
9.2 Review of trigonometric ratios and the unit circle
9.3 The sine rule
9.4 The cosine rule
9.5 Area of a triangle
9.6 Applications of the sine and cosine rules
9.7 Review: exam practice

Fully worked solutions for this chapter are available in the Resources section of your eBookPLUS at www.jacplus.com.au.
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9.2 Review of trigonometric ratios and the unit circle
9.2.1 Trigonometric ratios
From your previous studies of mathematics, you will be familiar with the geometry of a right-angled
triangle and with Pythagoras’ theorem. However, before progressing further in trigonometry, we will
review the basic concepts.

9.2.2 The right-angled triangle

Hypotenuse Opposite

Adjacent

θ

As you will recall, the longest side of the right-angled triangle is the
hypotenuse, and it is positioned opposite the 90° angle as shown. The
other two sides of the triangle are labelled as being adjacent or opposite
according to their position relative to another angle, 𝜃, as shown in the
diagram.

The trigonometric ratios of sine (𝜃), cosine (𝜃) and tangent (𝜃) (written as
sin (𝜃), cos (𝜃) and tan (𝜃)) are calculated from the relative lengths of the three sides.

The trigonometric ratios sin, cos and tan

sin (𝜃) = opposite

hypotenuse
, cos (𝜃) = adjacent

hypotenuse
, and tan (𝜃) = opposite

adjacent

These are usually remembered as SOH, CAH, TOA.

WORKED EXAMPLE 1

Calculate, to 2 decimal places, the value of the pronumeral shown in each diagram.
a.

h
10

40°

b.

6

8

12

a

THINK WRITE

a. 1. Choose the appropriate trigonometric ratio. a. Relative to the angle, the sides marked are
the opposite and the hypotenuse.

sin (40°) = 10

h
2. Rearrange to make the required side the subject

and evaluate, checking the calculator is in
degree mode.

h = 10

sin(40°)
= 15.56 to 2 decimal places

b. 1. Obtain the length of the hypotenuse of the
lower triangle.

b. From Pythagoras’ theorem the sides
6, 8, 10 form a Pythagorean triple, so the
hypotenuse is 10.
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2. In the upper triangle choose the appropriate
trigonometric ratio.

The opposite and adjacent sides to the
angle a° are now known.

tan (a) = 12

10

3. Rearrange to make the required angle the
subject and evaluate.

tan (a) = 1.2
∴ a = tan−1(1.2)

= 50.19° to 2 decimal places

Recall that a Pythagorean triple (mentioned in the worked example above) is a set of three numbers, a, b
and c, that denote the ratio of the lengths of right angled triangles such that a2 + b2 = c2. Examples include
3, 4 and 5, and also 5, 12 and 13.

9.2.3 Radians and the unit circle: revision of basic concepts
Angles are measured in degrees or radians. To define a radian we can use a circle which has a radius of one
unit. This circle is called the unit circle. If we take a piece of string that is the same length as the radius and
place it along the circumference of the circle from S to P to form an arc, then the angle formed by joining S
and P to O, the centre of the circle, measures one radian.

S

A unit circle

O

1 unit1 
un

it

y

x

P

1c

The radius of the circle can be any length and can still be regarded as a unit. As long as the arc is the
same length as the radius, the angle will always measure one radian.

S

y

x

r

r

r

P
A

B

A radian

1c

In general, therefore, a radian is the angle formed at the centre of any circle by radii meeting an arc that is
the same length as the radius of the circle. Note the following.
• One radian is written as 1c (or 1 radian can be written as 1).
• The circumference of a circle is 2𝜋r units in length.
• If the radius is one unit, as in the case of the unit circle, then the circumference is 2𝜋 units, and the

angle at the centre of the circle is 2𝜋 radians.
• 2𝜋 radians = 360°
• The length of the semicircle from S through A to B is half the circumference and is 𝜋 units.
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• 𝜋 radians = 180°
• An arc length of r units subtends an angle of 1 radian.
• An arc length of 2𝜋r units subtends an angle of 2𝜋 radians.

• An arc length of a quarter of a circle is
2𝜋r
4

units

(
that is,

𝜋
2

)
and subtends an angle of

𝜋
2

radians.

9.2.4 Determining the number of degrees in one radian
Since 𝜋c = 180°,

we have 1c = 180°

𝜋
= 57.296° (correct to 3 decimal places).

Radians are converted to degrees using the following equation.

1c = 180°

𝜋
Degrees are converted to radians using the following equation.

180° = 𝜋c

1° = 𝜋
180

When writing angles in radians, it is common to omit the small ‘c’ superscript.

WORKED EXAMPLE 2

a. Convert 60∘ to radian measure.

b. Convert
2𝜋c

3
to degree measure.

c. Convert
𝜋
2
to degree measure and hence state the value of sin

(
𝜋
2

)
.

THINK WRITE

a. Convert degrees to radians by multiplying by
𝜋
180

. a. 60° = 60 × 𝜋
180

= 60 × 𝜋
180 3

= 𝜋
3

b. Convert radians to degrees by multiplying by
180

𝜋
. b.

2𝜋c

3
=
(
2𝜋
3
× 180

𝜋

)
°

=
(
2𝜋
3
× 180 60

𝜋

)
°

= 120°

c. 1. Convert radians to degrees. c.
𝜋
2
=
(
𝜋
2
× 180

𝜋

)
°

=
(
𝜋
2
× 180 90

𝜋

)
°

= 90°
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2. Calculate the trigonometric value. sin

(
𝜋
2

)
= sin (90°)

= 1

9.2.5 Special angles
Note the following special cases with which you need to be familiar.
Since 180° = 𝜋:

90° = 𝜋
2

Divide both sides by 2.

60° = 𝜋
3

Divide both sides by 3.

45° = 𝜋
4

Divide both sides by 4.

30° = 𝜋
6

Divide both sides by 6.

9.2.6 Basic definitions of sine, cosine and tangent
Sine and cosine

R

y

xO

P (cos (θ), sin (θ))

cos (θ)

sin (θ) and cos (θ)

sin (θ)
θIn the unit circle the vertical distance PR is defined as sine (𝜃) (or sin (𝜃))

and the horizontal distance OR is defined as cosine (𝜃) (or cos (𝜃)).
The coordinates of the point P are (cos (𝜃), sin (𝜃)) where 𝜃 can be in

radians or degrees.
The x-coordinate of P is cos (𝜃) and the y-coordinate of P is sin (𝜃).

Boundary angles
In Year 11 you learned the values of the trigonometric ratios for the boundary angles.

sin (0) = 0 sin (0°) = 0 cos (0) = 1 cos (0°) = 1

sin

(
𝜋
2

)
= 1 sin (90°) = 1 cos

(
𝜋
2

)
= 0 cos (90°) = 0

sin (𝜋) = 0 sin (180°) = 0 cos (𝜋) = −1 cos (180°) = −1

sin

(
3𝜋
2

)
= −1 sin (270°) = −1 cos

(
3𝜋
2

)
= 0 cos (270°) = 0

sin (2𝜋) = 0 sin (360°) = 0 cos (2𝜋) = 1 cos (360°) = 1

y

x
0

(1, 0)

(0, 1)

(–1, 0)

(0, –1)

–
2
π

π

3π–
2

Tangent
Using the unit circle, the vertical distance TS is defined as tan (𝜃).

TS is the tangent to the circle that intersects with the x-axis and ∠TOS = 𝜃.
SO

y

x

T

tan (θ)

tan (θ)

θUsing Pythagoras’ theorem in triangle OPR,

PR2 + OR2 = OP2.

So, sin2(𝜃)+ cos2(𝜃) = 1.

This is called the Pythagorean identity and is used in many trigonometric equations.
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In the diagram at right, ∆OPR is similar to ∆OTS (equiangular).

SO
R

y

x

T

P

1 unit

Identities

1 u
nit

cos (θ)
sin (θ)

tan (θ)

θ

Therefore:
TS

OS
= PR

OR

tan(𝜃)
1

= sin(𝜃)
cos(𝜃)

tan(𝜃) = sin (𝜃)
cos(𝜃)

Note the boundary angles for the tangent ratio:

tan (0) = 0 tan (0°) = 0

tan

(
𝜋
2

)
is undefined. tan (90°) is undefined.

tan (𝜋) = 0 tan (180°) = 0

tan

(
3𝜋
2

)
is undefined. tan (270°) is undefined.

tan (2𝜋) = 0 tan (360°) = 0

It can be seen that tan (90°) is undefined because tan (90°) = sin (90°)
cos (90°)

= 1

0
,

which is undefined.

9.2.7 Domains and ranges of the trigonometric functions
The domain and range of the unit circle require −1 ≤ x ≤ 1 and −1 ≤ y ≤ 1, so −1 ≤ cos (𝜃) ≤ 1 and
−1 ≤ sin (𝜃) ≤ 1.

Since 𝜃 can be any real number, this means that the function f, where f is either sine or cosine, has
domain R and range [−1, 1].

Unlike the sine and cosine functions, the domain of the tangent function is not the set of real numbers,

R, since tan (𝜃) is not defined for any value of 𝜃 that is an odd multiple of
𝜋
2
. Excluding these values,

intercepts of any size may be cut off on the tangent line, so tan (𝜃) ∈ R.

This means that the function f, where f is tangent, has domain R\ {±𝜋
2
, ±3𝜋

2
, …} and range R.

The domain of the tangent function can be written as R\ {(2n+ 1)𝜋
2
, n ∈ Z}, and the tangent function can

be written as the mapping f :R\ {(2n+ 1)𝜋
2
, n ∈ Z} → R, f(𝜃) = tan (𝜃).

Periodicity of trigonometric functions
y

x

sin–
3
π–

3
πsin –

3
ππ –( ) –

3
π( )

From the general equation sin (x) = a, we can determine an infinite

number of solutions. An example of this general equation is sin (x) = √3

2
.

One of the solutions is x = 𝜋
3
, because sin

(
𝜋
3

)
= √3

2
.

However, we also know that sin

(
𝜋 − 𝜋

3

)
=
√3

2
, because sine is

positive in the second quadrant.
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For this equation there are two solutions between 0 and 2𝜋. They are
𝜋
3

and
2𝜋
3

. (There are no solutions

in the third and fourth quadrants because here, sine is negative.)
x = 0 and x = 2𝜋 are solutions for cos (x) = 1 over the domain 0 ≤ x ≤ 2𝜋.
To determine more solutions, we can go around the unit circle as many times as we wish, determining

new solutions each time. Since sin=
(
2𝜋 + 𝜋

3

)
=
√3

2
and sin=

(
3𝜋 − 𝜋

3

)
=

√3

2
, there are 4

solutions in the domain 0 ≤ x ≤ 4𝜋:
𝜋
3
, 2𝜋

3
, 7𝜋

3
and

8𝜋
3

.

We can also go in a negative direction. In the domain −2𝜋 ≤ x ≤ 0 there are 2 solutions:
−4𝜋
3

and

−5𝜋
3

.

WORKED EXAMPLE 3

y

x

sin (π – α)
α α

sin (α)

Determine all solutions to the equation sin (𝛼) = 0.7 in the domain
0 ≤ 𝛼 ≤ 4𝜋. Give your answers correct to 4 decimal places.

THINK WRITE

1. Determine the equivalent angle in the 1st quadrant,
ignoring the sign.

The basic angle is 0.7754.

2. Determine in which quadrants sin𝛼 is positive. sin𝛼 is positive in the 1st and 2nd
quadrants.

3. Because the domain is [0, 4𝜋], look at angles
beyond 2𝜋 by adding the period to values in the
first cycle (that is, determining values in the 5th and
6th quadrants). In y = sin𝛼 the period is 2𝜋.

From 0 to 2𝜋:
𝛼 = 0.7754, p − 0.7754
= 0.7754, 2.3662

From 0 to 4𝜋:
𝛼 = 0.7754, 2.3662,

0.7754 + 2𝜋, 2.3662 + 2𝜋
4. Simplify, giving answers correct to 4 decimal

places.
𝛼 = 0.7754, 2.3662, 7.0586, 8.6494

TI | THINK WRITE CASIO | THINK WRITE

On a Calculator page, press
MENU, then select:
2: Add Graphs.

On a Main Menu page,
select:
GRAPH.
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Complete the entry line as:
sin (x)
then press the ENTER
button.

Complete the entry line as:
Y1 = sin (x)
Y2 = 0.7
then press the EXE or
DRAW button.

Press MENU, then select:
2: Add Graphs.
Complete the entry line as:
0.7
then press the ENTER
button.

To calculate the intersection
points, select:
SHIFT
F5
INTSECT.
The first solution will
appear on the screen.

Press MENU, then select:
8: Geometry
1: Points & Lines
3: Intersection Points(s).

Each subsequent solution
can be determined by
pressing the right arrow
button.
The solution will appear on
the screen.

Select f 1 (x) = sin (x) and
f 2 (x) = 0.7 by pressing the
ENTER button on both
curves.
The coordinate location of
each intersection will appear
on the screen.

Notice that the third solution in Worked example 3 can be found by adding 2𝜋 to the first solution, and
the fourth solution can be found by adding 2𝜋 to the second solution. This is because we have turned
through an angle of 2𝜋 radians (1 revolution) beyond the original angle.

Interactivities: Trigonometric ratios (int-2577)
The unit circle (int-2582)

Units 3&4 Area 4 Sequence 2 Concept 1

Review of trigonometric ratios and the unit circle Summary screen and practice questions
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Exercise 9.2 Review of trigonometric ratios and the unit circle

Technology active

1. The following questions use the tan, sin, or cos ratios in their solutions. Determine the size of the side
marked with the pronumeral in each diagram, correct to 3 significant figures.
a.

68°

13 cmx

b.
49°

48 m

y

c.

41°

12.5 km

z

2. WE1 Calculate, to 2 decimal places, the value of the pronumeral shown in each diagram.
a. h

10
50°

b. 2

3

4

a

3. WE2a Change the following to radians. Give exact answers for a, b, c and d. Give other answers correct
to 2 decimal places.
a. 5° b. 15° c. 120° d. 130° e. 63.9°
f. 78.82° g. 235° h. 260° i. 310° j. 350°

4. WE2b Change the following to degrees, giving answers correct to 2 decimal places.

a. 3c b. 5c c. 4.8c d. 2.56c e.
7𝜋c

20
f.

3𝜋c

10
g.

5𝜋c

6
h.

5𝜋c

4
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5. Evaluate the following using a calculator. Give answers correct to 3 decimal places.
a. sin (0.4) b. sin (0.8) c. cos (1.4)
d. cos (1.7) e. tan (2.9) f. tan (2.4)

6. Evaluate the following using a calculator. Give answers to 3 decimal places.
a. sin (75°) b. sin (68°) c. cos (160°)
d. cos (185°) e. tan (265°) f. tan (240°)

Technology free

7. Evaluate the following.
a. sin (0) b. sin (𝜋) c. cos (2𝜋)

d. cos (𝜋) e. tan

(
3𝜋
2

)
f. tan

(
𝜋
2

)
8. Evaluate the following.

a. sin (90°) b. sin (360°) c. cos (180°)
d. cos (0°) e. tan (270°) f. tan (720°)

9. Evaluate the following without using your calculator.
a. sin2 (20°)+ cos2 (20°) b. cos2 (50°)+ sin2 (50°)
c. sin2 (𝜋)+ cos2 (𝜋) d. sin2 (2.5)+ cos2 (2.5)

e. sin2
(
𝜋
2

)
+ cos2

(
𝜋
2

)
f. sin2

(
𝜃
2

)
+ cos2

(
𝜃
2

)
g. 2 sin2 (𝛼)+ 2 cos2 (𝛼) h. 5 sin2 (𝛽)+ 5 cos2 (𝛽)

10. Write the following in order from smallest to largest.
a. sin (35°), sin (70°), sin (120°), sin (150°), sin (240°)
b. cos (0.2), cos (1.5), cos (3.34), cos (5.3), cos (6.3)

11. If sin (𝜃) = 8

17
and cos (𝜃) = 15

17
, determine tan (𝜃).

12. If sin (A) = 0.6 and cos (A) = 0.8, calculate tan (A). Draw a triangle marking in the position of angle A
and the possible lengths of the sides.

13. WE3 For each equation below, calculate all the values of x between 0 and 4𝜋. Give answers correct to
4 decimal places.
a. cos (x) = −0.6591 b. sin (x) = 0.9104
c. cos (x) = 0.48 d. sin (x) = −0.371

14. Calculate all the solutions to the following equations in the domain 0° ≤ x ≤ 360°. Give exact answers
where possible; otherwise, give answers correct to 2 decimal places.

a. cos (2x) = 1 b. 2 sin (2x) = −1 c. 2 cos (3x) = −√2

d. 2 sin (3x) = √3 e. sin (3x) = −0.1254 f. 3 cos (2x) = 0.5787

g. 4 sin

(
x

2

)
= 0.913 h. √2 cos (x) = −0.2751
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15. Illustrate the following on a unit circle diagram.
a. cos (40°) b. sin (165°) c. cos (−60°) d. sin (−90°)

16. Illustrate the following on a unit circle diagram.

a. sin

(
5𝜋
3

)
b. cos

(
3𝜋
5

)
c. cos (5𝜋) d. sin

(
−2𝜋

3

)
17. a. Calculate the Cartesian coordinates of the trigonometric point P [𝜋

4
].

b. Express the Cartesian point P (0,−1) as two different trigonometric points, one with a positive value
for 𝜃 and one with a negative value for 𝜃.

9.3 The sine rule
The trigonometry we have studied so far has been applicable to only right-angled triangles. The sine rule
allows us to calculate the lengths of sides and the size of angles in non-right-angled triangles. Consider the
triangle shown.

C

A
A B

b

c

C
a

B

9.3.1 Derivation of the sine rule
A, B and C represent the three angles in the triangle ABC, and a, b and
c represent the three sides. Remember that each side is named with the
lower-case letter of the opposite vertex.

Construct a line from C to a point, D, perpendicular to AB. CD is the
perpendicular height of the triangle, h.

C

A D
A B

b a
h

c
B

Now consider ∆ACD and ∆BCD separately.
Using the formula for the sine ratio:

sin (𝜃) = opp

hyp

sin (A) = h

b
h = b sin (A)

sin (𝜃) = opp

hyp

sin (B) = h

a
h = a sin (B)

We are now able to equate these two expressions for h.

a sin (B) = b sin (A)

C

A D

b
h

C

D B

a
h

Dividing both sides by sin (A) sin (B), we get:

a sin (B)
sin (A) sin (B)

= b sin (A)
sin (A) sin (B)

a

sin (A)
= b

sin (B)

Similarly, we are able to show that each of these is also equal to
c

sin (C)
. Try it!
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The sine rule states that in any triangle, ABC, the ratio of each side to the sine of its opposite angle will
be equal.

a

sin (A)
= b

sin (B)
= c

sin (C)

Using the sine rule to calculate side lengths
The sine rule formula allows us to calculate the length of a side in any triangle if we are given the length of
one other side and two angles. When using the formula, we need to use only two parts of it.

WORKED EXAMPLE 4

A

B x C
40°

80°
16 cm

Calculate the length of the side marked x in the triangle
shown, correct to 1 decimal place.

THINK WRITE

1. Write the formula.
a

sin (A)
= b

sin (B)

2. Substitute a = x, b = 16, A = 80° and B = 40°.
x

sin (80°)
= 16

sin (40°)

3. Make x the subject of the equation by multiplying
by sin(80°).

x = 16 sin (80°)
sin (40°)

4. Calculate and round to 1 decimal place. x ≈ 24.5 cm

To use the sine rule we need to know the angle opposite the side we are calculating and the angle
opposite the side we are given. In some cases these are not the angles we are given. In such cases we need
to use the fact that the angles in a triangle add to 180° to calculate the required angle.

WORKED EXAMPLE 5

A

B C

m

75°

65°

16 m

Calculate the length of the side labelled m in the figure
shown, correct to 4 significant figures.

THINK WRITE

1. Calculate the size of angle C. C = 180° − 65° − 75°
= 40°

2. Write the formula.
a

sin (A)
= c

sin (C)
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3. Substitute a = 16, c = m, A = 65° and C = 40°.
16

sin (65°)
= m

sin (40°)

m = 16 sin (40°)
sin (65°)

= 11.35m
4. Make m the subject of the equation.

5. Calculate and round to 4 significant figures.

Using the sine rule allows us to solve a number of more complex problems. As with our earlier
trigonometry problems, we begin with a diagram and give a written answer to each question.

WORKED EXAMPLE 6

A

HG

x

60° 75°
20 km

George looks south and observes an aeroplane at an angle of elevation
of 60∘. Henrietta is 20 km south of where George is, and she faces
north to see the aeroplane at an angle of elevation of 75∘.
Calculate the distance of the aeroplane from Henrietta’s observation

point, to the nearest metre.

THINK WRITE

1. Calculate the size of ∠GAH. A = 180° − 60° − 75°
= 45°

2. Write the formula.
g

sin (G)
= a

sin (A)

3. Substitute g = x, a = 20, G = 60° and H = 75°.
x

sin (60°)
= 20

sin (45°)

4. Make x the subject. x = 20 sin (60°)
sin (45°)

5. Calculate and round to 3 decimal places (i. e. the
nearest metre).

x = 24.495 km

6. Give a written answer. The distance of the aeroplane from
Henrietta’s observation point is 24.495 km.

The sine rule can be used to calculate the height of objects that would otherwise be difficult to measure.
Problems such as this can be solved by combining the use of the sine rule with the trigonometry of right-
angled triangles covered earlier in this chapter.

WORKED EXAMPLE 7

To calculate the height of a building, Kevin measures the angle of elevation to the top as 52∘. He
then walks 20m closer to the building and measures the angle of elevation as 60∘. How high is the
building?
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THINK WRITE

1. Draw a labelled diagram of the situation and
fill in the given information.

60°52°
120°

A DB

C

h

x – 20
x

20

2. Check that one of the criteria for the sine
rule has been satisfied for triangle ABC.

The sine rule can be used for triangle ABC
since two angles and one side length have
been given.

3. Determine the value of angle ACB, using the
fact that the angle sum of any triangle is
180°.

∠ACB = 180° − (52° + 120°)
= 8°

4. Write down the sine rule to determine b. To determine side length b of triangle ABC:
b

sin (B)
= c

sin (C)

5. Substitute the known values into the rule.
b

sin (120°)
= 20

sin (8°)

6. Make b the subject of the equation. b = 20 × sin (120°)
sin (8°)

7. Calculate and round the answer to 2 decimal
places and include the appropriate unit.

= 124.45m

8. Draw a diagram of the situation, that is
triangle ADC, labelling the required
information. Also label the sides of the
triangle.

52°

124.45 m

A

C

h

D

9. Choose the sine ratio as we are determining
the opposite side and have been given the
hypotenuse.

sin (𝜃) = opp

hyp

10. Substitute for 𝜃 and the hypotenuse. sin (52°) = h

124.45
11. Make h the subject of the equation. 124.45 sin (52°) = h

h = 124.45 sin (52°)
12. Calculate and round appropriately. = 98.07
13. Give a written answer. The height of the building is 98.07m.

9.3.1 Using the sine rule to determine angle sizes
Using the sine rule result we are able to calculate angle sizes as well. To do this, we need to be given the
length of two sides and the angle opposite one of them. For simplicity, in solving the triangle we invert the
sine rule formula when we are using it to determine an angle.
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The formula is written:

sin (A)
a

= sin (B)
b

= sin (C)
c

As with determining side lengths, we use only two parts of the formula.

WORKED EXAMPLE 8

B

A

C
110°

20 cm

6 cm θ

Calculate the size of the angle, 𝜃, in the figure shown, correct to
the nearest degree.

THINK WRITE

1. Write the formula.
sin (A)
a

= sin (C)
c

2. Substitute A = 110°, C = 𝜃, a = 20 and c = 6.
sin (110°)

20
= sin (𝜃)

6

3. Make sin 𝜃 the subject of the equation. sin (𝜃) = 6 sin (110°)
20

4. Calculate a value for sin 𝜃. sin (𝜃) = 0.2819
𝜃 = sin−1 (0.2819)

5. Calculate sin−1(0.2819) to determine 𝜃. 𝜃 = 16°

9.3.2 The ambiguous case of the sine rule

A

a = 12

C = 35°

c = 8

When we are given two side lengths of a triangle and
an acute angle opposite one of these sides, there are two
different triangles we can draw. So far we have only dealt
with triangles in which all angles are acute; however, it is
also possible to draw triangles with obtuse angles. This is
known as the ambiguous case of the sine rule.

For example, take the triangle ABC, where a=12,
c = 8 and C = 35°.

When we solve this for angle A, we get an acute angle
as shown:

8

sin (35)
= 12

sin (A)

8 sin (A) = 12 sin (35)

sin (A) = 12 sin (35)
8

A = sin −1

(
12 sin (35)

8

)
= 59.36°
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A′

a = 12

C = 35°

c = 8

However, there is also an obtuse-angled triangle that can be drawn from this
given information.

In this case, the size of the obtuse angle is the supplement of the acute angle
calculated previously.

A′ = 180°− A

= 180°− 59.36°
= 120.64°

9.3.3 Determining when we can use the ambiguous case

A

a

B

b
C

c h

The ambiguous case of the sine rule does not work for every example.
This is due to the way the ratios are set in the development of the sine
rule, since side length a must be longer than h, where h is the length of
the altitude from angle B to the base line b.

For the ambiguous case to be applicable, the following conditions must
be met:
• The given angle must be acute.
• The adjacent side must be bigger than the opposite side.
• The opposite side must be bigger than the adjacent side multiplied by the sine of the given angle.
When using the sine rule to calculate a missing angle, it is useful to first identify whether the ambiguous

case is applicable to the problem or not.

WORKED EXAMPLE 9

Calculate the two possible values of angle A for triangle ABC, given a = 15, c = 8 and C = 25∘.

THINK WRITE

1. Draw a non-right-angled triangle, labelling with the
given information. Angle A is opposite to side a.
Angle C is opposite to side b. Note that two
triangles can be drawn, with angle A being either
acute or obtuse.

AA′C = 25°

c = 8c = 8
a = 15

Angle C

Side cSide a

Obtuse and acute angle

2. Substitute the known values into the sine rule.
a

sin (A)
= c

sin (C)

3. Rearrange the equation to make sin (A) the subject
and solve. Make sure your calculator is in degree
mode. The calculator will only give the acute angle
value.

15

sin (A)
= 8

sin (25°)
15 sin (25°) = 8 sin (A)

sin (A) = 15 sin (25°)
8

A = sin−1
(
15 sin (25°)

8

)
= 52.41°
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4. Solve for the obtuse angle A′. A′ = 180° − A

= 180° − 52.41°
= 127.59°

5. Write the answer. The two possible value for A are
52.41° and 127.59°.

Units 3&4 Area 4 Sequence 2 Concept 1 The sine rule Summary screen and practice questions

Exercise 9.3 The sine rule

Technology free

1. Write down the sine rule formula as it applies to each of the triangles below.
a. A

CB

bc

a

b. X

Z Y

c. P

R Q

Technology active

2. WE17 Use the sine rule to calculate the length of the side marked with the pronumeral in each of the
following, correct to 3 significant figures.
a. A

B

x

C
50° 45°

16 cm

b. L

M q N
59°

63°

1.9 km

c. R

T

t

S

52°

84°
89 mm

3. WE18 In each of the following, use the sine rule to calculate the length of the side marked with the
pronumeral, correct to 1 decimal place, by first calculating the size of the third angle.
a. G x

I

74° 74°

18.2 mm

H b.

M

N

P

m80°

62°

35.3 cm

c.

A
C

B

19
.4

 k
m y85°

27°
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4. ABC is a triangle in which BC = 9 cm, ∠BAC = 54° and ∠ACB = 62°. Calculate the length of side
AB, correct to 1 decimal place.

5. XYZ is a triangle in which y = 19.2m, ∠XYZ = 42° and ∠XZY = 28°. Calculate x, correct to 3
significant figures.

6. WE19 X and Y are two trees 30m apart on one side of a river, as shown
in the diagram. Z is a tree on the opposite side of the river. It is found that
∠XYZ = 72° and ∠YXZ = 59°. Calculate the distance XZ, correct to 1
decimal place.

X Y30 m

Z

59° 72°
7. From a point, M, the angle of elevation to the top of a building, B, is 34°.

From a point, N, 20m closer to the building, the angle of elevation is 49°.
a. Draw a diagram of this situation.
b. Calculate the distance NB, correct to 1 decimal place.
c. Calculate the height of the building, correct to the nearest metre.

8. WE20 To calculate the height of a building, Kevin
measures the angle of elevation to the top as 48°.
He then walks 18m closer to the building and
measures the angle of elevation as 64°. How high
is the building?

9. WE21 Calculate the size of the angle marked with a pronumeral in each of the following, correct to the
nearest degree.
a.

B

A

C
46 cm

32 cm100°

θ

b.

Q

P

R
18.9 m

29.5 m

60°

ϕ
c.

M

L

N

153 mm79 mm

α117°

10. In ∆PQR, q = 12 cm, r = 16 cm and ∠PRQ = 56°. Calculate the size of ∠PQR, correct to the nearest
degree.

11. In ∆KLM, LM = 4.2m, KL = 5.6m and ∠KML = 27°. Calculate the size of ∠LKM, correct to the
nearest degree.

12. A surveyor marks three points, X, Y and Z, in the
ground. The surveyor measures XY to be 13.7m
and XZ to be 14.2m. ∠XYZ is 60°.
a. Calculate ∠XZY to the nearest degree.
b. Calculate ∠YXZ to the nearest degree.

13. WE9 In a triangle ABC, a = 9 cm, c = 8 cm and
C = 42°. Calculate the two possible values of
angle A.

14. Calculate the possible values for angle C in a triangle
ABC for which c = 15 cm, b = 12 cm and c = 35°.
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15. A cliff is 37m high. The rock slopes outward at an angle of 50° to the
horizontal, then cuts back at an angle of 25° to the vertical, meeting the ground
directly below the top of the cliff.

rope
rock

37 m

50°

25°Carol wishes to abseil from the top of the cliff to the ground as shown in the
diagram. Her climbing rope is 45m long, and she needs 2m to secure it to a
tree at the top of the cliff. Will the rope be long enough to allow her to reach
the ground?

16. Two wires support a flagpole. The first wire is 8m
long and makes a 65° angle with the ground. The
second wire is 9m long. Calculate the angle that the
second wire makes with the ground.

9.4 The cosine rule
The sine rule will not allow us to solve all triangles. Depending on the information provided about the
triangle, we may need to use the cosine rule.

D

c

b –xx
b

ah

A C

BIn any non-right-angled triangle, ABC, a perpendicular line can be drawn from
angle B to side b. Let D be the point where the perpendicular line meets side b,
and let the length of the perpendicular line be h. Let the length AD = x units. The
perpendicular line creates two right-angled triangles, ADB and CDB.

Using triangle ADB and Pythagoras’ theorem, we obtain:

c2 = h2 + x2 → [1]

Using triangle CDB and Pythagoras’ theorem, we obtain:

a2 = h2 + (b− x)2 → [2]

Expanding the brackets in equation [2]:

a2 = h2 + b2 − 2bx+ x2

Rearranging equation [2] and using c2 = h2 + x2 from equation [1]:

a2 = h2 + x2 + b2 − 2bx

= c2 + b2 − 2bx

= b2 + c2 − 2bx

From triangle ABD, x = c cos (A). Therefore, a2 = b2 + c2 − 2bx becomes

a2 = b2 + c2 − 2bc cos (A)

This is called the cosine rule and is a generalisation of Pythagoras’ theorem.
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In a similar way, if a perpendicular line is drawn from angle A to side a or from angle C to side c, the two
right-angled triangles give c2 = a2 + b2 − 2ab cos (C) and b2 = a2 + c2 − 2ac cos (B) respectively. From
this, the cosine rule can be stated:

b

ac

CA

BIn any triangle ABC,

a2 = b2 + c2 − 2bc cos (A)
b2 = a2 + c2 − 2ac cos (B)
c2 = a2 + b2 − 2ab cos (C)

Using the cosine rule to calculate side lengths
The cosine rule can be used to solve non-right-angled triangles if we are given either of the following:
• three sides of the triangle
• two sides of the triangle and the included angle (the angle between the given sides).

WORKED EXAMPLE 10

Determine the third side of triangle ABC given a = 6, c = 10 and B = 76∘.

THINK WRITE

1. Draw a labelled diagram of the triangle ABC and
fill in the given information.

b

a = 6c = 10

CA

B

76°

2. Write the appropriate cosine rule to determine b. b2 = a2 + c2 − 2ac cos (B)
3. Substitute the given values into the rule. = 62 + 102 − 2 × 6 × 10 × cos (76°)

4. Evaluate. ≈ 106.969 372 5

b = √106.969 372 5

5. Round the answer to 2 decimal places. ≈ 10.34

The cosine rule also allows us to solve a wider range of practical problems. The important part of solving
such problems is marking the correct information on your diagram. If you can identify two side lengths and
the included angle, you can use the cosine rule.

WORKED EXAMPLE 11

A surveyor standing at point X sights point M, 50m away and point N, 80m away. If the angle
between the lines XM and XN is 45∘, calculate the distance between the points M and N, correct
to 1 decimal place.

THINK WRITE

1. Draw a diagram and mark all given information
on it. 45°

X

M
N

50 m
80 m
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2. Write the formula with x2 as the subject. x2 = m2 + n2 − 2mn cos (X)
3. Substitute m = 80, n = 50 and X = 45°. = 802 + 502 − 2 × 80 × 50 × cos (45°)

4. Calculate the value of x2. = 3243.15
5. Calculate x by taking the square root of x2. x = √3243.15
6. Give a written answer. = 56.9m

Using the cosine rule to calculate angle sizes
We can use the cosine rule to calculate the size of the angles within a triangle. Consider the cosine rule
formula.

a2 = b2 + c2 − 2bc cos (A)

We now make cos (A) the subject of this formula.

a2 = b2 + c2 − 2bc cos (A)
a2 + 2bc cos (A) = b2 + c2

2bc cos (A) = b2 + c2 − a2

cos (A) = b2 + c2 − a2

2bc

In this form, we can use the cosine rule to calculate the size of an angle if we are given all three side
lengths. We can write the cosine rule in three different forms, depending on which angle we wish to
calculate.

cos (A) = b2 + c2 − a2

2bc

cos (B) = a2 + c2 − b2

2ac

cos (C) = a2 + b2 − c2

2ab

WORKED EXAMPLE 12

7 cm 5 cm

9 cm
C

A

B

Calculate the size of angle B in the triangle shown, correct to the
nearest degree.

THINK WRITE

1. Write the formula with cos (B) as the subject. cos (B) = a2 + c2 − b2

2ac
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2. Substitute a = 9, b = 5 and c = 7. cos (B) = 92 + 72 − 52

2 × 9 × 7

3. Calculate the value of cosB. cos (B) = 105

126
= 0.8333

4. Make B the subject of the equation. B = cos−1(0.8333)
5. Calculate B. B = 34°

As we found earlier, the cosine ratio for an obtuse angle will be negative. So, when we get a negative
result to the calculation for the cosine ratio, this means that the angle we are calculating is obtuse. Your
calculator will give the obtuse angle when you take the inverse.

WORKED EXAMPLE 13

6 cm

4 cm 3 cm

P

Q

R

Calculate the size of angle Q in the triangle shown, correct to the
nearest degree.

THINK WRITE

1. Write the formula with cos (Q) as the subject. cos (Q) = p2 + r2 − q2

2pr

2. Substitute p = 3, q = 6 and r = 4. cos (Q) = 32 × 42 − 62

2 × 4 × 3

3. Calculate the value of cos (Q). cos (Q) = −11

24
= −0.4583

4. Make Q the subject of the equation. Q = cos−1(−0.4583)
5. Calculate Q. Q = 117°

In some cosine rule questions, you have to work out which angle you need to determine. For example,
you could be asked to calculate the size of the largest angle in a triangle. To do this you do not need
to calculate all three angles. The largest angle in any triangle will be the one opposite the longest side.
Similarly, the smallest angle will lie opposite the shortest side.

WORKED EXAMPLE 14

5.7 m

3.4 m 4.9 m

S

R

T

Calculate the size of the largest angle in the triangle shown.

THINK WRITE

1. ST is the longest side. Therefore, angle R is the
largest angle.
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2. Write the formula with cos (R) as the subject. cos (R) = s2 + t2 − r2

2st

3. Substitute r = 5.7, s = 4.9 and t = 3.4. cos (R) = 4.92 + 3.42 − 5.72

2 × 4.9 × 3.4
4. Calculate the value of cos (R). cos (R) = 3.08

33.32
= 0.0924

5. Make R the subject of the equation. R = cos−1(0.0924)
6. Calculate R. R = 85°

7. Give a written answer. The largest angle in the triangle is 85°.

Many problems that require you to determine an angle are solved using the cosine rule. As always, these
begin with a diagram and are finished off by giving a written answer.

WORKED EXAMPLE 15

Two paths diverge from point A. The first path goes for 1.25 km to point B. The second path goes
for 1.4 km to point C. Points B and C are exactly 2 km apart. Calculate the angle at which the two
paths diverge.

THINK WRITE

1. Draw a diagram.

1.4 km

1.25 km 2 km

A

B

C

2. Write the formula with cos (A) as the subject. cos (A) = b2 + c2 − a2

2bc

3. Substitute a = 2, b = 1.4 and c = 1.25. cos (A) = 1.42 + 1.252 − 22

2 × 1.4 × 1.25
4. Calculate the value of cos (A). cos (A) = −0.4775

3.5
= −0.1364

5. Make A the subject of the equation. A = cos−1(−0.1364)
6. Calculate the value of A. = 98°

7. Give a written answer. The roads diverge at an angle of 98°.

Interactivies: The cosine rule (int-6276)
Solving non-right-angled triangles (int-6482)
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Units 3&4 Area 4 Sequence 2 Concept 1 The cosine rule Summary screen and practice questions

Exercise 9.4 The cosine rule

Technology free

1. Write down the cosine rule formula as it applies to each of the triangles below. In each case, make the
boldfaced pronumeral the subject.
a. A

B a

bc

C

b. P

Q p

qr

R

c. L

N

n

l

m

M

2. Calculate the third side of triangle ABC given a = 3.4, b = 7.8 and C = 80°.

Technology active

3. WE23 Calculate the length of the side marked with a pronumeral in each of the following, correct to 3
significant figures.
a.

14 m

12 m
x

B

C

A

35°

b.

r

Q

P

R21 cm

13 cm

50°

c.

xY

X

Z

12 m12 m
60°

4. In each of the following obtuse-angled triangles, calculate the length of the side marked with the
pronumeral, correct to 1 decimal place.
a.

x

114 cm
112 cm

Y

X

Z
110°

b.
b

A

B C
9.7 m

6.1 m
130°

c.
q

43 mm

63 mm
P Q

R

160°

5. In triangle ABC, b = 64.5, c = 38.1 and A = 58°34′. Calculate a.
6. In triangle ABC, a = 17, c = 10 and B = 115°. Calculate b, and hence calculate A and C.
7. WE24 Len and Morag walk separate paths that diverge from one another at an angle of 48°. After three

hours Len has walked 7.9 km and Morag has walked 8.6 km. Calculate the distance between the two
walkers at this time, correct to the nearest metre.

8. A cricketer is fielding 20m from the batsman and
at an angle of 35° to the pitch. The batsman hits a
ball 55m and straight behind the bowler. How far
must the fieldsman run to field the ball? (Give your
answer to the nearest metre.)
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9. WE26 Calculate the size of the angle marked with the pronumeral in each of the following triangles,
correct to the nearest degree.
a.

B

A

8 cm 11 cm

13 cm
C

θ

b.

A

B

3.2 m 2.8 m

4.0 m

C

θ
c.

N

M

4.5 m 5.4 m

6.2 m
Oθ

10. WE27 In each of the obtuse-angled triangles below, calculate the size of the angle marked with the
pronumeral, to the nearest degree.
a.

6 m 8 m

11 m

θ b.

4.2 m

9.6 m

6.1 m
α

c.

12.9 m
9.2 m

4.2 m

θ

11. WE28 In triangle ABC, a = 356, b = 207 and c = 296. Calculate the largest angle.
12. Calculate the smallest angle in the triangle with sides 6 cm, 4 cm and 8 cm.
13. In triangle ABC, a = 23.6, b = 17.3 and c = 26.4. Calculate the size of all the angles.
14. Calculate the size of all three angles (correct to the nearest degree) in a triangle with side lengths 12 cm,

14 cm and 17 cm.
15. WE29 Two roads diverge from point P. The first road is 5 km long and leads to point Q. The second

road is 8 km long and leads to point R. The distance between Q and R is 4.6 km. Calculate the angle at
which the two roads diverge.

16. From the top of a vertical cliff 68 m high, an observer notices a yacht at sea. The angle of depression to
the yacht is 47°. The yacht sails directly away from the cliff, and after 10 minutes the angle of
depression is 15°. How fast does the yacht sail?

17. The cord supporting a picture frame is 58 cm long. It is hung over a single
hook in the centre of the cord and the cord then makes an angle of 145°
as shown in the diagram at right. Calculate the length of the backing of
the picture frame, to the nearest centimetre.

58 cm

?

145°

18. A hockey goal is 3m wide. When Sophie is 7m
from one post and 5.2m from the other, she shoots
for goal. Within what angle, to the nearest degree,
must the shot be made if it is to score a goal?

19. An advertising balloon is attached to two ropes 120m and 100m long. The ropes are anchored to level
ground 35m apart. How high can the balloon fly?
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20. Three circles of radii 5 cm, 6 cm and 8 cm are positioned so that they just
touch one another. Their centres form the vertices of a triangle. Calculate the
largest angle in the triangle.

5 cm
6 cm

8 cm

9.5 Area of a triangle
For a triangle that is not right-angled, if two sides and the angle included between these two sides are
known, it is also possible to calculate the area of the triangle from that given information.

The formula for calculating the area of a right-angled triangle

Area = 1
2
(base) × (height)

Consider the triangle ABC shown, where the convention of labelling the sides opposite the angles A, B
and C with lower-case letters a, b and c respectively has been adopted in the diagram.

In triangle ABC, construct the perpendicular height, h, from B to a point D on AC. As this is not
necessarily an isosceles triangle, D is not the midpoint of AC.

In the right-angled triangle BCD, sin (C) = h

a
⇒ h = a sin (C).

This means the height of triangle ABC is a sin (C) and its base is b.
The area of the triangle ABC can now be calculated.

Area = 1

2
(base) × (height)

= 1

2
b × a sin (C)

= 1

2
ab sin (C)

B

A CD

hc a

b

The formula for the area of the triangle ABC, A∆ = 1

2
ab sin (C), is

expressed in terms of two of its sides and the angle included between them.
Alternatively, using the height as c sin (A) from the right-angled triangle

ABD on the left of the diagram, the area formula becomes

A∆ = 1

2
bc sin (A).

It can also be shown that the area is A∆ = 1

2
ac sin (B).

Hence, the area of a triangle is
1

2
× (product of two sides) × (sine of the

angle included between the two given sides).

That is, A∆ = 1

2
ab sin (C).
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WORKED EXAMPLE 16

Calculate the areas of the following triangles. Give both answers correct to 2 decimal places.
a.

5 cm

7 cm

63°

b. A triangle with sides of length 8 cm and 7 cm, and an included angle of 55∘

THINK WRITE

a. 1. Label the vertices of the triangle. a.

5 cm

7 cm

B

A C
63°

2. Write down the known information. b = 5 cm
c = 7 cm
A = 63°

3. Substitute the known values into the formula to
calculate the area of the triangle.

Area = 1

2
bc sin (A)

= 1

2
× 5 × 7 × sin (63°)

= 15.592…
= 15.59 (to 2 d.p.)

4. Write the answer, remembering to include the units. The area of the triangle is 15.59 cm2,
correct to 2 decimal places.

b. 1. Draw a diagram to represent the triangle. b.

7 cm

8 cm

C

A B
55°

2. Write down the known information. b = 8 cm
c = 7 cm
A = 55°
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3. Substitute the known values into the formula to
calculate the area of the triangle.

Area = 1

2
bc sin (A)

= 1

2
× 8 × 7 × sin (55°)

= 22.936…
= 22.94 (to 2 d.p.)

4. Write the answer, remembering to include the units. The area of the triangle is 22.94 cm2,
correct to 2 decimal places.

WORKED EXAMPLE 17

Calculate the exact area of the triangle ABC for which a = √62, b = 5√2, c = 6√2 cm and
A = 60°.

THINK WRITE

1. Draw a diagram showing the given information.
Note: The naming convention for labelling the
angles and the sides opposite them with upper- and
lower-case letters is commonly used.

60°

B

A C

62 cm2 cm6

2 cm5

2. State the two sides and the angle included between
them.

The given angle A is included
between the sides b and c.

3. State the appropriate area formula and substitute
the known values.

The area formula is:

A∆ = 1

2
bc sin (A), b = 5√2, c = 6√2,A = 60°

∴A = 1

2
× 5√2 × 6√2 × sin(60°)

4. Evaluate, using the exact value for the
trigonometric ratio.

∴ A = 1

2
× 5√2 × 6√2 × √3

2

= 1

2
× 30 × 2 × √3

2

= 15√3

5. State the answer. The area of the triangle is 15√3 cm2.
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Units 3&4 Area 4 Sequence 2 Concept 1 Area of a triangle Summary screen and practice questions

Exercise 9.5 Area of a triangle

Technology active

1. WE16 Calculate the area of the following triangle, correct to 2 decimal places.

11.9 mm

14.4 mm
38°

2. Calculate the area of a triangle with sides of length 14.3mm and 6.5mm, and an inclusive angle of 32°.

3. WE17 Calculate the exact area of the triangle ABC for which a = 10, b = 6√2, c = 2√13 cm and
C = 45°.

4. Horses graze over a triangular area XYZ where Y is 4 km east of X and Z is 3 km from Y on a bearing
of N20°W. Over what area, correct to 2 decimal places, can the horses graze?

5. Calculate the areas of the following triangles.
a.

19.4 cm

11.7 cm

b.

12.4 mm

10.7 mm
9.1 mm

c.

31.2 cm

22.5 cm
38°

d.

65°19.9 cm

41°
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6. a. An isosceles triangle ABC has sides BC
and AC of equal length, 5 cm. If the angle
enclosed between the equal sides is 20°,
calculate:

i. the area of the triangle to 3 decimal places
ii. the length of the third side AB to 3 decimal

places.
b. An equilateral triangle has a vertical height

of 10 cm. Calculate the exact perimeter and area of the triangle.

c. Calculate the area of the triangle ABC if, using the naming convention, a = 4√2 cm, b = 6 cm and
C = 30°.

7. A triangle has two sides of length 9.5 cm and 13.5 cm, and one angle of 40.2°. Calculate all three
possible areas of the triangle.

8. Calculate the areas of the regions shown, to the nearest square metre. The diagrams are not to scale.
a. 109 m

62 m

78 m

b.

40 m

35 m

50
 m

30°
40°

c.

121 m

156 m

21
4 m

190 m32°
34°

41°

9. A dry field is in the shape of a quadrilateral, as shown in the diagram. How much grass seed is needed
to cover the field in 1mm of grass seed?

87 m

125 m

45°

111°

104°

100°

10. A section is removed from a block of wood 20 cm in length, 10 cm in width and having a height of 6 cm
in such a way that the triangle AFH is formed.

A

B 20 cm

6 cm

10 cm

C

D H

G

F

A

B

C

D H

G

F

E

Calculate:
a. the area of the triangle AFH
b. the total surface area of the block of wood after the removal of the section.
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9.6 Applications of the sine and cosine rules
The principles of trigonometry have been used throughout the ages, from the construction of ancient
Egyptian pyramids through to modern-day navigation. The sine and cosine rules can be used to calculate
distances, heights and bearings in both two-dimensional and three-dimensional contexts.

As with determining side lengths, some questions will be problems that require you to draw a diagram to
extract the required information and then give the answer in written form.

WORKED EXAMPLE 18

From point P, a ship (S) is sighted 12.4 km away on a bearing of 137°. Point Q is due south of P
and is a distance of 31.2 km from the ship. Calculate the bearing of the ship from Q, correct to
the nearest degree.

THINK WRITE

1. Draw a diagram. P

Q

S
12.4 km

31.2 km

137°

43°

2. Write the formula.
sin (Q)
q

= sin (P)
p

3. Substitute for p, q and P.
sin (Q)
12.4

= sin (43°)
31.2

4. Make sinQ the subject. sin (Q) = 12.4 sin (43°)
31.2

5. Calculate a value for sin (Q). sin (Q) = 0.271
6. Calculate sin−1(0.271) to calculate Q. Q = 16°

7. Give a written answer. The bearing of the ship from Q is 016° T.

WORKED EXAMPLE 19

Two rowers set out from the same point. One rows N70°E for 2000m and the other rows S15°W
for 1800m. How far apart are the two rowers?

THINK WRITE

1. Draw a labelled diagram of the triangle, call it
ABC and fill in the given information.

B

C

A2000 m

1800 m

N

15°

70°

2. Write down the appropriate cosine rule to
calculate side c.

c2 = a2 + b2 − 2ab cos (C)
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3. Substitute the given values into the rule. = 20002 + 18002 − 2 × 2000 × 1800 cos (125°)

4. Evaluate. ≈ 11 369 750.342
c = √11 369 750.342

5. Round the answer to 2 decimal places. ≈ 3371.91
6. Give a written answer. The rowers are 3371.91m apart.

WORKED EXAMPLE 20

A surveyor records that the top of a nearby church steeple has an angle of elevation of 5∘, and the
top of a clock tower has an 8∘ angle of elevation. From his position in the middle of a paddock,
the church steeple is located at N10°W, while the clock tower is at N15°E. If the tops of the
church steeple and the clock tower are both 30m above the level of the surveyor, what is the
distance between them?

THINK WRITE

1. There are two different planes that must be
considered in this problem: the vertical plane
in which the angles of elevation are taken, and
the horizontal plane where the bearings of the
steeple and the tower have been observed.
First, draw diagrams showing the information
in the vertical plane for the two structures,
assigning appropriate letters for positions and
unknown distances.

30 m

X

5°
O

Steeple
top (s)

30 m

Y

8°

Clock tower
(T)

O

tan(5°) = 30

X

tan(8°) = 30

Y

Y = 30

tan(8°)
= 213.5m

2. Use the tan ratio to determine the horizontal
distance, x, between the surveyor and the
church.

tan(𝜃) = opp

adj

tan(5°) = 30

x

x = 30

tan(5°)
= 342.9m

The church is located 342.9m from the
surveyor
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3. Similarly, determine the horizontal distance, y,
between the surveyor and the clock tower.

tan(𝜃) = opp

adj

tan(8°) = 30

y

y = 30

tan (8°)
= 213.5m

The clock tower is located 213.5m from the
surveyor.

4. Draw a third diagram showing the bearings of
the two structures and their horizontal
distances from the surveyor.

O

S

T

10°342.9 m

213.5 m

15°

5. Use the cosine rule to set up an equation to
solve for the distance between the church and
the clock tower.

ST2 = OS2 + OT2 − 2(OS)(OT) cos (∠SOT)

6. Calculate the distance and round appropriately. x2 = (342.9)2 + (213.5)2 − 2(342.9)(213.5) cos (25°)
x2 = 30 462.6
x2 = √30 462.6
x2 = 174.5

7. Write the answer. The horizontal distance between the church
and the clock tower is 174.5m.

Interactivity: Bearings (int-6481)

Units 3&4 Area 4 Sequence 2 Concept 1

Applications of the sine and cosine rules Summary screen and practice questions

Exercise 9.6 Applications of the sine and cosine rules

Technology active

1. WE22 A, B and C are three towns marked on a map. Judy calculates that the distance between A and B
is 45 km and the distance between B and C is 32 km. ∠CAB is 45°. Calculate ∠ACB, correct to the
nearest degree.

2. A river has parallel banks that run directly east–west. Kylie takes a bearing to a tree on the opposite
side. The bearing is 047° T. She then walks 10 m due east, and takes a second bearing to the tree. This
is 305° T. Calculate:
a. her distance from the second measuring point to the tree
b. the width of the river, to the nearest metre.Pdf_Folio:33
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3. A cross-country runner runs at 8 km/h on a bearing
of 150° T for 45 minutes, then changes direction to
a bearing of 053° T and runs for 80 minutes until
she is due east of the starting point.
a. How far was the second part of the run?
b. What was her speed for this section?
c. How far does she need to run to get back to the

starting point?
4. From a fire tower, A, a fire is spotted on a bearing of

N42°E. From a second tower, B, the fire is on a
bearing of N12°W. The two fire towers are 23 km
apart, and A is N63°W of B. How far is the fire from each tower?

5. An observer sights the top of a building at an angle of elevation of 20°.
From a point 30m closer to the building, the angle of elevation is 35° as
shown in the diagram.

T

h

30 m B CA
20° 35°a. Calculate the size of ∠ATB.

b. Show that the distance BT can be given by the expression

BT = 30 sin(20°)
sin(15°)

.

c. Show that the height of the building can be given by the expression h = 30 sin(20°) sin(35°)
sin(15°)

.

d. Calculate the height of the building correct to 1 decimal place.
6. Every car should carry a jack. One type of jack

used to raise a car is a scissor-jack. A simple
diagram of a scissor-jack is shown. The threaded
rod is rotated to increase or decrease the length of
the line segment BD.

C

A

DMB
120 mm

AB = BC = CD = AD = 200 mm

a. i. In ∆BCD, M is the midpoint of BD. What is
the length of CM?

ii. If ∠BCD = 160°, what is the length of BD,
correct to the nearest millimetre?

iii. What is the size of ∠MBC?
b. The jack is raised by reducing the length of the line segment BD.

i. If the height of the jack, AC, is raised to 250mm, what is the length of BD, correct to the nearest
millimetre?

ii. If ∠MBC is 70°, what is the length of BD and what is the height of the jack?
7. A ship sails on a bearing of S20°W for 14 km, then changes direction and sails for 20 km and drops

anchor. Its bearing from the starting point is now N65°W.
a. How far is it from the starting point?
b. On what bearing did it sail the 20 km leg?

8. Two rowers set out from the same point. One rows N30°E for 1500m and the other rows S40°E for
1200m. How far apart are the two rowers?

9. WE19 Ship A is 16.2 km from port on a bearing of 053° T and ship B is 31.6 km from the same port on
a bearing of 117° T. Calculate the distance between the two ships.
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10. Mario cycles 12 km in a direction N68°W, then
7 km in a direction of N34°E.
a. How far is he from his starting point?
b. What is the bearing of the starting point from

his finishing point?
11. A plane flies in a direction of N70°E for 80 km, then

on a bearing of S10°W for 150 km.
a. How far is the plane from its starting point?
b. What direction is the plane from its starting point?

12. A plane takes off at 10:00 am from an airfield and flies
at 120 km/h on a bearing of N35°W. A second
plane takes off at 10:05 am from the same airfield
and flies on a bearing of S80°E at a speed of 90 km/h. How far apart are the planes at 10:25 am?

13. WE20 The pilot of a helicopter hovering 100 metres above the ocean observes a dinghy at a 30° angle
of depression on a bearing of N40°E and a yacht at an angle of depression of 5° that is located at
S20°E. What is the distance between the yacht and the dinghy? Give your answer to the nearest metre.

14. A mine shaft travels north, slanting down into the earth for 2 km at an angle of 10° to the earth’s
surface. At the end of the slope the shaft travels horizontally east for 1 km and then veers 45° towards
the south for a further 800m before ending. A new shaft is to be dug that travels in a straight line
directly from this point back to the entrance on the surface.
a. How long will the new mine shaft be?
b. What angle will the new mine shaft make with the earth’s surface at the mine entrance?

15. Seth is beginning to build a large geometric sculpture using
steel poles and wire. So far, pole A and pole B have been
cemented into position and tensioned wires run from the
tops and bases of the poles to an anchor point, O, on the
ground. The anchor point is located 4m from the base of
pole A, and the wire connecting the anchor point to the top
of pole A makes an angle of 30° with the ground. The wire
connecting the anchor point to the top of pole B makes
an angle of 23° with the ground. Pole B is 14m high. The
wires connecting the bases of the poles with the anchor
point make an angle of 42°.

4 m

A

B

8 m

O

23°

42°

30°A triangular sail will fill the area bounded by the tops of
poles A and B and the anchor point. Calculate the area of sail
cloth required.

Units 3&4 Sit chapter exam

9.7 Review: exam practice
Simple familiar
1. An angle of 100° has a radian equivalent of:

A.
5𝜋
9

B.
7𝜋
9

C.
2𝜋
3

D. 0.573
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2. In which of the triangles below is the information insufficient to use the sine rule?
A. θ

12.6 m

14.8 m

57°

B.

16.2 m

12.7 m

45°

θ

C.

θ
12.9 m

6.2 m115°
D.

θ
8.7 m

12.7 m
9°

3. In a triangle ABC, a = 5, b = 6 and c = 105°. The length of c is:
A. 3.04 B. 5.15 C. 8.75 D. 7.83

4. A possible value of 𝜃 for the trigonometric point P [𝜃] is:
A.

𝜋
5

B.
4𝜋
5

C.
6𝜋
5

D.
7𝜋
10

A (1, 0)

y

xO

P [�]

N

π–
5

5. The value of sin(𝜃) is given by the length of the line segment:
A. OP B. PA C. ON D. NP

6. Express
11𝜋c

9
in degree measure.

7. Determine all solutions to the equation 3 sin (2𝜃) = 1.56 over the domain 0 ≤ x ≤ 𝜋
2
. Give your

answers correct to 3 decimal places.

8. If sin(𝜃) = − 8

12
, and 𝜋 < x < 3𝜋

2
, determine:

a. cos (𝜃) b. tan (𝜃)
9. In ∆XYZ, x = 9.2 cm, ∠XYZ = 56° and ∠YXZ = 38°. Determine y, correct to 1 decimal place.

10. Use the sine rule to calculate the size of the angle 𝛼, correct to the nearest degree.

9.7 cm

4.1 cm

α

123°
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11. Use the sine rule to calculate d in the figure shown.

136 mm

d

31° 28°

12. Use the cosine rule to determine the value of c.

6.2 cm
6.9 cm

c

128°

Complex familiar
13. A window ledge 4 metres above the ground can just be reached by a 10-metre ladder. Exactly how far

up the ladder does a person of height 1.8 metres need to climb in order for the top of the person’s head
to be level with the window ledge?

14. Calculate the exact area of an equilateral triangle that has a side length of √12m.
15. During a stunt show two aeroplanes fly side by side until they suddenly diverge at an angle of 160°.

After both planes have flown 500m, what is the distance between the planes, correct to the nearest
metre?

16. From point A on level ground, the angle of elevation to a plane is 72°. From point B on the ground, due
west of A, the angle of elevation is 47°. If A and B are 3500m apart, determine the height of the plane
off the ground.

Complex unfamiliar
17. A soccer goal is 8m wide.

a. A player is directly in front of the goal such that he is 12m from each post. Within what angle must
he kick the ball to score a goal?

b. A second player takes an angled shot. This player is 12m from the nearest post and 17m from the
far post. Within what angle must this player kick to score a goal?

18. Two lighthouses are 20 km apart on a north–south line. The northern lighthouse spots a ship on a
bearing of S80°E. The southern lighthouse spots the same ship on a bearing of 040°T. Determine the
distance from each lighthouse to the ship.

19. A block of land is known to be in the shape of an isosceles triangle. The unequal side is 4 km in length

and the equal angles are 𝛽 where cos(𝛽) =
√5

3
.

a. Calculate the exact area of this site.
b. Verify that sin(2𝛽) = 2 sin(𝛽) cos(𝛽).

20. Two circular pulleys with radii 3 cm and 8 cm have their centres 13 cm apart. Calculate the length of the
belt required to pass tightly around the pulleys, giving the answer to 1 decimal place.

A B

D

C
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Answer
9 Cosine and sine rules
Exercise 9.2 Review of trigonometric ratios and
the unit circle
1. a. 12.1 cm b. 55.2m c. 9.43 km
2. a. 7.66 b. 68.20

e. 1.12c f. 1.38c g. 4.10c h. 4.54c

i. 5.41c j. 6.11c

4. a. 171.89° b. 286.48° c. 275.02°
d. 146.68° e. 63° f. 54°
g. 150° h. 225°

5. a. 0.389 b. 0.717 c. 0.170
d. −0.129 e. −0.246 f. −0.916

6. a. 0.966 b. 0.927 c. −0.940
d. −0.996 e. 11.430 f. 1.732

7. a. 0 b. 0 c. 1
d. −1 e. Undefined f. Undefined

8. a. 1 b. 0 c. −1
d. 1 e. Undefined f. 0

9. a. 1 b. 1 c. 1 d. 1
e. 1 f. 1 g. 2 h. 5

10. a. sin(240°), sin(150°), sin(35°), sin(120°), sin(70°)
b. cos (3.34), cos(1.5), cos(5.3), cos(0.2), cos(6.3)

11.
8

15

12.
3

4

3 5

4 A
13. a. 2.2904, 3.9928, 8.5736, 10.2760

b. 1.1442, 1.9973, 7.4274, 8.2805
c. 1.0701, 5.2130, 7.3533, 11.4962
d. 3.5217, 5.9031, 9.8049, 12.1863

14. a. 0°, 180°, 360°
b. 105°, 165°, 285°, 345°
c. 45°, 75°, 165°, 195°, 285°, 315°
d. 20°, 40°, 140°, 160°, 260°, 280°
e. 62.40°, 117.60°, 182.40°, 237.6°, 302.40°, 357.60°
f. 39.44°, 140.56°, 219.44°, 320.56°
g. 26.39°, 333.61°
h. 101.22°, 258.78°

15.

0

[40°]

[0°]

[‒60°]
[‒90°]

[165°]

sin(165°)

sin(‒90°)

cos(40°)

cos(‒60°)

(1, 0) x

y

16.

[0°]
[5π]

cos(5π)

(1, 0) x

y

3π––
5[ [

5π––
3[ [2π––

3[ [‒

2π––
3( )‒sin 5π––

3( )sin

3π––
5( )cos

17. a.

(
√2

2
,
√2

2

)
b. [

3𝜋
2
] or [−

𝜋
2
]

Exercise 9.3 The sine rule

1. a.
a

sin (A)
=

b

sin (B)
=

c

sin (C)

b.
x

sin (X)
=

y

sin (Y)
=

z

sin (Z)

c.
p

sin (P)
=

q

sin (Q)
=

r

sin (R)
2. a. 14.8 cm b. 1.98 km c. 112mm
3. a. 10.0 cm b. 22.1 cm c. 39.6 cm
4. 9.8 cm
5. 27.0 cm
6. 37.8 cm
7. a. B

M
N 20 m

49°
34°

b. 43.2m
c. 33m

8. 43.62m
9. a. 43° b. 34° c. 27°

10. 38°
11. 20°
12. a. 57° b. 63°
13. 48.8° or 131.2°
14. 27.3° or 152.7°
15. 45m is enough as only 43m is required.
16. 54°
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Exercise 9.4 The cosine rule
1. a. a2 = b2 + c2 − 2bc cos (A)

b. r2 = p2 + q2 − 2pq cos (R)
c. n2 = l2 + m2 − 2lm cos (N)

2. 7.95
3. a. 8.05m b. 14.3 cm

c. 12.0m
4. a. 185.1 cm b. 14.4m

c. 104.4mm
5. 55.22
6. b = 23.08, A = 41°53′, C = 23°7′

7. 7 km
8. 40m
9. a. 85° b. 83° c. 45°

10. a. 103° b. 137° c. 10°
11. 88°15′

12. 28°57′

13. A = 61°15′, B = 40°, C = 78°45′

14. 82°, 54°, 44°
15. 32°
16. 1.14 km/h
17. 55 cm
18. 23°
19. 89.12m
20. 70°49′ (or 70.82°)

Exercise 9.5 Area of a triangle
1. 52.75mm2

2. 24.63mm2

3. 30 cm2

4. 5.64 km2

5. a. 113.49 cm2 b. 43.93mm2

c. 216.10 cm2 d. 122.48 cm2

6. a. i. 4.275 cm2

ii. 1.736 cm

b. Perimeter = 20√3 cm; area =
100√3

3
cm2

c. 6√2 cm2

7. 41.39 cm2, 61.41 cm2, 59.12 cm2

8. a. 5797m2 b. 1062m2

c. 27 952m2

9. 7.77m3

10. a. 120.6 cm2 b. 690.6 cm2

Exercise 9.6 Applications of the sine and
cosine rules
1. 84°
2. a. 6.97m b. 4m
3. a. 8.63 km b. 6.48 km/h c. 9.90 km
4. 22.09 km from A, 27.46 km from B
5. a. 15°

b, c. Sample responses can be found in the worked
solutions in the online resources.

d. 22.7m
6. a. i. 60mm ii. 394mm iii. 10°

b. i. 312mm ii. BD = 137mm;
AC = 376mm

7. a. 13.11 km b. N20°47′W
8. 2218m
9. 28.5 km

10. a. 12.57 km b. S 35°1′E
11. a. 130 km b. S 22°12′E
12. 74.3 km
13. 1 239m
14. a. 1 510m b. 13.3°
15. 28.9m2

9.7 Review: exam practice
1. A
2. B
3. C
4. B
5. D
6. 220°
7. 0.273, 1.297

8. a. cos (𝜃) = −
√161

15
b. tan (𝜃) =

8

√161
9. 12.4 cm

10. 21°
11. 81.7mm
12. 11.8 cm
13. 5.5m
14. 12√3m2

15. 985m apart
16. 2783m
17. a. 39° b. 25°
18. 14.9 km

19.
8√5

5
km2

20. 62.5 cm
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