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12 Statistical inference

12.1 Overview
12.1.1 Introduction
Confidence intervals, first introduced by the Polish mathematician Jerzy Neyman (1894–1981) in a paper
published in 1937, give an indication of the likelihood that a particular sample contains a population
parameter. His work on experiments and statistics eventually formed the basis for hypothesis testing and
the method adopted by the Federal Drug Authority to test new medicines today.

LEARNING SEQUENCE
12.1 Overview
12.2 Review of continuous random variables and the normal distribution
12.3 Sample means and simulations
12.4 Confidence intervals
12.5 Applications of confidence intervals
12.6 Review: exam practice

Fully worked solutions for this chapter are available in the Resources section of your eBookPLUS at
www.jacplus.com.au.
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12.2 Review of continuous random variables and the
normal distribution
12.2.1 Continuous random variables
In Mathematical Methods, you have studied continuous random variables. Remember that a random
variable X can be called continuous if its set of possible values is an entire interval of numbers. That is, for
some A < B, any number x between A and B is possible.

xA Bba

f (x)

P (a ≤ X ≤ b) =   f (x) dx
b

a

If the measurement scale used for X can be subdivided
depending on the accuracy of the equipment available, then X
is a continuous variable. For example, length may be measured in
kilometres, metres, centimetres, millimeters etc, so the variable
length will be a continuous variable. The smallest unit for price
of an object is cents, so the variable price will be a discrete
variable. When deciding if a variable is discrete or continuous, a
useful rule of thumb is: variables that can be counted are discrete
and variables that are measured are continuous.

If X is a continuous random variable and X can be any value
in the domain [A,B], then P (A ≤ X ≤ B) = 1. It is possible to
find a function, called a probability density function f (x) so that

P (a ≤ X ≤ b) = ∫
b

a

f (x) dx.

xA B

f (x)

P (A ≤ X ≤ B) = 1

Note that as P (A ≤ X ≤ B) = 1, then ∫
B

A

f (x) dx = 1.

In Chapter 7, you explored the exponential probability density
function. Another probability distribution function is used to
represent the normal distribution.

12.2.2 The normal distribution
You have already explored this function in Mathematical Methods, so this is a quick review.

The normal distribution is symmetric with a mean of 𝜇 and a standard deviation of 𝜎. The probability

density function for the normal distribution is f (x) = 1

√2𝜋𝜎2
e
−(x−𝜇)

2

2𝜍2 . For a random variable X that is

normally distributed with mean 𝜇 and variance 𝜎2 we can write X~N
(
𝜇, 𝜎2

)
. If 𝜇 = 0 and 𝜎 = 1, then

the distribution is called the standard normal distribution. A random variable which has a standard normal
distribution is called a standard normal random variable, and is usually denoted by Z. The probability

density function of Z is f (z) = 1

√2𝜋
e
−z

2

2 . and P (z1 < Z < z2) = ∫
z2

z1

(
1

√2𝜋
e
−z

2

2

)
dz. Fortunately, it is

not necessary to determine the value of this integral as the values have been recorded in published tables
and are also accessible through a graphics calculator. The values z1 and z2 are referred to as the z scores. If
the area between the curve and the x-axis is known, then the inverse normal can be used to determine the z
score that will correspond with that area.
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0

0.5 0.5

1 2 3 4
z = 0

–1–2–3–4

Because the standard normal distribution is
symmetric, P (z < 0) = P (z > 0) = 0.5.

In this chapter, we are going to be particularly
interested in the middle 90%, the middle 95% and the
middle 99% of the distribution.

0

0.95
0.0250.025

1 2 3 4
z = –1.96 z = 1.96

–1–2–3–4

Let’s begin by considering the middle 95% of
the distribution. As the total area under the curve
is 1, the area for the middle 95% is 0.95, leaving
0.05 to be shared equally between each end of the
distributions (known as the tails). This means that
the area of each tail is 0.025. Using the inverse
normal for a right tail area of 0.025, results in a
z-score of 1.96. As the distribution is symmetric,
P (−1.96 ≤ Z ≤ 1.96) = 0.95. This means that for any
normal distribution, 95% of the distribution will lie
within 1.96 standard deviations of the mean.

0

0.90
0.050.05

1 2 3 4
z = –1.645 z = 1.645

–1–2–3–4

In a similar fashion, the inverse normal for a
right tail area of 0.05 can be used to determine that
P (−1.645 ≤ Z ≤ 1.645) = 0.9, meaning that 90%
of the distribution will lie within 1.645 standard
deviations of the mean.

0

0.99
0.0050.005

1 2 3 4
z = –2.58 z = 2.58

–1–2–3–4

12.2.3 Linear combinations of random variables
Before jumping straight into the field of statistical inference, it is highly important to review some key
ideas of probability and statistics. Here we will extend our knowledge of random variables by considering
combinations of random variables and the mean and standard deviation of such combinations.

Consider a random variable Y which is a linear function of another random variable X. That is
Y = aX + b, where a and b are constants. If X is a discrete or continuous random variable, then Y = aX + b
would also be a discrete or continuous random variable respectively. Using the definition of the mean, that

is 𝜇 = E(X ) =
n

∑
i=1

xi
n
, we can deduce that: E(Y ) = E(aX + b) = aE(X ) + b. The proof of this formula is

given below assuming that X is a continuous random variable.
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To identify the location of the middle 99% of the
distribution, the inverse normal for a right tail area of
0.005 is used to identify that P (−2.58 ≤ Z ≤ 2.58)
= 0.99. This means that 99% of the distribution lies
within 2.58 standard deviations of the mean.

In a similar fashion, the inverse normal can be used
to determine the z scores for any area that we require.
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To determine the mean or expected value of a continuous random variable X, we use the formula

E (X) = ∫
∞

−∞
(x × f(x)) dx.

Thus E (Y) = E (aX + b)

= ∫
∞

−∞
((ax + b) × f(x)) dx

= ∫
∞

−∞
(ax × f (x)) dx + ∫

∞

−∞
(b × f (x)) dx

= a ∫
∞

−∞
(x × f(x)) dx + b ∫

∞

−∞
( f(x)) dx

= aE(X) + b × 1

= aE(X) + b

Note that in a continuous distribution ∫
∞

−∞
f(x)dx = 1. That is the area under the curve y = f(x) equals 1.

Similarly, using the formula for the variance of X which states that Var(X) = E
(
X2

)
− [E (X)]2, we can

show that Var (Y) = Var (aX + b) = a2Var (X).
There are many other properties of linear combinations of random variables which can be useful when

solving problems. Below is a summary of some useful properties for the random variables X and Y.

EXPECTED VALUE AND VARIANCE FORMULAE
Formulas by definition

E (X) = ∫
∞

−∞
(x× f (x)) dx andVar (X) = E

(
X2)− [E (X)]2

Linear combinations of one random variable

E (aX + b) = aE (X)+ b

Var (aX + b) = a2Var (X)

Linear combinations of two random variables

E (aX + bY) = aE (X)+ bE (Y)

Var (aX + bY) = a2Var (X)+ b2Var (Y) ifX andY are independent
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12.3 Sample means and simulations
12.3.1 Estimating population parameters
In statistics, the entire underlying set of individuals of a group is called the population. In mathematics a
population refers not just to people, but to any group. The distribution of a population can be summarised
by specific values known as parameters. If the distribution of data is X, the parameters include:
1. The expected value of the distribution, E (X), which corresponds to the mean. That is, E (X) = 𝜇.
2. The standard deviation, 𝜍, of the distribution. This parameter gives information about how the data

are spread out from the mean. The standard deviation and mean have the same units making them
excellent parameters for analysing the distribution.

3. The variance, 𝜍2, of the distribution can also be used to describe the spread of a distribution. The
variance is the square of the standard deviation and therefore has different units compared to the mean
and stand deviation. The variance, also denoted by Var(X), plays a central role in many areas of
statistics.

The parameters of mean and standard deviation or variance are most frequently chosen to describe the
population.

For very large populations, or where data for the entire population is very difficult and/or expensive
to obtain, samples can be used to estimate the population parameters. A sample is a set of individuals or
events selected from a population for analysis to give estimates of parameters of the whole population. In
this section, we are concerned with determining the mean of different samples. As we will see, the size of
the sample has an impact on the accuracy of the predictions that can be made. In practice, if the sample size
is greater than 30, it is considered a large sample.

WORKED EXAMPLE 1

Dylan is interested in finding the average length of television
shows on Netflix. He collects 12 samples and records
the length of 10 different shows. All times are recorded
in minutes. Use the sample means to estimate mean
program length of the population.

Sample Show
1

Show
2

Show
3

Show
4

Show
5

Show
6

Show
7

Show
8

Show
9

Show
10

1 60 55 60 60 60 5 55 30 30 30

2 60 30 30 60 35 130 35 60 30 35

3 85 30 50 55 60 60 55 25 55 30

4 30 30 30 30 30 30 30 30 30 30

5 30 30 30 30 30 25 25 25 25 25

6 60 60 60 60 60 60 60 30 30 60

7 30 60 60 60 90 60 35 35 35 30

Pdf_Folio:5

TOPIC 12 Statistical inference 5

UNCORRECTED PAGE PROOFS



“c12StatisticalInference_print” — 2019/3/30 — 8:40 — page 6 — #6

Sample Show
1

Show
2

Show
3

Show
4

Show
5

Show
6

Show
7

Show
8

Show
9

Show
10

8 55 55 60 35 35 55 55 55 50 55

9 85 60 60 30 30 60 60 60 60 60

10 30 30 30 45 45 45 45 45 45 45

11 70 70 130 35 35 70 70 35 35 70

12 60 105 60 120 60 60 60 60 60 105

THINK WRITE

1. Recall the
formula for
mean.

x = ∑ xi
n

2. Determine the
mean for each
sample.

Sample 1: x = 445

10
= 44.5

Sample 2: x = 505

10
= 50.5

Sample 3: x = 505

10
= 50.5

Sample 4: x = 300

10
= 30

Sample 5: x = 275

10
= 27.5

Sample 6: x = 540

10
= 54

Sample 7: x = 495

10
= 49.5

Sample 8: x = 510

10
= 51

Sample 9: x = 565

10
= 56.5
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Sample 10: x = 405

10
= 40.5

Sample 11: x = 620

10
= 62

Sample 12: x = 750

10
= 75

3. Calculate the
average x.

Average x

= 44.5 + 50.5 + 50.5 + 30 + 27.5 + 54 + 49.5 + 51 + 56.5 + 40.5 + 62 + 75

12

= 591.5
12

≈ 49.3
4. Answer the

question.
An estimate of the mean program length is 49.3 minutes.

TI | THINK WRITE CASIO | THINK WRITE

1. On a Home page, select
Add Lists &
Spreadsheets to: New
Document

1. On a Main Menu screen, select
Statistics

2. Enter the List 1 data by
completing the entry
lines
60
55
60
.
.
30
Continue by entering the
entire list.

2. Enter the List 1 data by
completing the entry lines
60
55
60
.
.
30
Continue by entering the entire
list.

3. Select
MENU
4: Statistics
1: Stat Calculations
1: One-Variable
Statistics…

3. To ensure the settings are
correct, select
SET
In the 1 VAR Freq field,
select 1
Press the EXIT button.
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4. Set the number of lists as
1 by pressing the OK
button.

4. Press the 1-VAR button.
The answer appears on the
screen.
Repeat steps 2-4 for each of the
data lists.

5. Complete the entry lines
X1 List: a[]
Frequency List: 1
1st Result Column: b[]

5. Repeat this process to
determine the mean for each of
the 12 samples.
To calculate an estimate of the
population mean enter the
means as a new list as shown.

6. Press the ENTER button.
The answer appears on
the screen.

6. Press the 1-VAR button.
The answer appears on the
screen.

7. Repeat this process to
determine the mean for
each of the 12 samples.
To calculate an estimate
of the population mean
enter the means in new
list as shown.

8. Select
MENU
4: Statistics
1: Stat Calculations
1: One-Variable
Statistics…

9. Set the number of lists
as 1 by pressing the OK
button.
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10. Complete the entry lines
X1 List: a[]
Frequency List: 1
1st Result Column: b[]

11. Press the ENTER button.
The answer appears on
the screen.

12.3.2 The distribution of sample means
For purposes of understanding we will examine a very small population and an even smaller sample.
Consider the following data points: 23, 42, 12, 21 and 11. The mean of these points is 𝜇 = 21.8 and the
standard deviation is 𝜍 ≈ 11.16.

All the different samples of size 2 from this data set are presented in the table. The mean of a sample is
used to give some indication of the likely population mean. The sample mean is given the symbol x. As
each sample provides one possible estimate for the population mean, each estimate is known as a point
estimate.

Data points 23, 42 23, 12 23, 21 23, 11 42, 12 42, 21 42, 11 12, 21 12, 11 21, 11

x 32.5 17.5 22 17 27 31.5 26.5 16.5 11.5 16

As you can see, there is wide variety in the values of x. This variability will be reduced in larger samples.
Examining the average of the sample x values in the table, denoted by 𝜇x, you will find 𝜇x = 21.8. Notice
that this is the same as the population mean. While the means of individual samples will vary, the mean of
the sample means will be the same as the population mean. That is 𝜇x = 𝜇. When all possible samples are
considered, the tendency for the mean of the sample means to be the same as the population mean is known
as the Central Limit Theorem.

The standard deviation of the sample means can be found using 𝜍x =
𝜍
√n

= 11.16
√2

≈ 7.89. As the

standard deviation is divided by the square root of the sample size, this measure of variability becomes
smaller as the sample size increases.

If the population is normally distributed, then the sample means will also be normally distributed with a

mean of 𝜇 and a standard deviation of
𝜍
√n

. If the population is not normal, but the samples are sufficiently

large (usually n > 30), then the sample means will also be normally distributed with a mean of 𝜇 and a

standard deviation of
𝜍
√n

. This will be explored further in the next exercise.
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12.3.3 Verifying the formulae
The original population X has an expected value E (X) = 𝜇 and a variance of Var (X) = 𝜍2. In this instance,
we are concerned with the distribution of sample means taken from this population. Each sample has a
mean xi, and the distribution of these means can be referred to as X.

We observed that E
(
X
)
= 𝜇. As each sample comes from the original population, the expected value for

the mean of each sample is the same as the population mean, 𝜇. That is E (Xi) = E (X) = 𝜇. (In reality the
actual value is xi, but we can’t expect a random value, we expect it to be 𝜇).

E
(
X
)
= E

(
X1 + X2 +…+ Xn

n

)
= 1

n
E (X1 + X2 +…Xn)

= 1

n
(E (X1)+ E (X2)+…E (Xn)) since E (aX+ bY) = aE (X)+ bE (Y)

= 1

n

(
n𝜇

)
= 𝜇

In a similar fashion, the variance of the distribution can be proven. It is assumed that the random samples
are mutually independent and as each sample comes from the population, it will have the same variance as
the population. That is Var (Xi) = Var (X) = 𝜍2.

Var
(
X
)
= Var

(
X1 + X2 +…+ Xn

n

)
= 1

n2
Var (X1 + X2 +…+ Xn) since Var (aX+ b) = a2Var (X)

= 1

n2
(
n𝜍2

)
= 𝜍2

n

sd
(
X
)
= 𝜍
√n

, recalling that Var(X) = 𝜍2

WORKED EXAMPLE 2

500 students are studying a Mathematics course at the University of the Sunshine Coast. On a
recent exam, the mean score was 67.2 with a standard deviation of 17.
a. Samples of size 5 are selected and the means determined. Calculate the mean and standard

deviation of the distribution of X.
b. If the sample size was increased to 30, determine the effect this would have on the mean and

standard deviation of the distribution of sample means.

THINK WRITE

a. 1. The mean of the distribution of sample means is the
same as the population mean.

E
(
X
)
= 𝜇
= 67.2
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2. Write down the formula for standard deviation of
the distribution of sample means.

sd
(
X
)
= 𝜎
√n

3. Calculate the standard deviation. sd
(
X
)
= 17

√5
≈ 7.6

b. 1. The mean is not dependent on sample size. E
(
X
)
= 𝜇
= 67.2

2. Calculate the standard deviation using n = 30. sd
(
X
)
= 𝜎
√n

= 17

√30
≈ 3.1

3. Write your conclusions. Increasing the sample size does not
change the mean of the distribution,
but the standard deviation of the
distribution is reduced.

Units 3&4 Area 6 Sequence 1 Concept 1

Sample means and simulations Summary screen and practice questions

Exercise 12.3 Sample means and simulations

Technology active
1. WE1 Ronit decides to measure his mean travel time to school. He records the time taken every day for

7 weeks and recorded the time in minutes, resulting in 7 samples. Use the sample means to estimate
mean travel time of the population.

Week Monday Tuesday Wednesday Thursday Friday

1 92 43 41 39 35

2 118 81 46 51 38

3 62 48 46 41 49

4 82 48 42 43 41

5 78 51 42 41 38

6 63 62 41 43 44

7 55 41 46 41 32
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2. Leesa wants to know the mean movie length for her favourite movie channel. Each day for a week she
records the lengths of 8 movies. Her results are recorded in minutes. Use the sample means from each
day to estimate mean movie length of the population.

Day Movie 1 Movie 2 Movie 3 Movie 4 Movie 5 Movie 6 Movie 7 Movie 8

Monday 115 95 105 95 115 100 90 95

Tuesday 95 85 90 90 105 95 75 95

Wednesday 110 95 80 110 95 90 105 80

Thursday 95 100 90 95 105 100 90 85

Friday 105 95 90 100 105 100 90 105

Saturday 90 85 90 110 80 100 90 90

Sunday 105 100 100 95 90 90 90 110

3. WE2 Every year 500 students apply for a place at Monotreme University. The average enrolment test

score is 600 with a standard deviation of √300.
a. Samples of size 10 are selected and the means determined. Calculate the mean and standard

deviation of the distribution of X.
b. If the sample size was increased to 20, determine the effect this would have on the mean and

standard deviation of the distribution of sample means.
4. 1000 students are studying a statistics course at Echidna University. On a recent exam, the mean score

is 90.5 with a standard deviation of 10.
a. Samples of size 15 are selected and the means determined. Calculate the mean and standard

deviation of the distribution of X.
b. If the sample size was increased to 30, determine the effect this would have on the mean and

standard deviation of the distribution of sample means.

5. Use the random number generator on your calculator to generate random numbers between 0 and 100.
Perform the simulation 40 times and calculate the sample mean.
a. Compare your results to those of your classmates. How close were they to the expected value of 50?
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b. Calculate the average of X for your class. How close is it to 50?
Questions 6 – 7 refer to the following data set – a simulation of the total obtained when a pair of

dice were tossed. There were 8 people who each tossed the dice 10 times.

Player 1 Player 2 Player 3 Player 4 Player 5 Player 6 Player 7 Player 8

Toss 1 7 6 10 7 11 2 10 8

Toss 2 8 9 8 6 6 11 4 10

Toss 3 2 4 3 10 6 8 8 6

Toss 4 8 5 6 5 11 7 6 2

Toss 5 10 12 6 8 10 8 3 4

Toss 6 4 10 9 5 3 6 5 5

Toss 7 7 6 5 6 9 10 4 2

Toss 8 11 8 9 8 9 9 6 10

Toss 9 4 7 10 10 7 4 12 8

Toss 10 7 8 3 8 10 4 7 11

6. Calculate an estimate of the population mean and compare it to the theoretical mean.
7. Repeat the experiment with your own simulation of dice tosses. Use your results to estimate the

population mean.
Questions 8 – 10 refer to a population with a mean of 73 and a standard deviation of 12.

8. If samples of size 20 are selected, calculate the mean and standard deviation of the distribution of
sample means.

9. If the sample size is increased to 30, calculate the mean and standard deviation of the sample means.
10. Determine the sample size that would be needed to reduce the standard deviation of the distribution of

sample means to less than 2.
Questions 11 – 13 refer to a population with a mean of 123 and a standard deviation of 43.

11. If samples of size 25 are selected, calculate the mean and standard deviation of the distribution of
sample means.

12. If samples of size 40 are selected, calculate the mean and standard deviation of the distribution of
sample means.

13. Determine the sample size that would be needed to reduce the standard deviation of the distribution of
sample means to less than 5.

14. We wish to create data points from a skewed population. Use Excel or another similar package to create
the data points.
a. Use a random number generator to find 70 numbers between 1 and 20. Use the generator to find

another 30 numbers between 15 and 20. The distribution should now be skewed to the right. You
should now have 100 numbers.

b. Use technology to sketch your distribution.
We now want to take samples from the distribution to see what the distribution of sample means

might look like when the original population was skewed.
c. Select random samples of size 10 from your distribution and calculate the sample means.
d. Use technology to sketch the distribution of sample means. Compare the two sketches and comment

on the similarities and difference.
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12.4 Confidence intervals
12.4.1 Confidence intervals
We have seen that different samples from one population may have different means. As a sample is used
to give an indication of the actual population parameters by making a point estimate, we need to be more
specific than ‘the population mean is approximately equal to the sample mean’. Confidence intervals allow
us to quantify the interval that the population mean might lie in.

For example, in the data used to explore sample means earlier, the first sample was {23, 42} which had
a mean of 32.5. The sample mean provides a point estimate for the actual population mean of 21.8. It
this section, it will be shown that is possible to use this sample to calculate a 90% confidence interval of
(16.9, 48.1). Notice that the sample mean of 32.5 is in the middle of this interval. The lower limit of 16.9 is
15.6 units below the sample mean and the upper limit of 48.1 is 15.6 units above the sample mean. The 90%
confidence interval means that in 90% of the possible samples, the population mean will be in the calculated
confidence interval. This will be demonstrated later.
Note: this is not the same as saying that there is a 90% chance that the population mean is in the

confidence interval. The population mean is an actual value, in this case 21.8. Therefore, for any given
sample, the confidence interval either contains the mean (which it does in this case) or it doesn’t contain
the mean.

12.4.2 Calculation of confidence intervals

The confidence interval for 𝜇 can be calculated using the formula

(
x− z

s

√n
, x+ z

s

√n

)
. Notice that the

interval will be z
s

√n
on either side of the sample mean x, where s is the sample standard deviation, n is the

sample size and z is the z score for the level of confidence we are interested in.
Earlier in this chapter, we observed that the middle 95% of the standard normal distribution lies within

1.96 standard deviations of the mean. That is P (−1.96 ≤ Z ≤ 1.96)= 0.95. Therefore, if we want to
determine a 95% confidence interval, we use z = 1.96. (Remember that the distribution of the sample means

will have a standard deviation of
s

√n
).

Similarly, z scores of z = 1.645 and z = 2.58 are used for the 90% and 99% confidence intervals
respectively.

Returning to the sample data that we used for investigating sample means. Remember this population
has a mean of 21.8. For each sample it is possible to calculate a 90% confidence interval (although not very
accurately because of the small sample). As it is a 90% confidence interval, we use z = 1.645. For the first
sample {23, 42}, x = 32.5, s = 13.435 and n = 2. To calculate the lower limit:

x− z
s

√n
= 32.5− 1.645 × 13.435

√2
= 32.5− 15.6
= 16.9

To calculate the upper limit: x+ z
s

√n
= 32.5+ 1.645 × 13.435

√2
= 32.5+ 15.6
= 48.1

This sample estimates that the population mean will lie in the interval (16.9, 48.1). Notice that this
interval does contain the population mean of 21.8. In a similar fashion, the 90% confidence for each of the
10 possible samples can be calculated. They are recorded in the below table.
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Data points x s 90% confidence interval Contains Population Mean

23, 42 32.5 13.435 (16.9, 48.1) Yes

23, 12 17.5 7.778 (8.5, 26.5) Yes

23, 21 22 1.414 (20.4, 23.6) Yes

23, 11 17 8.485 (7.1, 26.9) Yes

42, 12 27 21.213 (2.3, 51.7) Yes

42, 21 31.5 14.849 (14.2, 48.8) Yes

42, 11 26.5 21.920 (1, 52) Yes

12, 21 16.5 6.364 (9.1, 23.9) Yes

12, 11 11.5 0.707 (10.7, 12.3) No

21, 11 16 7.071 (7.8, 24.2) Yes

As you can see, 90% (9 out of 10) of the calculated confidence intervals contain the population mean.
This is the meaning of the 90% confidence interval.

Notice that the size of the confidence intervals varies between samples. The smaller the sample standard
deviation, the smaller the confidence interval for the sample.

12.4.3 Verifying the formulae
We have learnt that when the sample size is large, that is n > 30, the distribution of x is normally

distributed with a mean of 𝜇x = 𝜇 and a standard deviation of
𝜍
√n

. As a sample is normally selected in

order the estimate the population mean and standard deviation, the best estimates for 𝜇 and 𝜍 are x and s

respectively. We know that for normal distributions, z = x−𝜇
𝜍

. This means that to find the upper and lower

values of z,

�

0.95
0.0250.025

–1.96�x 1.96�x

z = x ± x
s

√n

x ± x = s

√n
z

x = x ± s

√n
z

Rearranging gives x = x ± z
s

√n
.
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For a 95% confidence interval, 95% of the
distribution is in the middle area of the distribution.
This means that the tails combined contain 5% of
the distribution (2.5% each). The z score for this
distribution is 1.96.
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WORKED EXAMPLE 3

After surveying the 20 people in your class, you find that they plan to spend an average of $4.53
on their lunch today. The standard deviation for your sample was $0.23. Use these statistics to
state a 95% confidence interval for the average amount that will be spent on lunch today.

THINK WRITE

1. There are 20 people on the class. This is the
sample size.
$4.53 is spent on lunch, this is the sample mean.
The sample standard deviation is $0.23.

n = 20

x = 4.53
s = 0.23

2. For a 95% confidence interval, z = 1.96. z = 1.96

3. The confidence interval is

(
x − z

s

√n
, x + z

s

√n

)
.

Use technology to calculate the values of x − z
s

√n
and x + z

s

√n
.

x − z
s

√n
= 4.53 − 1.96 × 0.23

√20
= 4.43

x + z
s

√n
= 4.53 + 1.96 × 0.23

√20
= 4.63

4. Identify the 95% confidence interval.

(
x − z

s

√n
, x + z

s

√n

)
= (4.43, 4.63)

5. State the answer. The 95% confidence interval for the
amount planned to be spent by a
student on their lunch is ($4.43, $4.63).

TI | THINK WRITE CASIO | THINK WRITE

1. On a Calculator page,
press MENU then select
6: Statistics
6: Confidence Intervals

1. On a Main Menu screen, select
Statistics

2. To set the appropriate
data input method, select
Stats
Press the OK button.

2. On a Statistics screen, select
INTR z
1-SAMPLE

3. Complete the entry lines
0.23
4.53
20
0.95

3. Complete the entry lines
Variable
0.95
0.23
4.53
20

Pdf_Folio:16

16 Maths Quest 12 Specialist Mathematics Units 3 & 4 for Queensland

UNCORRECTED PAGE PROOFS



“c12StatisticalInference_print” — 2019/3/30 — 8:40 — page 17 — #17

4. Press the ENTER or OK
button.
The answer appears on
the screen.

4. Press the EXE button.
The answer appears on the
screen.

We have previously learnt that for a 90% or 99% confidence interval a z scores of 1.645 or 2.58 are used
respectively.

�

1 – ��–
2

�–
2

–z�x z�x

In general, the inverse normal can be used to
determine the z score to be used in the confidence
interval calculation. Remember that the area under
the curve is 1. The confidence interval is located
in the middle of the distribution and the area of the
right hand tail is used to determine the number of
standard deviations from the mean. Because the curve
is symmetric, the area of each tail will be equal. If
the total tail area is 𝛼, then the middle area would be

1 − 𝛼 and the area of each tail is
𝛼
2
. As the middle area is 1 − 𝛼, we can talk about a 1 − 𝛼 confidence

interval. As the area of each tail is
𝛼
2
, the z score that has a tail area of

𝛼
2

is used.

WORKED EXAMPLE 4

Arabella samples 102 people and finds, with a standard deviation of 0.8, that on average they eat
5.2 cups of vegetables per day. Use these statistics to state an 85% confidence interval for the
average daily vegetable consumption.

THINK WRITE

1. There are 102 people in the sample. This is the
sample size.The sample mean is 5.2.
The sample standard deviation is 0.8.

n = 102
x = 5.2
s = 0.8

2. For a 85% confidence interval, determine the
area of each tail.

85% confidence interval
1 − 𝛼 = 0.85

𝛼 = 0.15
𝛼
2
= 0.075

15% will be in the tails
7.5% in each tail

3. Use the inverse normal to determine the z score
with a tail area of 0.075

z0.075 = 1.44
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4. The confidence interval is

(
x − z

s

√n
, x + z

s

√n

)
.

Use technology to calculate the values of x − z
s

√n
and x + z

s

√n
.

x − z
s

√n
= 5.2 − 1.44 × 0.8

√102
= 5.09

x + z
s

√n
= 5.2 + 1.44 × 0.8

√102
= 5.31

5. Identify the 85% confidence interval.

(
x − z

s

√n
, x + z

s

√n

)
= (5.09, 5.31)

6. State the answer. The 85% confidence interval for the
number of cups of vegetables
consumer per day is (5.09, 5.31).

The value
s

√n
is known as the standard error for a confidence interval. Increasing the sample size will

decrease the standard error. The value z
s

√n
is called the margin of error. The larger the level of confidence

in the interval, the larger the value of z and therefore the margin of error. However, reducing the standard
error by increasing n allows for a high level of confidence in the interval with a lower margin of error.

WORKED EXAMPLE 5

In worked example 3, the average amount spent on lunch was between $4.43 and $4.63.
Determine the sample size needed to reduce the interval to ±$0.05 for a 95% confidence interval.

THINK WRITE

1. The confidence interval formula is(
x − z

s

√n
, x + z

s

√n

)
, this means that

we need z
s

√n
= 0.05.

z
s

√n
= 0.05

2. Although the sample standard deviation will change
with a larger sample, the current value is the best
estimate that we have.

s = 0.23
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When deciding whether to calculate, for example, a 95% or 99% confidence interval, it may seem logical
to use the 99% confidence interval as we are more confident that the population mean will lie in the
calculated interval. However, this increase in confidence also results in a larger interval. As the confidence

interval is

(
x− z

s

√n
, x+ z

s

√n

)
, the size of the interval will be 2z

s

√n
. In practice, this interval may be

quite large and therefore while we are more confident that it contains the population mean, the estimate
lacks precision. It is possible to reduce the size of the interval without a reduction in confidence by

increasing the sample size. A larger value of n will mean that 2z
s

√n
will be smaller and therefore the

estimate will be more precise.
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3. For a 95% confidence interval, z = 1.96 z = 1.96

4. Solve z
s

√n
= 0.05 for n. z

s

√n
= 0.05

1.96 × 0.23
√n

= 0.05

1.96 × 0.23
0.05

= √n

√n = 9.016

n = (9.016)2

n = 81.288256
At least 82 people would need to be
surveyed.

Units 3&4 Area 6 Sequence 1 Concept 2 Confidence intervals Summary screen and practice questions

Exercise 12.4 Confidence intervals

Technology active
1. WE3 Of the 75 Queenslanders you surveyed, the average amount spent on holidays this year was
$2 314 with a standard deviation of $567. Use these statistics to state a 95% confidence interval, to the
nearest dollar, for the average amount spent on holidays by Queenslanders.

2. After surveying 30 swimmers as they entered the local swimming complex, you found that the average
distance that they intended to swim was 1.2 km. The sample standard deviation was 0.5 km. Use these
statistics to state a 95% confidence interval for the average distance people were intending to swim
that day.

3. WE4 James samples 116 people and finds, with a standard deviation of $537, that their average car
value is $23 456. Use these statistics to state a 99% confidence interval for the average car value for
the population.
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4. Charles samples 95 people and finds, with a standard deviation of 5.8 g, that on average, 25.7 g of
chocolate are consumed per person per day. Use these statistics to determine a 90% confidence interval
for an estimate for the amount of chocolate consumed per person per day.

5. WE5 For question 1, determine the sample size needed to reduce the interval to ±$100 at the 95% level
of confidence.

6. For question 2, determine the sample size needed to reduce the interval to ±0.1km at the 95% level of
confidence.

7. You are auditing a bank. From a sample of 50 cash deposits, the mean and standard deviation are
calculated to be $203.45 and $43.32 respectively. Determine a 95% confidence interval for the average
cash deposit amount.

8. A sample of 40 AA batteries were tested to determine their average lifetime. It was found that they
lasted an average of 2314 minutes with a standard deviation of 243 minutes. Determine a 95%
confidence interval for the average batter life.

9. For her class assignment, Holly records the time to travel to school. She records the times for 30 days
and finds the average trip time is 24.6 minutes with a standard deviation of 7.6 minutes. Determine a
95% confidence interval for the average time that Holly will take to travel to school over the year.

10. Using the data from question 7, determine a 90% confidence interval for the population mean.
11. Using the data from question 8, determine a 99% confidence interval for the population mean.
12. Using the data from question 9, determine a 90% confidence interval for the population mean.
13. For question 7, calculate the sample size needed to reduce the interval to ±$2 for a 95% confidence

interval.
14. For question 8, calculate the sample size needed to reduce the interval to ±50 minutes for a 95%

confidence interval.
15. For question 9, calculate the sample size needed to reduce the interval to ±2 minutes for a 95%

confidence interval.
16. For question 9, calculate the sample size needed to reduce the interval to ±2 minutes for a 90%

confidence interval.

12.5 Applications of confidence intervals
12.5.1 Using confidence intervals to estimate other
confidence intervals
If a sample’s confidence interval for a population parameter is known, it is possible to estimate the
confidence interval at a different level of significance.
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WORKED EXAMPLE 6

If we know that a 99% confidence interval for the average blog length is between 1200 and 2000
words, calculate a 95% confidence interval for the average blog length.

THINK WRITE

1. As we are talking about the 99% confidence interval
and the 95% confidence interval, 2 different z values
will be used. To differentiate between them, call
them z0.005 and z0.025 respectively. The number
0.005 represents the area of one tail for the 99%
confidence interval. The number 0.025 represents
the area of one tail for the 95% confidence interval.

z0.005 = 2.58
z0.025 = 1.96

2. The confidence interval formula is(
x − z

s

√n
, x + z

s

√n

)
. The mean will be in the

centre of the distribution.

x = 1200 + 2000

2
= 1600

3. Use the upper limit of the confidence interval,
x + z

s

√n
, to calculate z

s

√n
.

2000 = x + z0.005
s

√n
2000 = 1600 + z0.005

s

√n
z0.005

s

√n
= 400

4. As this is a 99% confidence interval, z0.005 = 2.58,
solve for

s

√n
.

2.58 × s

√n
= 400

s

√n
= 400

2.58
5. For a 95% confidence interval, z0.025 = 1.96. Use

this value to calculate the confidence interval(
x − z

s

√n
, x + z

s

√n

)
.

x − z
s

√n
= 1600 − 1.96 × 400

2.58
= 1600 − 304
= 1296

x + z
s

√n
= 1600 + 1.96 × 400

2.58
= 1600 + 304
= 1904

6. State the 95% confidence interval. The 95% confidence interval is
between 1296 and 1904 words.

12.5.2 Simulating sampling
When selecting a random sample from a population, every member of the population needs to have the
same probability of being selected. This means that sampling options such as surveying a class (sample) to
get information about an entire year group (population) does not result in a random sample as every student
in the cohort does not necessarily have the same probability of being selected. Options like spinners and
random number generators can be used to select members of a sample to ensure that it is random.
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Sometimes, to explore how a particular population distribution behaves, it is desirable to model selecting
a sample. Software like Excel, Geogebra or even your graphics calculators can be used to model the random
sampling and to produce the histograms of the distribution.

Normal distributions
If the population is believed to be normally distributed, then the means of samples of any size n will be
normally distributed, with the average value of the sample means being the same as that of the population.
Randomly sampling from a normal distribution can be modelled by using the inverse normal option.

WORKED EXAMPLE 7

A population is normally distributed with a mean of 50 and a standard deviation of 5.
a. Use technology to model the selection of 10 random samples of size 20.
b. For each sample, use technology to calculate the 90% confidence interval for the population

mean.
c. Use technology to sketch the population distribution and the distribution of sample means.
d. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.

THINK WRITE

a. 1. To model creating a sample of
size 20, use a random number
generator to generate 20 random
numbers between 0 and 1. In
Excel, =RAND() will result in a
number between 0 and 1.

Random #

0.85583
0.553912
0.567864
0.566725
0.104497
0.83723
0.412178
0.980235
0.283082
0.666841
0.811105
0.659588
0.637259
0.275291
0.665903
0.824447
0.619637
0.693842
0.324964
0.505637
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2. The random numbers generated
can be thought of as an area
under the normal curve between
−∞ and the element chosen to
be in the sample. Use the
inverse normal option to covert
the random number to an
element in a normal distribution
with a mean of 50 and a
standard deviation of 5. In
Excel, NORM.INV(a, 𝜇, 𝜎)= b
will return the population value
for a population with mean 𝜇
and standard deviation 𝜎 where
P (Z ≤ b) = a. Generate the
sample values.

Random # InvNormal

____________ ____________

0.85583 55.30885

0.553912 50.67776

0.567864 50.85469

0.566725 50.84022

0.104497 43.71832

0.83723 54.91569

0.412178 48.89027

0.980235 60.29314

0.283082 47.13146

0.666841 52.15603

0.811105 54.40988

0.659588 52.05669

0.637259 51.75571

0.275291 47.01555

0.665903 52.14314

0.824447 54.66222

0.619637 51.52264

0.693842 52.53386

0.324964 47.73068

0.505637 50.07065

3. Calculate the sample mean of
these new values.

x = 55.30885 + 50.67776 + … + 50.07065
20

≈ 51.43
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4. For a 90% confidence interval,
z0.05 = 1.645. Calculate the
confidence interval(
x − z

s

√n
, x + z

s

√n

)
. As the

population standard deviation is
known, use that. Use technology
to calculate the values.

x − z
s

√n
= 51.43 − 1.645 × 5

√20

= 51.43 − 1.84
= 49.59

x + z
s

√n
= 51.43 + 1.645 × 5

√20

= 51.43 + 1.84
= 53.27

The confidence interval is (49.59, 53.27).

b. Repeat steps a. 1. through to
a. 4. to generate 9 more samples
and calculate the confidence
intervals.

Sample Mean Lower limit Upper limit

1 51.43437 49.6008 53.26795

2 49.08482 47.25124 50.91839

3 49.30787 47.4743 51.14145

4 51.66994 49.83637 53.50352

5 50.52729 48.69371 52.36087

6 48.0063 46.17272 49.83987

7 52.59666 50.76308 54.43023

8 50.53343 48.69985 52.367

9 50.84502 49.01145 52.6786

10 49.86264 48.02907 51.69622

c. 1. As the normal distribution is a
known distribution, software
like the probability option of
Geogebra can be used to create
a graph of the normal
distribution with a mean of 50
and a standard deviation of 5.

28 30 32 34 36 38 40 42 44 46 48 50 52 54 56 58 60 28 64 66 68 70 72
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2. Use technology to sketch the
distribution of the sample
means. For example, this can be
done using the statistics option
in Geogebra.

48 49 50 51 52 53

48

49

50

51

52

53

d. Identify the samples where the
90% confidence intervals
contain the population mean of
50. Comment on the
distributions using your
understanding of confidence
intervals.

Samples 1, 2, 3, 4, 5, 8, 9 and 10 contain the population
mean. As this is a 90% confidence interval, 90%
of all possible samples should contain the population
mean. From the 10 samples taken, 8 of them contain
the population mean, a result close to the expected one.
The average of all of the sample means is 50.39 which
is very close to the population mean of 50. While the
mean of the distribution of sample means is very close to
the mean of the population, the spread of the distribution
is smaller than that of the original population.

Other distributions
If the population distribution is not normal, it is still possible to simulate the selection of random samples.
If the sample size is large enough (usually at least 30), then the distribution of the sample means will still be
normal, so the formula for confidence intervals can still be used.

WORKED EXAMPLE 8

A population is distributed so that the P (X≤ b) = ∫
b

0
0.5 −0.5xdx.

a. The population mean can be found by calculating 𝜇 = ∫
∞

0
0.5xe−0.5xdx. Determine the

population mean.

b. The population variance can be found by calculating 𝜎2 = ∫
∞

0
0.5 (x− 𝜇)2 e−0.5xdx.

Determine the population standard deviation.
c. Use technology to model the selection of 10 random samples of size 40.
d. For each sample, use technology to calculate the 90% confidence interval for the population

mean.
e. Use technology to sketch the population distribution and the distribution of sample means.
f. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
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THINK WRITE

a. 1. Use integration by parts to
determine the integral. Let

u = x and
dv

dx
= 0.5e−0.5x.

Determine
du

dx
and v.

u = x
du

dx
= 1

dv

dx
= 0.5e−0.5x

v = −e−0.5x

2. Determine the integral using
the formula

∫ u dvdx dx = uv − ∫ v dudx dx.
𝜇 = ∫

∞

0

0.5xe−0.5xdx

= ∫ udvdxdx
= uv − ∫ vdudxdx
= [−xe−0.5x]∞

0
− ∫

∞

0

(
−e−0.5x) dx

= [−xe−0.5x]∞
0
+ ∫

∞

0

e−0.5xdx

= 0 + [−2e−0.5x]∞
0

= 0 + 2
= 2

3. State the population mean. 𝜇 = 2

b. 1. Using the given formula
determine the variance.
Substitute 𝜇 = 2 into the
integrand.

𝜎2 = ∫
∞

0

0.5 (x − 𝜇)2 e−0.5xdx

= ∫
∞

0

0.5 (x − 2)2 e−0.5xdx

2. Use integration by parts to
determine the integral. Let
u = (x − 2)2 and
dv

dx
= 0.5e−0.5x

u = (x − 2)2

du

dx
= 2 (x − 2)

dv

dx
= 0.5e−0.5x

v = −e−0.5x

3. Determine the integral. 𝜎2 = ∫
∞

0

0.5 (x − 2)2 e−0.5xdx

= ∫ udvdxdx
= uv − ∫ vdudxdx
= [− (x − 2)2 e−0.5x]∞

0
− ∫

∞

0

−2 (x − 2) e−0.5xdx

= 0 + 22e0 + 2 ∫
∞

0

(x − 2) e−0.5xdx

= 4 + 2 ∫
∞

0

(x − 2) e−0.5xdx
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4. Use integration by parts to
complete the integral.

u = x − 2
du

dx
= 1

dv

dx
= e−0.5x

v = −2e−0.5x

𝜎2 = 4 + 2

(
[−2 (x − 2) e−0.5x]∞

0
− ∫

∞

0

−2e−0.5xdx

)
= 4 + 2

(
0 + 2 (−2) (1) + [−4e−0.5x]∞

0

)
= 4 + 2 (−4 + 0 + 4)
= 4

5. The standard deviation is
denoted by 𝜎. Determine the
standard deviation by taking
the square root of the
variance.

The standard deviation 𝜎 = √4 = 2.

c. 1. Use a random number
generator to generate
40 random numbers to
represent 40 possible random
probabilities. In Excel the
command =RAND() will
achieve this.
Note: not all 40 values have
been listed.

Sample Numbers generated (a total of 40 numbers are
generated for each sample).

Random #

0.038742
0.42023
0.283778
0.430065
0.654831
0.141399
0.923711
0.990582
0.240471
0.231727

⋮

2. Let a particular random
number generated be a.
The random number
generated could be thought of
P (x ≤ b) = a. This means
that the area under the curve
0.5e−0.5x between x = 0 and
x = b is a.

Solve ∫
b

0

0.5e−0.5xdx = a

for b.

a = ∫
b

0

0.5e−0.5xdx

= [−e−0.5x]b
0

= −e−0.5b + e0

= 1 − e−0.5b

1 − a = e−0.5b

−0.5b = ln (1 − a)
b = −2 ln (1 − a)
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3. Use technology to calculate
−2 ln (1 − a) for each random
number a that is generated.
These values represent the
value chosen to form the
sample.

Sample data (a total of 40 numbers are generated for each
sample).

Random # Sample

___________ ___________

0.038742 0.079024

0.42023 1.090246

0.283778 0.66753

0.430065 1.124464

0.654831 2.127445

0.141399 0.304903

0.923711 5.146463

0.990582 9.330223

0.240471 0.550112

0.231727 0.527219

⋮

d. 1. In order to determine the
confidence interval, the mean
must be determined. Calculate
the sample mean of these new
values.

x = 0.079024 + 1.090246 + 0.66753 + ...
40

≈ 2.27

2. For a 90% confidence interval,
z0.05 = 1.64.
Calculate the confidence
interval(
x − z

s

√n
, x + z

s

√n

)
.

As the population standard
deviation of 2 is known, use
that. Use technology to
calculate the values.

x − z
s

√n
= 2.27 − 1.64 × 2

√40

= 2.27 − 0.52
= 1.75

x + z
s

√n
= 2.27 + 1.64 × 2

√40

= 2.27 + 0.52
= 2.79

The confidence interval is (1.75, 2.79).
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3. Repeat steps c. 1. through to
d. 2. to generate 9 more
samples and calculate the
confidence intervals.

Sample Mean Lower limit Upper limit

1 2.271128 1.752515 2.789742
2 2.100404 1.581791 2.833835
3 2.18984 1.671226 2.92327
4 1.821862 1.303248 2.555292
5 1.366244 0.84763 2.099674
6 2.998408 2.479794 3.731838
7 2.156755 1.638142 2.890186
8 2.911023 2.392409 3.644453
9 1.82039 1.301776 2.55382
10 1.889885 1.371272 2.623316

e. 1. Use technology to sketch the
probability density function
0.5e−0.5x.

2 4 6 8 10 12 14 16 18 20 22 24 26 28
x

–0.4
–0.2

0.2
0.4
0.6
0.8

1
1.2
1.4

y

y = 0.5e–0.5x

0

2. Use technology to sketch the
distribution of the sample
means. For example, this can
be done using the statistics
option in Geogebra.

1.2 1.4 1.6 1.8 2 2.2 2.4 2.6 2.8 3 3.2

1

0

2

3

4
y

x

f. Identify the samples where
the 90% confidence intervals
contain the population mean
of 2. Comment on the
distributions using your
understanding of confidence
intervals.

Confidence intervals from samples 1, 2, 3, 4, 5, 7, 9 and 10
contain the population mean. As this is a 90% confidence
interval, 90% of all possible samples should contain the
population mean. From the 10 samples taken, 8 of them
contain the population mean, a result close to the expected
one. The average of all of the sample means is 2.15 which
is very close to the population mean of 2. While the
population is negatively skewed, the distribution of the
sample means is beginning to look like the normal
distribution with a mean of 2.
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12.5.3 Confirming normality
In worked examples 7 and 8, sketches of the distributions of sample means were used to demonstrate that
the distributions are approximately normal. It is possible to use a method called normal probability plots to
obtain a scatter plot that should be roughly linear if the data is normal.

To determine if a set of data is roughly normal, rank order the data. The cumulative probability, pi

associated with each rank ordered point of data, xi, can be calculated using pi =
i− 0.5
n

, where i is the

rank order and n is the number of data points. The associated z value, zi, is then calculated for each pi. If the
data is approximately normal, graphing zi against xi will be roughly linear if the xi data is approximately
normal.

WORKED EXAMPLE 9

Use a normal probability plot to confirm that the sample means generated in Worked Example 7
are approximately normally distributed.

THINK WRITE

1. The sample means need to be rank ordered.
Sort the means from smallest to largest and
allocate a rank order value to each.

Means (rank ordered) Rank

____________ ____________

48.0063 1

49.08482 2

49.30787 3

49.86264 4

50.52729 5

50.53343 6

50.84502 7

51.4343 8

51.66994 9

52.59666 10

2. Calculate the cumulative probability for each

point of data using pi =
i − 0.5
n

.
Means (xi) Rank (i) pi

48.0063 1 0.05

49.08482 2 0.15

49.30787 3 0.25

49.86264 4 0.35

50.52729 5 0.45
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Means (xi) Rank (i) pi

50.53343 6 0.55

50.84502 7 0.65

51.4343 8 0.75

51.66994 9 0.85

52.59666 10 0.95

3. Calculate the standard inverse normal for each
pi value. This can be completed in Excel using
=NORM.INV(pi, 𝜇, 𝜎).

=NORM.INV(0.05,0,1) = −1.64485
=NORM.INV(0.15,0,1) = −1.03643
⋮

Means (xi) Rank (i) pi zi

48.0063 1 0.05 −1.64485

49.08482 2 0.15 −1.03643

49.30787 3 0.25 −0.67449

49.86264 4 0.35 −0.38532

50.52729 5 0.45 −0.12566

50.53343 6 0.55 0.125661

50.84502 7 0.65 0.38532

51.4343 8 0.75 0.67449

51.66994 9 0.85 1.036433

52.59666 10 0.95 1.644854

4. Sketch zi against xi. If the xi values are
approximately normal, then the scatterplot
should be approximately linear.

4846 50 52 54
x

–2

–1

1

0

2
z

As the scatterplot is approximately linear,
the distribution of sample means is
approximately normal.
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Units 3&4 Area 6 Sequence 1 Concept 3

Applications of confidence intervals Summary screen and practice questions

Exercise 12.5 Applications of confidence intervals

Technology active
1. WE6 If we know that a 99% confidence interval for the average television commercial break length is

between 2 and 3 minutes, calculate a 95% confidence interval for the average television commercial
break length.

2. A sample of feature movies has a 90% confidence level for the average running time of (85, 90)
minutes. Calculate a 99% confidence interval for the average running time length.

3. If the average song length of the top 100 songs in an online music store has a 95% confidence interval
of (215.171, 238.695) minutes, calculate the 99% confidence interval.

4. On a particular day, the average wait time for a ride has a 95% confidence interval of (9.11, 10.44)
minutes. Calculate the 90% confidence interval for the sample.

5. WE7 A population is normally distributed with a mean of 16 and a standard deviation of 2.
a. Use technology to model the selection of 10 random samples of size 20.
b. For each sample, use technology to calculate the 90% confidence interval for the population mean.
c. Use technology to sketch the population distribution and the distribution of sample means.
d. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
6. A population is normally distributed with a mean of 72 and a standard deviation of 7.

a. Use technology to model the selection of 10 random samples of size 20.
b. For each sample, use technology to calculate the 90% confidence interval for the population mean.
c. Use technology to sketch the population distribution and the distribution of sample means.
d. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
7. If X is the height of Emperor penguins and X~N (122, 53.29).

a. Use technology to model the selection of 10 random samples of size 15.
b. For each sample, use technology to calculate the 95% confidence interval for the population mean.
c. Use technology to sketch the population distribution and the distribution of sample means.
d. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
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8. WE8 A population is distributed so that the P (X ≤ b) = ∫
b

0

4e−4xdx.

a. The population mean can be found by calculating 𝜇 = ∫
∞

0

4xe−4xdx. Determine the population

mean.

b. The population variance can be found by calculating 𝜍2 = ∫
∞

0

4
(
x−𝜇

)2
e−4xdx. Determine the

population standard deviation.
c. Use technology to model the selection of 10 random samples of size 40.
d. For each sample, use technology to calculate the 90% confidence interval for the population mean.
e. Use technology to sketch the population distribution and the distribution of sample means.
f. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.

9. A population is distributed so that the P (X ≤ b) = ∫
b

0

0.25e−0.25xdx.

a. The population mean can be found by calculating 𝜇 = ∫
∞

0

0.25xe−0.25xdx. Determine the

population mean.

b. The population variance can be found by calculating 𝜍2 = ∫
∞

0

0.25
(
x−𝜇

)2
e−0.25xdx. Determine

the population standard deviation.
c. Use technology to model the selection of 10 random samples of size 40.
d. For each sample, use technology to calculate the 90% confidence interval for the population mean.
e. Use technology to sketch the population distribution and the distribution of sample means.
f. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
10. WE9 Use a normal probability plot to confirm that the sample means generated in Worked Example 8

are approximately normally distributed.
11. Use a normal probability plot to confirm that the sample means generated in question 5 are

approximately normally distributed.
12. Use a normal probability plot to confirm that the sample means generated in question 6 are

approximately normally distributed.
13. Use a normal probability plot to confirm that the sample means generated in question 7 are

approximately normally distributed.
14. Use a normal probability plot to confirm that the sample means generated in question 8 are

approximately normally distributed.

12.6 Review: exam practice
A summary of this topic is available in the Resources section of your eBookPLUS at www.jacplus.com.au

Simple familiar
1. 1500 students are enrolled in an online University course. In the first quiz, the average score (out of a

possible 20) was 15.75 with a standard deviation of 3.1.
a. If samples of size 20 are selected, calculate the mean and standard deviation for the distribution of X.
b. If the sample size was increased to 30, calculate the mean and standard deviation for the distribution

of X.
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2. A population has a mean of 58.9 and a standard deviation of 5.2.
a. If samples of size 20 are selected, calculate the mean and standard deviation for the distribution of X.
b. Calculate the sample size needed to reduce the standard deviation to less than 1.

3. In a population of size 20 000, the mean score is 72.3 with a variance of 33. Samples of size 40 are
selected from this population.
a. Calculate the mean value of the distribution of sample means.
b. Calculate the standard deviation of the distribution of sample means.

4. After sampling his local farm’s tomatoes, Giovanni, finds that a 90% confidence interval for the mass of
one tomato is (113g, 117g). What does this mean?

5. A population has a mean of 19 and a standard deviation of 4. Determine the size of the sample needed
if the standard deviation of the sample means is to be less than 0.5.

6. A population has a mean of 89 and a variance of 20. Determine the size of the sample needed if the
variance of the sample means is to be less than 2.

7. A population is believed to be normally distributed with a mean of 45 and a standard deviation of 4.3.
A sample of 15 has a mean of 39.5. Determine a 99% confidence interval for the population mean.

8. A sample of 38 students has a mean of 45.14 and a standard deviation of 12. Determine a 95%
confidence interval for the population mean.

9. Breanna is trying to decide on a mobile phone plan. She needs to estimate the number of texts that she
makes per month to assist with this decision. Over the year, she has made an average of 150 texts per
month with a standard deviation of 15.1. Determine a 95% confidence interval for the number of texts
that she can expect to make each month.

10. If a 99% confidence interval for the average cost of a tray of mangoes is ($17.75, $19.85) determine a
95% confidence interval for the cost of a tray of mangoes.

11. The average time to run 3 km has a 95% level of confidence of (10, 13) minutes. Determine the 90%
confidence interval.

12. If a 95% confidence interval for the temperature of the water at Caloundra in December is
(24.1°C, 27.4°C) determine a 99% confidence interval for the average temperature.

Complex familiar
13. In 2018, 52704 runners completed the New York City Marathon with an average time of 4h:38m:24s

and standard deviation of 0h:58m:03s. Determine a 95% confidence interval for the average completion
time of the New York City Marathon.

14. Michael is recording data about the amount of time it takes his employees to solve a help desk ticket.
After analysing 100 tickets, he finds that a confidence interval for the average time is
(195.3, 272.6)minutes. If the standard deviation of his sample is 150 minutes, determine the type of
confidence interval Michael used in his investigation.

15. Marina records the weights of newborn babies born during her shifts in January. She uses the sample
standard deviation of 1.23 kg to calculate a 95% confidence interval of (3.20 kg, 3.62 kg). Determine the
number of babies in her sample.

16. From a sample of 30 students, a 95% confidence interval is calculated to be (18.5, 52.7). When an
additional 20 students are included in the sample, the new sample mean is increased to 37.3. If the
population standard deviation was used in the calculations, determine a 99% confidence interval for the
population mean using the entire sample.

Complex unfamiliar
17. A continuous random variable is said to have a uniform distribution on the interval [A,B] if the

probability density function is f(x;A,B) = {
1

B− A
, A ≤ X ≤ B

0, otherwise
.
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a. Sketch the distribution.

b. Use 𝜇 = ∫
B

A

xf (x) dx to determine the expected value of the distribution.

c. Compare the sketch and your calculated expected value and comment on the reasonableness of your
solution for 𝜇.

d. Use 𝜍2 = ∫
B

A

(
x−𝜇

)2
f (x) dx to determine the variance of the distribution.

18. Consider the uniform distribution described in question 17 where A = 3 and B = 7.
a. Calculate the mean and standard deviation of the distribution.
b. Use technology to model the selection of 10 random samples of size 20 and determine the 90%

confidence interval for each sample.
c. Use technology to sketch the population distribution and the distribution of sample means.
d. Comment on the number of distributions of the sample means and the number of confidence

intervals that contain the population mean.
19. In analysing traffic flow, headway is the time between one car passing a fixed point and the next car

beginning to pass the point. If X is the headway time between two consecutive variables in minutes, the

probability density function of X can be obtained using f(x) = {
0.25e−0.25(x−0.5), x ≥ 0.5
0, x < 0.5

.

a. Use 𝜇 = ∫
∞

0.5
xf (x) dx to determine the expected population mean.

b. Use 𝜍2 = ∫
∞

0.5

(
x−𝜇

)2
f (x) dx to determine the population standard deviation.

c. Use technology to model the selection of 10 random samples of size 40 and determine the 90%
confidence interval for each sample.

d. Use technology to sketch the normal probability plot for the distribution of sample means. Comment
on the normality of the distribution.

20. Gamma functions form interesting skewed distributions. For 𝛼 > 0, the gamma function Γ (𝛼) is

defined by Γ (𝛼) = ∫
∞

0

x𝛼−1e−xdx. A continuous random variable X is said to have a gamma

distribution if the probability density function of X is f
(
x; 𝛼, 𝛽

)
= {

x𝛼−1e−x/𝛽

𝛽𝛼Γ (𝛼)
, x ≥ 0

0, x < 0

. Different

values of 𝛼 and 𝛽 produce different density functions. For this question, assume 𝛼 = 2 and 𝛽 = 1.
a. Determine Γ (𝛼).

b. Use 𝜇 = ∫
∞

0

x f
(
x; 𝛼, 𝛽

)
dx to determine the expected population mean.

c. Use 𝜍2 = ∫
∞

0

(
x−𝜇

)2
f
(
x; 𝛼, 𝛽

)
dx to determine the expected population standard deviation.

d. Use technology to model the selection of 10 random samples of size 40 and determine the 90%
confidence interval for each sample. Note, the Gamma probability density function is an inbuilt
function in Excel, and the formula =GAMMA.INV(probability, alpha, beta) can be used.

e. Use technology to sketch the population distribution and the distribution of sample means.
f. Use technology to sketch the normal probability plot for the distribution of sample means. Comment

on the normality of the distribution.

Sit exam
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Answers

Exercise 12.3 Sample means and simulations
1. 51.5 minutes
2. 95.9 minutes
3. a. 𝜇x = 600, 𝜍x = 5.48

b. 𝜇x = 600, 𝜍x = 3.87
4. a. 𝜇x = 90.5, 𝜍x = 2.58

b. 𝜇x = 90.5, 𝜍x = 1.83
5. Answers will vary. The expected average is 50 but it is

likely that results will be different to this.

6. E
(
X
)
= 7.09. Theoretical mean is 7

7. Answers will vary.

8. E
(
X
)
= 73, sd

(
X
)
= 2.68

9. E
(
X
)
= 73, sd

(
X
)
= 2.19

10. 36

11. E
(
X
)
= 123, sd

(
X
)
= 8.6

12. E
(
X
)
= 123, sd

(
X
)
= 6.8

13. 74
14. Answers will vary. The initial distribution should be

skewed to the right and the distribution of sample means
should be symmetrical.

Exercise 12.4 Confidence intervals
1. ($2186, $2442)
2. (1.02 km, 1.38 km)
3. ($23 327, $23 585)
4.

(
24.7 g, 26.7 g

)
5. 124
6. 96
7. ($191.44, $215.46)
8. (2239, 2389) minutes
9. (21.9, 27.3) minutes

10. ($193.37, $213.53)
11. (2215, 2413)minutes
12. (22.3, 26.9)minutes
13. 1803
14. 91
15. 56
16. 40

Exercise 12.5 Applications of confidence
intervals
1. (2.12, 2.88) minutes
2. (83.6, 91.4) minutes
3. (211.450, 242.416) minutes
4. (9.22, 10.33) minutes
5. Answers will vary. Distribution of sample means should

have a mean of 16.
6. Answers will vary. Distribution of sample means should

have a mean of 72.
7. Answers will vary. Distribution of sample means should

have a mean of 122.
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8. a 0.25
b 0.25
c, d Answers will vary.
e. Population

.

.

.

0 0.5 1 1.5 2.5 32

1
2
3
4
5
6
y

y = 4e–4x

x

(0, 4)

Distribution of sample means will vary.
f. The mean of the sample means should be approximately

equal to 0.25 and the distribution of sample means
should be approximately normal.

9. a. 4
b. 4
c,d. Answers will vary.
e. Population

0 1 2 3 5 64 7 8

1
2
3
4
5
6
y

y = 0.25e–0.25x

x

(0, 0.25)

Distribution of sample means will vary.
f. The mean of the sample means should be approximately

equal to 4 and the distribution of sample means should
be approximately normal.

10. Answers will vary. The normal plot should be
approximately linear.

11. Answers will vary. The normal plot should be
approximately linear.

12. Answers will vary. The normal plot should be
approximately linear.

13. Answers will vary. The normal plot should be
approximately linear.

14. Answers will vary. The normal plot should be
approximately linear.

12.6 Review: exam practice

1. a. E
(
X
)
= 15.75

sd(X) = 0.69
b. E

(
X
)
= 15.75

sd(X) = 0.57
2. a. E

(
X
)
= 58.9

sd(X) = 1.16
b. The sample size needs to be at least 28.

3. a. E
(
X
)
= 72.3

b. Var
(
X
)
= 0.908

4. A 90% confidence interval means that 90% of the
confidence intervals calculated from samples of the same
size as Giovanni’s will contain the population mean weight.

5. 65
6. 11
7. (36.64, 42.36)
8. (41.32, 48.96)
9. (141.46, 158.54)
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10. ($18.00, $19.60)
11. (10.24, 12.76) minutes
12. (23.58°C, 27.92°C)
13. (4h:37m:54s, 4h:38m:54s)
14. Michael used a 99% confidence interval for his

investigation.
15. 132
16. (19.86, 54.74)
17. a. f (x)

x
BA

B – A
1

b. 𝜇 =
B+ A

2
c. As every member of the population has the same chance

of being selected, the expected value should be in the
middle of the distribution. Therefore the expected value

is
B+ A

2
.

d. 𝜍2 =
(B− A)2

12

18. a. 𝜇 = 5, 𝜍 =
2√3

3
b. Sample responses can be found in the Worked solutions

in the online resources.
c. Answers will vary. The mean of the sample means

should be approximately 5.

d. Answers will vary. Approximately 90% of the sample
confidence intervals should contain the population mean
of 5. Even though the initial population is uniform, the
distribution of the sample means should look like a
normal distribution if enough samples are chosen.

19. a. 4.5 minutes
b. 4 minutes
c. Sample responses can be found in the Worked solutions

in the online resources. To generate the sample
elements. If a is a random number generated.
b = 0.5− 4 ln (1− a) where b is an element in the
sample.

d. Answers will vary. The mean of the sample means
should be approximately 4.5.

20. a. 1
b. 2
c. √2
d. Sample responses can be found in the Worked solutions

in the online resources.
e. Population looks like

0 0.5 1 1.5 2.5 32

0.5
1

1.5
2

2.5
3
y

y = 0

x

(0, 0)

Distribution of sample means will vary.
f. Results will vary. The distribution should be normal.
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