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1.1.1 Introduction
The word ‘proof’ comes from the Latin word ‘probare’ (to test).

Proofs first started in ancient Greece around the 5th century BCE, with many famous mathematicians and
philosophers of that time, including Thales (624–546 BCE) and Hippocrates of Chios (c. 470–410 BCE) who
gave some proofs in geometry, Eudoxus (408–355 BCE) and Theaetetus (417–369 BCE) who formulated
theorems but did not prove them, Aristotle (384–322 BCE) and Euclid (325−263 BCE) who introduced axioms.

An axiom is a statement that is considered to be true, based on logic and does not need to be proven. This is also
called a postulate, or an assumption. Euclid’s book called ‘The Elements’ is a series of 13 books that is still used
today in the development of logic. The image shows an old fragment from Euclid’s book.

KEY CONCEPTS

This topic covers the following key concepts from the VCE Mathematics Study Design:
• conjecture – making a statement to be proved or disproved
• implications, equivalences and if and only if statements (necessary and sufficient conditions)
• natural deduction and proof techniques: direct proofs using a sequence of direct implications, proof by

cases, proof by contradiction, and proof by contrapositive
• quantifiers ‘for all’ and ‘there exists’, examples and counter-examples
• proof by mathematical induction.

Source: VCE Mathematics Study Design (2023–2027) extracts © VCAA; reproduced by permission.
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1.2 Logic

LEARNING INTENTION

At the end of this subtopic you should be able to:
• apply principles of proof to prove simple tautologies
• prove statements involving quantifiers over different sets of numbers.

Logic comprises both propositional and predicate logic, which are extremely useful and used in computer
science. First we revise and define some basic terminology.

1.2.1 Number systems
The set of natural numbers, or counting numbers is the set N= {1, 2, 3, ...}. If we add or multiply any two
natural numbers, we always get a natural number, so we say that the set of natural numbers is closed under the
operations of addition and multiplication. However if we subtract two natural numbers, we don’t necessarily get
a natural number, so we extend the set of natural numbers to the set of integers. The set of integers consists of
both positive and negative integers and zero. Z= {... − 3, −2, −1, 0, 1, 2, 3, ...}.
The subsets of positive integers are the set of natural numbers Z+=N= {1, 2, 3, ...} and the set of negative
integers Z−= {−1, −2, −3, ...}, so that Z=Z+ ∪Z− ∪ {0}. If we add, subtract or multiply any two integers,
we always get an integer, so we say that the set of integers is closed under the operations of addition, subtraction
and multiplication. However, when we divide two integers we do not necessarily get an integer, so we extend

the set of integers to the set of rational numbers. The set of rational numbers are numbers of the form Q= {a
b
},

a∈Z, b∈Z, b≠ 0, where a and b do not have any common factor except for 1. Rational numbers either have a
recurring pattern in their decimal expansion, or its decimal expansion terminates.

Rational numbers are closed under the operations of addition, subtraction, multiplication and division. However

there are equations such as x2 = 2, x=±
√

2, which have no rational solutions, and numbers such as
√

2, 𝜋, e, ...
are not rational. That is, there are numbers which cannot be expressed as a ratio of two integers and their
decimal expansion never terminates, nor has any pattern ever been detected in the decimal expansion.

So we extend the set to include real numbers R.

We have met complex numbers in Year 11, and will extend your knowledge of complex numbers in Topic 2,
however at this stage we know there are equations such as x2 =−1 which have no real solutions, so we define
i2 =−1 and extend the number system to include the set of complex numbers, C= {a+ bi}, a, b∈R.

N ⊆ Z ⊆ Q ⊆ R⊆ C, where the symbol ⊆ means is a subset, so every natural number is an integer, every
integer is rational, every rational number is real and every real number is a complex number (with a zero
imaginary part).

C

R

Q

Z

N

TOPIC 1 Logic and proof 3

UNCORRECTED PAGE PROOFS



“c01LogicAndProof_PrintPDF” — 2022/8/11 — 8:58 — page 4 — #4

1.2.2 Proposition logic
Propositional logic is concerned with mathematical statements called propositions, which are either true (T) or
false (F), note that we usually denote propositions by lower case letters, p, q, r.
A couple of examples of propositions are the following.

p: Preston is a suburb of Melbourne. This statement is true.

q: Queenstown is the capital city of Victoria. This statement is false.

We can use a truth table to display all possible true and false combinations.

Negation
When we negate a statement, we insert the word ‘not’ into it to change
its truth status. This means the negation of a true statement will be false
and vice-versa. The negation of a proposition p is denoted by ¬ p. As an
example, the negation of the proposition p from above is ¬ p: Preston is
NOT a suburb of Melbourne. This statement is now false.

p ¬p
T F

F T

S

A
—A

In set theory, the negation is equivalent to the complement and can be represented in Venn diagrams
as A= {x: x∉A}.

1.2.3 Combining two propositions
We can combine two or more propositions using connectives. We use a truth table to display all possible true and
false combinations.

And
Using ‘and’ to combine two propositions p and q is also written as p∧ q. p∧ q is only true when p and q are both
true, as shown in the truth table below.

p q p∧ q
T T T

T F F

F T F

F F F

For example, if p is ‘wearing a hat’ and q is ‘wearing sunglasses’, the
combination p∧ q is ‘wearing a hat and sunglasses’ which is only true if
you are wearing a hat and wearing sunglasses, and is not true in any other
situation.

In set theory, A and B is the intersection, A ∩ B= {x: x∈A and x∈B}.

A B

S
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Or
Using ‘or’ to combine two propositions p or q is also written as p∨ q. p∨ q is true when either p or q are true, or
both are true.

p q p∨ q
T T T

T F T

F T T

F F F

Continuing the example from above, p∨ q is ‘wearing a hat or sunglasses’ which is true if you are wearing a hat
or wearing sunglasses, or both. p∨ q is false if and only if p and q are both false.

In set theory, A or B is the union A ∪ B= {x: x∈A or x∈B}.

S

A B

Implication
Implications are statements of the form ‘if p then q’, alternatively ‘p implies q’. This is written as p→ q. The
only time p→ q is false, is when p is true and q is false.

p q p→ q

T T T

T F F

F T T

F F T

Note that when p is false, the implication statement p→ q is defined as true by default. This situation is known
as a vacuous truth as it essentially holds no meaning or information. Any implication statement that starts with
a false ‘if’ statement is vacuously true. For example, ‘If pigs could fly then...’ is a vacuously true statement
regardless of what comes after the word ‘then’ because pigs can’t fly!

TOPIC 1 Logic and proof 5
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Equivalence
Statements of equivalence are of the form ‘p if and only if q’, alternatively ‘p iff q’ (iff is a shorthand for if and
only if); this is written as p↔ q. p↔ q is true when both p and q are true and when p and q are both false.

Note that p↔ q is also equivalent to p→ q and q→ p.

p q p↔ q

T T T

T F F

F T F

F F T

De Morgan’s laws are a couple of famous equivalence statements which are very useful in many proofs.

De Morgan’s laws are ¬ (p∨ q)↔¬p∧¬q and ¬ (p∧ q)↔¬p∨¬q. The following Worked example shows how
the first of these laws can be verified using truth tables.

WORKED EXAMPLE 1 Proving De Morgan’s law

Use a truth table to show that ¬ (p∨ q)↔¬p∧¬q.

THINK WRITE

1. Set up the truth table. Since there are two
propositions, we need four rows.

2. In the third column complete the values
for p∨ q.

3. In the fourth column, negate all the values
in the third column.

4. In the fifth column negate p and in the
sixth column negate q.

5. In the last column complete the values for
¬p∧¬q.

p q p∨ q ¬ (p∨ q) ¬p ¬q ¬p∧¬q
T T T F F F F
T F T F F T F
F T T F T F F
F F F T T T T

6. Notice that the fourth column and last
columns are the same.

Since the columns corresponding to ¬ (p∨ q) and
¬p∧¬q are identical it follows that ¬ (p∨ q)↔¬p∧¬q.

1.2.4 Tautologies
In mathematical logic, a tautology is a formula or assertion involving propositions that is true in every possible
interpretation.

The De Morgan’s law ¬ (p∨ q)↔¬p∧¬q is an example of a tautology.

In algebra, multiplication takes precedence over addition and subtraction, so in 3+ (4× 5) the brackets are
implied and not needed; this expression can therefore be expressed as 3+ 4× 5.

Similarly, in logic ∨ and ∧ take precedence over implication and equivalence, so ¬ (p∨ q)↔ (¬p∧¬q) can
simply be written as ¬ (p∨ q)↔¬p∧¬q.

6 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition
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WORKED EXAMPLE 2 Proving a simple tautology

Use a truth table to show that ¬ (¬ p)↔ p, is a tautology.

THINK WRITE

1. Set up the truth table. Since there is only one
proposition, we need only two rows.

2. In the second column negate p.

3. In the third column negate the second column.

p ¬ p ¬ (¬ p)
T F T
F T F

5. Notice that the first and third columns are
the same.

Since the columns corresponding to ¬ p and ¬ (¬ p)
are identical it follows that ¬ (¬ p)↔ p.

1.2.5 Contrapositive, inverse and converse
Consider the conditional implication statement p→ q. The contrapositive is ¬q→¬p, and it will be shown in
Worked example 3 that these two statements are equivalent since (p→ q)↔ (¬q→¬p) is a tautology.

Consider the conditional implication statement, p→ q. The inverse is ¬p→¬q and the inverse’s truth value is
not dependent on whether the original implication is true.

Consider the conditional implication statement, p→ q. The converse is q→ p and is actually the contrapositive
of the inverse, so it always has the same truth value as the inverse and therefore (q→ p)↔ (¬p→¬q) is also
a tautology.

Consider the conditional implication statement, p→ q. The negation is ¬ (p→ q) and if the negation is true, then
the original implication and the contrapositive are false. Note that ¬ (p→ q)↔ (p∧¬q) is a tautology, which we
leave as an exercise.

Variations of implication statements

Name Logic form Description

Implication If p then q, p→ q First statement implies truth of the second

Contrapositive If not q then not p, ¬q→¬p Reversal and negation of both statements

Inverse If not p then not q, ¬p→¬q Negation of both statements

Converse If q then p, q→ p Reversal of both statements

Negation p and not q, ¬ (p→ q)↔ (p∧¬q) Contradicts the implication

WORKED EXAMPLE 3 Proving the contrapositive law

Use a truth table to show that (p→ q)↔ (¬q→¬p) is a tautology.

THINK WRITE

1. Set up the truth table. Since there are two
propositions, we need four rows.

2. Complete the third column for p→ q.

3. In the fourth and fifth columns negate q
and p respectively.

4. Complete the sixth column for ¬q→¬p.

p q p→ q ¬q ¬p ¬q→¬p
T T T F F T
T F F T F F
F T T F T T
F F T T T T

5. Notice that the third and last columns are
the same.

Since the columns corresponding to p→ q and ¬q→¬p
are identical it follows that (p→ q)↔ (¬q→¬p).

TOPIC 1 Logic and proof 7
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WORKED EXAMPLE 4 Contrapositive, inverse, converse and negation statements

Let p and q be the propositions, ‘it is cold’ and ‘I wear a coat,’ respectively. Write the implication,
p→ q, the contrapositive, inverse, converse and negation statements in words.

THINK WRITE

1. Implication p→ q If it is cold then I wear a coat.

2. Contrapositive ¬q→¬p If I do not wear a coat then it is not cold.

3. Inverse ¬p→¬q If it is not cold then I will not wear a coat.

4. Converse q→ p If I wear a coat then it is cold.

5. Negation ¬ (p→ q) It is not the case that if it is cold then I wear a coat.
Equivalently
It is cold and I do not wear a coat.

Extension to three propositions

WORKED EXAMPLE 5 Proving a tautology involving three propositions

Use a truth table to show that [(p∨ q)→ r]↔ [(p→ r)∧ (q→ r)] is a tautology.

THINK WRITE

1. Set up the truth table. Since there are three
propositions, we require 23 = 8 rows.

2. Complete the fourth column for p∨ q.

3. Complete the fifth column for (p∨ q)→ r.

4. Complete the sixth column for p→ r.

5. Complete the seventh column for q→ r.

p q r p∨ q (p∨ q)→ r p→ r q→ r (p→ r)∧ (q→ r)
T T T T T T T T
T T F T F F F F
T F T T T T T T
T F F T F F T F
F T T T T T T T
F T F T F T F F
F F T F T T T T
F F F F T T T T

6. Notice that the fifth and last columns are
the same.

Since the columns corresponding to (p∨ q)→ r
and (p→ r)∧ (q→ r) are identical it follows that[
(p∨ q)→ r

]
↔

[
(p→ r)∧ (q→ r)

]
.

1.2.6 Predicate logic
Predicate logic is a form of propositional logic involving quantifiers or propositions which are in terms of a
function of a variable x.

The proposition 5> 3 is a true statement, while 3> 5 is a false statement. The statement x> 3 can be true or
false for certain values of x. A propositional statement which is a proposition regarding a variable, x, is written
as P(x).

The universal quantifier
The universal quantifier ‘for all’ (or ‘for every’) is represented by the symbol ∀.
As an example, ∀x∈R, sin2 (x)+ cos2 (x)= 1, alternatively, sin2 (x)+ cos2 (x)= 1 is true for all real numbers, x.
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Proof by counter-example
If we need to show that a statement ∀x∈D, P (x) is false, then it is sufficient to determine just one value within
D for which it is false, no matter how many cases it is true for. D is called the universe of discourse and is simply
the set that is specified in the statement.

WORKED EXAMPLE 6 Evaluating propositions for all real numbers

Write the following propositions in words and state whether they are true or false.
∀x∈R, x2 + 4> 3a. ∀x∈Z, 2x> xb.

THINK WRITE

a. 1. The symbol ∀ means for all. For all real numbers x2 + 4> 3.

2. For all real numbers x2 ≥ 0, therefore
x2 + 4≥ 4.
Since 4> 3, x2 + 4> 3.

The proposition ∀x∈R, x2 + 4> 3 is true.

b. 1. The symbol ∀ means for all. For all integers x, 2x> x.
2. The proposition is true for all positive

integers, but it is not true for negative
integers. Show an example which
disproves the proposition.

When x=−2, 2x=−4<−2.

3. State the conclusion. The proposition ∀x∈Z, 2x> x is false.

The existential quantifier
The existential quantifier ‘there exists’ (or ‘for some’) is represented by the symbol ∃. As an example,
∃ x∈R, sin2(x)= 1. Alternatively, there exist some real number(s) x, such that sin2(x)= 1. Note that we are not
saying there is only one unique value for which this is true, there may be more than one, or in fact an infinite
number, which make the proposition or functional statement true.

Quantifiers

Statement True when False when
∀x∈D,P (x) P (x) is true for all x∈D There is an x∈D for which P (x) is false
∃x∈D,P (x) There is an x∈D for which P (x)

is true
P (x) is false for all x∈D

WORKED EXAMPLE 7 Evaluating propositions involving the existential quantifier

Write the following propositions in words and state whether they are true or false.
∃x∈Q, x2 + 4= 6a. ∃x∈C, x2 + 4= 3b.

THINK WRITE

a. 1. The symbol ∃ means there exists. There exists a rational solution to x2 + 4= 6.

2. x2 + 4= 6 is equivalent to x2 = 2. The only solutions to x2 = 2 are x=±
√

2, which
are not rational. The proposition ∃x∈Q, x2 + 4= 6
is therefore false.

TOPIC 1 Logic and proof 9
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b. 1. The symbol ∃ means there exists. There exists a solution involving complex numbers
to x2 + 4= 3.

2. x2 + 4= 3 is equivalent to x2 =−1. x2 = −1

x = ±
√
−1=± i

The proposition ∃x∈C, x2 + 4= 3 is true.

Negating quantifiers
The negation of the statement ∀x∈D, P (x) is the statement ∃x∈D, ¬P (x).

The negation of the statement ∃x∈D, P (x) is the statement ∀x∈D, ¬P (x).

For example, take the statement, ‘All quadrilaterals have four sides’ or equivalently,

‘If a polygon is a quadrilateral, then it has four sides.’

The contrapositive, ‘If a polygon does not have four sides, then it is not a quadrilateral.’

We see that the truth of the original statement, is equivalent to the contrapositive.

The inverse, ‘If a polygon is not a quadrilateral, then it does not have four sides.’

The converse, ‘If a polygon has four sides, then it is a quadrilateral.’

We see that the inverse and converse are also equivalent.

The negation, ‘There is at least one quadrilateral that does not have four sides.’

This is obviously false.

Negating quantifiers

¬(∀x∈D, P (x)
)↔∃x∈D, ¬P (x)

¬(∃x∈D, P (x)
)↔∀x∈D, ¬P (x)

Combining quantifiers
When a proposition has two variables, x and y, quantifiers are needed for both variables, for example in ∀ x∈D1,
∀y∈D2,P (x, y) and ∃x∈D1, ∃y∈D2, P (x, y), the order of the quantifiers is irrelevant. If the sets are the same,
we can write ∀x, y∈D, P (x, y) and ∃x, y∈D, P (x, y).

WORKED EXAMPLE 8 Evaluating propositions

Write the following propositions in words and state whether they are true or false.
∀x∈Z+, ∀y∈ Z−, x > ya. ∃x∈Z, ∃y∈N , x+ y= 0b.

THINK WRITE

a. 1. The symbol ∀ means for all. All positive integers are greater than all negative
integers.

2. The smallest positive integer is 1,
which is greater than all negative
integers.

The proposition ∀x∈Z+, ∀y∈ Z−, x > y is true.
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b. 1. The symbol ∃ means there exists. There are integers x and natural numbers y, such
that x+ y= 0

2. Take the integer x=−2 and the
natural number y= 2.

x+ y=−2+ 2= 0
The proposition ∃x∈Z, ∃y∈N, x+ y= 0 is true.

Mixing quantifiers
The statements ∀x∈D1, ∃y∈D2, P (x, y) and ∃x∈D1, ∀y∈D2, P (x, y) have different meanings as they are
read left to right and the order is extremely important.

Mixing quantifiers

Statement True when False when
∀x, ∀y, P (x, y) P (x, y) is true for every x and y. There is at least one x and y for

which P (x, y) is false.
∃x, ∃y, P (x, y) There is at least one x and y for which

P (x, y) is true.
P (x, y) is false for every x and y.

∀x, ∃y, P (x, y) For every x, there is a y for which
P (x, y) is true.

There is an x, for which P (x, y) is
false for every y.

∃x, ∀y, P (x, y) There is an x for which P (x, y) is true
for every y.

For every x, there is a y for which
P (x, y) is false.

WORKED EXAMPLE 9 Evaluating propositions with mixed quantifiers

Write the following propositions in words and state whether they are true or false.
∃x∈Z+, ∀y∈Q , xy= 1a. ∀x∈Z+, ∃y∈Q , xy= 1b.

THINK WRITE

a. 1. The symbols ∃ means there exists
and ∀ means for all.
Reading from left to right.

There are positive integers x, for every rational
number y, such that xy= 1.

2. Rearrange to make x the subject. xy= 1 ⇔ x= 1

y

3. Determine an example which
disproves the proposition.

When y= 2

3
, x= 1

y
= 3

2
.

This x is rational, not an integer.

4. State the conclusion. The proposition ∃x∈Z+, ∀y∈Q , xy= 1 is false.

b. 1. Read from left to right. For every positive integer x, there is a rational
number y, such that xy= 1.

2. Rearrange to make y the subject. xy= 1 ⇔ y= 1

x
3. For all positive integers x, the value

of y is a rational number
1

x
.

The proposition ∀x∈Z+, ∃y∈Q, xy= 1 is true.

TOPIC 1 Logic and proof 11
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1.2 Exercise

Students, these questions are even better in jacPLUS

 

Receive immediate 
feedback and access 
sample responses

Access 
additional 
questions

Track your 
results and 
progress

Find all this and MORE in jacPLUS 

Technology free
1. WE1 Use a truth table to show that ¬ (p∧ q)↔¬p∨¬q.

2. WE2 Use a truth table to show that p∨¬p is a tautology.

3. Use a truth table to show that p↔ (p∨ p) is a tautology.

4. WE3 Use a truth table to show that (p→ q)↔ (¬p∨ q) is a tautology.

5. Use a truth table to show that (p↔ q)↔ (¬p↔¬q) is a tautology.

6. WE4 Let p and q be the propositions, ‘it is raining’ and ‘I take an umbrella,’ respectively. Write the
implication, p→ q, the contrapositive, inverse, converse and negation statements in words.

7. Using a truth table, show that the converse of p→ q and the inverse of p→ q are tautologies.

8. WE5 Use a truth table to show the following is a tautology: (p∧ (q∧ r))↔ ((p∧ q)∧ r). This is one of the
associative laws.

9. Use a truth table to show the following is a tautology: (p∧ (q∨ r))↔ (p∧ q)∨ (p∧ r). This is one of the
distributive laws.

10. Use a truth table to show the following is a tautology: (p∨ (q∧ r))↔ (p∨ q)∧ (p∨ r).
11. WE6 Write the following propositions in words and state whether they are true or false.

a. ∀x∈N, x+ 4> 3 b. ∀x∈N, x> 0

12. WE7 Write the following propositions in words and state whether they are true or false.

a. ∃x∈N, x+ 4< 3 b. ∃x∈Q, 3x= 2

13. Write the following propositions in words and state whether they are true or false.

a. ∃x∈Z, 3x+ 6= 0 b. ∃x∈Z, x2 < 1

14. WE8 Write the following propositions in words and state whether they are true or false.

a. ∀x∈N, ∀y∈ N, x + y> 0 b. ∀x∈R, ∀y∈ R, x2 + y2 > 0

15. WE9 Write the following propositions in words and state whether they are true or false.

a. ∀x∈Z+, ∃y∈Z−, x+ y= 0 b. ∀x∈Z, ∃y∈Z, y> x

For questions 16 to 20, write the following propositions in words and state whether they are true or false.

16. a. ∃x∈Q, ∀y∈ Q, x y= 1 b. ∀x∈Q, ∃y∈ Q, y= x2 c. ∃x∈R, ∀y∈ Q, x√y= 1

17. a. ∀x∈Z, ∃y∈Z, y= x

2
b. ∀x∈Z, ∃y∈Q, y= x

2
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18. ∃x∈Z, ∀y∈Z, x+ y= 0

19. ∀x∈ Q\{0}, ∃y∈Q, x y= 1

20. ∀a∈R\{0}, ∀b∈ R, ∀c∈ R, ∃x∈Q, a x2 + bc+ c= 0

1.2 Exam questions

Question 1 (2 marks) TECH-FREE

Show that the negation of p→ q is equivalent to p and not q, that is show that ¬ (p→ q)↔ p∧¬q is a tautology.

Question 2 (3 marks) TECH-FREE

Use a truth table to show that
(
(p→ q)∧ (q→ r)

)→ (p→ r) is a tautology.

Question 3 (2 marks) TECH-FREE

Write the following proposition in words and state whether it is true or false.
∀{a, b, c} ∈R ∧ b2 > 4ac, ∃ x∈R, ax2 + bc+ c= 0

More exam questions are available online.

1.3 Direct proofs

LEARNING INTENTION

At the end of this subtopic you should be able to:
• prove statements using a sequence of direct implications.

1.3.1 Terminology
There are many types of mathematical statements, in logic and proofs.

• Conjecture: A statement that seems to be true, but needs to be proven.
• Axiom: A statement that is considered to be true, or a fact, based on logic and does not need to be proven.

Also called a postulate, or an assumption.
• Theorem: A statement that can be shown to be true using a proof technique. Once proven, theorems can be

used in future reasoning and proofs.
• Propositions: Statements which are either true or false.
• Corollary: A theorem which follows almost immediately from another (related) theorem.
• Lemma: A theorem that is used to help prove other theorems. Lemmas are usually not of much interest in

isolation, but are important due to the role that they play in the proof of a more important theorem.
• Definition: A statement that gives some mathematical meaning to a word (or words) that is then

consistently and precisely understood and agreed upon.

At the beginning of this topic we defined the meaning of the sets N, Z, Q and R which we accept as definitions.

We will assume as an axiom or a fact, that the sum, difference and product of integers are integers. That is, let
A(x, y)= x+ y, D(x, y)= x− y, P(x, y)= xy, then ∀x∈Z, ∀y∈ Z,A(x, y)∈ Z, ∀x∈Z, ∀y∈ Z,D(x, y)∈ Z
and ∀x∈Z, ∀y∈ Z,P(x, y)∈ Z are all true, and will be used extensively in further proofs.
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1.3.2 Number theory
Number theory is a branch of mathematics devoted primarily to the study of integers. French mathematician
Pierre De Fermat (1601–1655) was one of the first to explore number theory and he communicated with
letters to friends about his findings and theorems, often with little or no proof. He is famous for what is
known as Fermat’s last theorem which was scribbled in the margin on a page. It states that no three positive
integers a, b and c satisfy the equation an+ bn= cn for any integer value of n greater than two. This seemingly
simple conjecture has proved to be one of the world’s hardest mathematical problems to prove and several
mathematicians have devoted their lives in attempting a proof.

Definition of a prime number
A natural number is prime if it has exactly two positive divisors, 1 and itself.

So 1 is not prime, as it has only one divisor, not two. 2 is prime as both itself and 1 are divisors.

Definition of an even number
We say that an integer n is even, if there exists an integer k such that n= 2k.

For example, 12 is even because 12= 2× 6.

An integer n is even, iff ∃k∈Z, n= 2k.

Definition of an odd number
We say that n is odd, if there exists an integer k such that n= 2k+ 1.

For example, 17 is odd because 17= 2× 8+ 1. Note that 17 is not even because there is no integer k for which
17= 2k.

We could also define odd numbers as integers which are not even.

WORKED EXAMPLE 10 Identifying sets of integers

Let S be the set of natural numbers less than 20, P be the set of prime numbers in S, E be the set of
even numbers in S and F be the set of x∈S such that x is divisible by 4. List the sets
Pa. Eb. Fc. P∩Ed. P∩Fe.

THINK WRITE

List the elements in the set S. S=
{

1, 2, 3, 4, 5, 6, 7, 8, 9, 10, 11,
12, 13, 14, 15, 16, 17, 18, 19

}
a. List the elements in the set P. P= {2, 3, 5, 7, 11, 13, 17, 19}
b. List the elements in the set E. E= {2, 4, 6, 8, 10, 12, 14, 16, 18}
c. List the elements in the set F. F= {4, 8, 12, 16}
d. List the elements which are in both

set P and set E.
The only number which is in both set P and set E is 2.
P∩E= {2}

e. List the elements which are in both
set P and set F.

The are no prime numbers which are divisible by 4,
this is an empty set.
P∩F=𝜙
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1.3.3 Direct proof
Having these definitions in place we are ready to begin writing proofs. A proof is a verification which includes
an understanding of the words, phrases and symbols in the proof.

In a direct proof, the conclusion is established by logically combining the axioms, definitions, and earlier
theorems.

You might think that for a direct proof, we merely substitute in a couple of values and test these and since they
work, the proof is done. However this does not prove the general case and in this case is not a valid method
of proof.

A direct proof is one common method of proof. It is used to prove statements of the form ‘if p then q’, or ‘p
implies q’, which is also written as p→ q, as in the truth table.

Row p q p→ q

1 T T T

2 T F F

3 F T T

4 F F T

The method of a direct proof is to take a statement p, which we assume to be true, and use it directly to show
that q is true. Now since p is true, only rows 1 and 2 of the table concern us, so for p→ q to be true, all we then
have to do then is to show that q is true (row 1).

WORKED EXAMPLE 11 Proving that the sum of two odd integers is even

Prove that the sum of two odd integers is an even integer.

THINK WRITE

1. Write an equivalent statement to be proved.
p: a and b are odd integers.
q: their sum a+ b is even.

Proof:
If a and b are odd integers, then their sum a+ b
is even.

2. Assume that p is true, that is a and b are two
odd integers.
Note that it would be incorrect to state
b= 2j+ 1 as that would imply a= b.

Let a= 2j+ 1 and b= 2k+ 1 where j, k∈Z.

3. Evaluate the sum.
Recall that the sum of any integers is
an integer.

a+ b = (2j+ 1)+ (2k+ 1)
= 2(j+ k+ 1)
= 2i

Where i= j+ k+ 1, therefore i∈Z.

4. Since q is true, state the conclusion. Since a+ b= 2i, it follows from the definition that the
sum of two odd integers is an even integer.

TOPIC 1 Logic and proof 15
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At the start of each proof, we need to write the word Proof. Sometimes you might see QED at the end of a proof.
It comes from the Latin phrase ‘quod erat demonstrandum’, meaning ‘which was to be demonstrated’. Literally
then it states ‘what was required to be shown’.

Outline for a direct proof

Proof:

If p then q.

Suppose p is true.

some steps of working

Therefore, q is true.

WORKED EXAMPLE 12 Proving that a function of even integers is odd

Prove the following.
If x is an even integer, then x2 − 8x+ 19 is odd.

THINK WRITE

1. Suppose x is even. Proof:
Let x= 2j for some j∈Z.

2. Consider x2 − 8x+ 19, substitute for x. x2 − 8x+ 19= (2j)2 − 8(2j)+ 19

3. Expand and simplify = 4j2 − 16j+ 19

= 2(2j2 − 8j+ 9)+ 1

= 2i+ 1
where i= 2j2 − 8j+ 9.
The sum, product and difference of any integers are
integers (these are axioms).
Therefore i∈Z.

4. State the conclusion. x2 − 8x+ 19 is odd.

Modus ponens
Modus ponendo is Latin for ‘putting in place of’. It is just an application of using a theorem or earlier known
true proposition, to show some other proof. The use of modus ponens is: if the statement for p has occurred in a
proof, and p is true and also if p→ q is true, then it follows that q is true.

Modus ponens

Given that p→ q is true and p is true, then q must also be true.

1.3.4 Divisibility
If a and b are non-zero integers, then a divides b, which we write as a|b, if b= ac for some c∈Z. In other words,
a is a factor of b, as it divides into b with zero remainder.
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For example, 7 divides 28, because 28= 4× 7, so 7|28 is a true statement. 5|19 is a false statement as there is no
integer c for which 19= 5c.

Note that a|b is a statement which is either true or false, while a/b= a

b
is a number.

The least common multiple of two non-zero integers, a and b is denoted by lcm (a, b) and is the smallest positive
integer that is a multiple of both a and b.

For example lcm (6, 15)= 30 and lcm (9, 45)= 45. The order is not important here since lcm (a, b)= lcm (b, a).
The greatest common divisor of two non-zero integers, a and b is denoted by gcd (a, b) and is the largest integer
that divides both a and b.

For example, gcd (4, 10)= 2 and also gcd (10, 4)= gcd (−4, 10)= gcd (−10, 4)= 2. The order is not important
here since gcd (a, b)= gcd (b, a). Now without loss of generality (wlog), another mathematical abbreviation, we
will consider gcd (a, b) and lcm (a, b) when a and b are positive integers, that is a, b∈Z+.
The functions lcm and gcd are available on many calculators.

WORKED EXAMPLE 13 Proving the transitive property of divisibility

Let a, b and c be positive integers. If a|b and b|c then prove that a|c. This is also known as a
transitive property.

THINK WRITE

1. a|b is true. There is an integer, d1 such that b= ad1.

2. b|c is true. There is an integer, d2 such that c= bd2.

3. Substitute for b. c= ad1d2 = ad3 where d3 = d1d2 is an integer, since
we know that the product of two integers is an integer.

4. State the conclusion. Therefore it follows that a|c.

1.3.5 Proof by cases
Sometimes a statement can be broken down into a number of simpler cases that need investigation separately.
The validity of proof by cases is from the tautology

[
(p∨ q)→ r

]
↔

[
(p→ r)∧ (q→ r)

]
which was proved

in Worked example 5. We can generalise this tautology to n cases as shown below.[
(p1 ∨ ... ∨ pn)→ r

]
↔

[
(p1 → r)∧ (p2 → r)∧ ... ∧ (pn→ r)

]
WORKED EXAMPLE 14 Proof by cases

If x is a real number such that
x+ 3

x2 − 4
> 0 then either x> 2 or −3< x<−2.

THINK WRITE

1. Factorise the denominator. Proof:
x+ 3

x2 − 4
= x+ 3

(x+ 2)(x− 2)
> 0

2. Since a negative times a negative is positive,
for a fraction

a

bc
to be positive, there are

4 cases.

Consider
a= x+ 3, b= x+ 2, c= x− 2
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3. Case 1.
a> 0, b> 0, c> 0
Solve the inequalities.

x+ 3 > 0
x > −3,

x− 2 > 0
x > −2,

x− 2 > 0
x > 2

These imply x> 2.

4. Case 2.
a> 0, b< 0, c< 0
Solve the inequalities.

x+ 3 > 0,
x > −3,

x+ 2 < 0
x < −2,

x− 2 < 0
x < 2

These imply −3< x<−2.
5. Case 3.
a< 0, b< 0, c> 0
Solve the inequalities.

x+ 3 < 0,
x < −3,

x+ 2 < 0,
x < −2,

x− 2 > 0
x > 2

There are no values of x which satisfy all of these
three inequalities simultaneously.

6. Case 4.
a< 0, b> 0, c< 0
Solve the inequalities.

x+ 3 < 0,
x < −3,

x+ 2 > 0,
x > −2,

x− 2 < 0
x < 2

There are no values of x which satisfy all of these
three inequalities simultaneously.

7. State the conclusion. Thus only Case 1 or Case 2 apply, so that x> 2
(Case 1) or −3< x<−2 (Case 2).

1.3 Exercise

Students, these questions are even better in jacPLUS

 

Receive immediate 
feedback and access 
sample responses

Access 
additional 
questions

Track your 
results and 
progress

Find all this and MORE in jacPLUS 

Technology free
1. WE10 Let S be the set of natural numbers less than 20. Let P be the set of prime numbers x such that x∈ S.

Let O be the set of odd numbers x such that x∈ S and T be the set x such that x is divisible by 3 and x∈ S.
List the following sets:

Pa. Ob. Tc. P∩Od. P∩Te.

2. WE11 Prove that the sum of two even integers is an even integer.

3. Prove that if x is an even integer, then 4x− 7 is odd.

4. Prove that if x is an odd integer, then 3x+ 11 is even.

5. Prove that the square of an even number is even.

6. Prove that the cube of an odd number is odd.

7. WE12 Prove that if x is an even integer, then x2 + 4x+ 5 is odd.

8. If x is an odd integer, prove that x2 − 5x+ 8 is even.

9. Prove that if x is an odd integer, then x2 − 7x+ 18 is even.

10. Prove that if x is an odd integer, then x2 − 1 is divisible by 4.

11. Prove that if 10n− 1 is prime, then n is odd.
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12. a. Prove that for x, y ∈R, x2 + y2 ≥ 2xy.
b. By expanding (x− y)2 + (y− z)2 + (z− x)2 prove that for x, y, z ∈R x2 + y2 + z2 ≥ xy+ yz+ xz.

13. WE13 If a and b are positive integers and if a|b, prove that a2|b2.

14. a. Let a, b and c be positive integers. If a|b and a|c then prove that a| (b+ c).
b. Let a, b, c and d be positive integers. Prove or disprove if a| (b+ c) and a| (b+ d) then a| (c+ d).

15. Let a, b, c and d be positive integers. If a|b and c|d then prove that ac|bd.

16. a. If a, b and c are integers, prove or disprove the following. If a|b and c|b then a c|b.
b. If a and b are integers, prove or disprove the following. If 5|

(
a2 + b2

)
then 5|a2 and 5|b2.

17. Prove that if 5|n then 5|n2.
18. Evaluate each of the following.

gcd (18, 27)a. gcd (12, 60)b. gcd (7, 11)c. lcm (18, 27)d. lcm (12, 60)e. lcm (7, 11)f.

19. WE14 If x∈R such that
x+ 1

x2 − 4
> 0, prove that either x> 2 or −2< x<−1.

20. If x∈R such that
x2 − 16

x+ 7
> 0, prove that either x> 4 or −7< x<−4.

21. If x∈R such that
(
36− x2

)
(x+ 4)≥ 0, prove that either x≤−6 or −4≤ x≤ 6.

22. Prove that if x is an integer, then x2 + 5x+ 8 is even.

Technology active
23. Evaluate each of the following.

gcd (996, 524)a. gcd (417, 819)b. gcd (1025, 450)c.
lcm (996, 524)d. lcm (417, 819)e. lcm (1025, 450)f.

24. Peter used the sieve of Eratosthenes to list and count all
the prime numbers between 1 and 100 inclusive, he found
there was 25. The sieve eliminates numbers divisible
by 2, 3, 5, 7 etc. He then listed all the prime numbers
between 101 and 200 inclusive and found there was 21.
He then listed all the prime numbers between 201 and
300 inclusive and found there was 16. He stated that as
the set of natural numbers gets larger, there are less and
less prime numbers and therefore there will be a finite set
of prime numbers. Write a program or use a calculator
to count the number of prime numbers within a certain
interval.

1 4 6 8 9 10

11 12 13 14 15 16 17 18 19 20

21 22 23 24 25 26 27 28 29 30

31 32 33 34 35 36 37 38 39 40

41 42 43 44 45 46 47 48 49 50

51 52 53 54 55 56 57 58 59 60

61 62 63 64 65 66 67 68 69 70

71 72 73 74 75 76 77 78 79 80

81 82 83 84 85 86 87 88 89 90

91 92 93 94 95 96 97

Numbers that are multiples of 2 are shaded blue

Numbers that are multiples of 3 are shaded pink

Numbers that are multiples of 5 are shaded green

Numbers that are multiples of 7 are shaded purple

98 99 100

2 73 5
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Do you agree with Peter’s assertion?
Complete the following table to decide on your assertion.

Natural numbers Number of prime numbers

1− 100 25

101− 200 21

201− 300 16

301− 400

401− 500

501− 600

601− 700

701− 800

801− 900

901− 1000

1− 1000

1001− 2000

1.3 Exam questions

Question 1 (2 marks) TECH-FREE

Prove that every odd integer can be expressed as a difference of two squares.

For example, 5= 32 − 22, 7= 42 − 32, 9= 52 − 42...
Question 2 (2 marks) TECH-FREE

Let a, b and c be positive integers. Prove or disprove if a|b and c|b then (a+ c) |b.

Question 3 (3 marks) TECH-FREE

Prove that if x is an integer, then 3x2 + 7x+ 11 is odd.

More exam questions are available online.

1.4 Indirect proofs

LEARNING INTENTION

At the end of this subtopic you should be able to:
• prove statements using contrapositive and contradiction.

1.4.1 Indirect proofs
Indirect proofs are a roundabout way of trying to show a proof, often by doing things in reverse.

When attempting to prove an assertion we first try a direct proof, that is, we assume the hypothesis that is given
is true and try to show directly that the conclusion follows.

The method of a direct proof involves showing p→ q is true by taking a statement p, which we assume to be
true, and using it directly to show that q is true.
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1.4.2 Proof by contrapositive
When a direct proof can’t be used, we use an indirect proof, which is the proof of the contrapositive. Recall that
since p→ q↔ (¬q→¬p) is a tautology, we can indirectly prove p→ q by proving the equivalent contrapositive
¬q→¬p is true.

This is a very useful fact, as it is often easier to prove the contrapositive statement, than it is to prove the
implication directly.

Proof using the contrapositive
If you can prove that the contrapositive of a statement is true, then the
original statement must also be true (and vice versa).

WORKED EXAMPLE 15 Proof by contrapositive (1)

Prove that if 4n− 1 is prime, then n is odd.

THINK WRITE

1. To prove p→ q
p: ‘4n− 1 is prime’
q: ‘n is odd’

To prove:
If 4n− 1 is prime, then n is odd.
A direct proof cannot be established.

2. The contrapositive is ¬q→¬p.
Not an odd integer is an even integer.

Proof: We prove the contrapositive.
If n is an even integer then 4n− 1 is not prime.

3. Use the definition of an even integer. Let n= 2k, where k∈Z

4. Factorise the expression, using the difference
of two squares.

42k− 1 =
(
4k
)2 − 1

= (4k+ 1)(4k− 1)

5. State the conclusion. Since 42k− 1 has factors, it is not prime, and the
contrapositive is true, therefore the original statement
If 4n− 1 is prime, then n is odd, is true.
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WORKED EXAMPLE 16 Proof by contrapositive (2)

Prove that for x∈R if x3 + 4x> x2 + 1 then x> 0.

THINK WRITE

1. To prove p→ q
p: ‘x3 + 4x> x2 + 1’
q: ‘x> 0’

To prove:
x∈R if x3 + 4x> x2 + 1 then x> 0

2. Not positive is negative.
¬q→¬p

Proof: We prove the contrapositive.
If x< 0 then x3 + 4x< x2 + 1.
¬q∶ x< 0,
¬p∶ x3 + 4x< x2 + 1

3. A negative number to an odd power is
negative, and four times a negative number
is negative.

Since x< 0, x3 + 4x< 0

4. A negative number to an even power is
positive.

Since x< 0, x2 + 1> 0

5. A positive number is greater than a negative
number.

x3 + 4x< x2 + 1

6. State the conclusion. As the contrapositive, ¬q→¬p has been shown to
be true, the original statement, p→ q, for x∈R if
x3 + 4x> x2 + 1 then x> 0 has been proved.

WORKED EXAMPLE 17 Proof by contrapositive (3)

Prove that if the product of two integers is even, then one of the integers is even.

THINK WRITE

1. Use the contrapositive and De Morgan’s Law. The contrapositive of p→ (r∨ s) is ¬ (r∨ s)→¬p
which is equivalent to (¬r∧¬s)→¬p.

2. Write an equivalent statement to be proved.
p: ‘The product of two integers a and b is
even’
r: ‘a is even’
s: ‘b is even’
Not an even integer is an odd integer.

To prove:
If the product of two integers a and b is even, then a is
even or b is even.
Proof: We prove the contrapositive.
If a and b are odd integers, then their product ab is
odd.

3. Assume that a and b are two odd integers. Let a= 2j+ 1 and b= 2k+ 1 where j, k∈Z.

4. Form the product. ab = (2j+ 1) (2k+ 1)
= 4jk+ 2k+ 2j+ 1
= 2(2jk+ k+ j)+ 1
= 2i+ 1

Where i= 2jk+ k+ j.
Recall that the product and sum of any integers is an
integer, so i∈Z.

5. State the conclusion. Since ab= 2i+ 1, it follows that ab is odd, and
therefore from the equivalence of the contrapositive
the original statement is true.
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WORKED EXAMPLE 18 Proof of divisibility of n and n2

a. Prove that if n∈N and 3|n then 3|n2.
b. Prove that if n∈N and 3|n2 then 3|n.
Note: Proving both parts a and b is equivalent to proving that, for n∈N, n is divisible by 3 iff n2 is
divisible by 3.

THINK WRITE

a. 1. Define the propositions p: 3|n, 3 divides into n.
q: 3|n2, 3 divides into n2.

2. Use a direct proof. To prove: p→ q

3. Assume that p is true. Since 3|n then n= 3k, k∈Z
4. To show that q is true. n2 = (3k)2 = 9k2 = 3

(
3k2

)
= 3j, j∈Z,

so that 3|n2 is true.

b. 1. Use an indirect proof. To prove: q→ p, prove the equivalent contrapositive,
¬p→¬q.

2. Assume that ¬p is true. 3 ∤ n, meaning n is not divisible by 3. Therefore
when n is divided by 3, it must have a remainder
of either 1 or 2.

3. Consider cases. Case 1. When n is divided by 3, it has a remainder
of 1, then n= 3k+ 1, k∈Z

4. Consider n2. n2 = (3k+ 1)2

n2 = 9k2 + 6k+ 1

n2 = 3(3k2 + 2k)+ 1

n2 = 3j+ 1, j∈Z
5. State the conclusion. So n2 has a remainder of 1 when divided by 3.

Therefore 3 ∤ n2.

6. Consider the other case. Case 2. When n is divided by 3, it has a remainder
of 2, then n= 3k+ 2, k∈Z

7. Consider n2. n2 = (3k+ 2)2

n2 = 9k2 + 12k+ 4

n2 = 3(3k2 + 4k+ 1)+ 1

n2 = 3j+ 1, j∈Z
8. State the conclusion. So n2 has a remainder of 1 when divided by 3.

Therefore 3 ∤ n2.

9. Combining the cases. We have shown that when 3 ∤ n then 3 ∤ n2, that
is ¬p→¬q. Since the contrapositive is true, the
original statement q→ p is true.

1.4.3 Proof by contradiction
Proof by contradiction is another indirect method of proof. Suppose we want to believe in the truth of a
mathematical statement or some proposition. With a proof by contradiction, we set out to prove the statement
is false (which is easier than proving it to be true) and then as the proof develops, we run into something that
does not make any sense, that is, a contradiction. By coming across a contradiction we show that the original
statement cannot possibly be false.
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The steps to follow when using a proof by contradiction are:
• assume your statement to be false
• proceed as you would when using a direct proof
• come up with a contradiction
• because of the contradiction it can’t be the case that the statement is false, so the assumption that the

original statement was false is incorrect. Therefore the original statement must be true.

True or false?
A statement cannot be true and false at the same time.

• If a statement can be proven true then it cannot be false.
• If a statement can be proven false then it cannot be true.
• If the negation of a statement can be proven true then the original statement is false.
• If the negation of a statement can be proven false then the original statement is true.

The last statement is the one that is used when doing a proof by contradiction.

Assume that the negation of what you wish to prove is true and show that this implies two contradictory
outcomes. In logical form, ¬p→ (r∧¬r) whose conclusion is a contradiction, that is a false statement. An
example of an implication of this form is ‘therefore n is odd and n is even’. This is obviously a contradiction.

Proof by contradiction

Step 1. Assume that the negation (opposite) of what you would like to prove is true.
Step 2. Use mathematical reasoning to show that the consequences of this premise/assumption are

false/impossible.
Step 3. Since it has been shown that the negation is false, the original statement must be true.

WORKED EXAMPLE 19 Proof by contradiction (1)

Prove the following statement. No integers a and b exist for which 3a+ 12b= 23.

THINK WRITE

1. We could spend hours trying to find integers a
and b for which 3a+ 12b= 23.
For example: a= 4, b= 1, 3a+ 12b= 24 is
close but not a proof.
Instead of trying to find a counter-example,
assume that the original statement is false.

Proof: Assume that the original statement is false.
∃a, b∈Z, 3a+ 12b= 23

2. Assume a and b are integers and factorise. 3a+ 12b = 23
3 (a+ 4b) = 23

3. Divide both sides by 3. a+ 4b= 23

3

4. When we add two integers, the result is an
integer, not a fraction.

We have a contradiction, the sum of two integers, is
always an integer, not a rational number.

5. State the conclusion. This contradiction means that the statement cannot be
proven false, therefore the original statement must
be true.
No integers a and b exist for which 3a+ 12b= 23.
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WORKED EXAMPLE 20 Proof by contradiction (2)

Prove that
√
3 is irrational.

THINK WRITE

1. A rational number is of the form
a

b
, where

a and b are integers which have no common
factors (other than 1).

Proof by contradiction:

Assume
√

3 is rational.
Therefore

√
3= a

b
, where a, b∈Z and a and b share

no common factors other than 1.

2. Square both sides.
√

3 = a

b

3 = a2

b2

3. Multiply both sides by b2. 3b2 = a2

4. a2 is a product of 3 and another integer. Since b2 is an integer, a2 = 3n where n is an integer.
We have proved that if a2 is a multiple of 3, then a is
a multiple of 3 (from Worked example 18). Now let
a= 3k, k∈Z.

5. Substitute for a. Now b2 is a product of 3 and
another integer.

a2 = 9k2 = 3b2

b2 = 3k2

b2 = 3m
Where m is an integer.

6. b is a product of 3 and another integer. Since b2 is a multiple of 3, b is also a multiple of 3.

7. We have a contradiction. Both a and b are multiples of 3, so they share a
common factor of 3. This contradicts the assumption
that a and b have no common factors other than 1.

8. State the conclusion. Therefore
√

3 is irrational.

1.4 Exercise

Students, these questions are even better in jacPLUS

 

Receive immediate 
feedback and access 
sample responses

Access 
additional 
questions

Track your 
results and 
progress

Find all this and MORE in jacPLUS 

Technology free
1. WE15 Prove the following statement using proof by contrapositive. If 2n− 1 is prime, then n is odd.

2. Prove the following statement using proof by contrapositive. If n is an integer and 3n+ 7 is even,
then n is odd.
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3. Prove the following statement using proof by contrapositive. If n is an integer and n2 is even, then n is even.

4. Prove the following statement using proof by contrapositive. If n is an integer and n2 is not divisible by 4,
then n is odd.

5. Prove the following statement using proof by contrapositive. If n3 is an odd integer, then n is odd.

6. WE16 Prove that for x∈R if x3 + 2x> 4x2 + 9 then x> 0.

7. Prove that for x∈R if x5 + 2x3 + x> x6 + 3x4 + x2 + 8 then x> 0.

8. Prove that for x, y∈R if y3 + yx2 < x3 + xy2 then y< x.
9. WE17 Prove that if the product of two integers is odd, then both of the integers are odd.

10. WE19 Prove that no integers a and b exist for which 4a+ 8b= 10.

11. Prove that no integers a and b exist for which 2a− 8b= 21.

12. Suppose a, b∈Z. Prove that if a+ b≥ 19 then a≥ 10 or b≥ 10.

13. WE18 a. Prove that if 2|n then 2|n2.

b. Prove that if 2|n2 then 2|n.

14. WE20 Prove that
√

2 is irrational.

15. If n2 = 10 then n is not a rational number.

16. Prove that log3 (8) is irrational.

17. Prove using the contrapositive that if n is an integer and n3 + 5 is odd, then n is even.

18. For all a, b∈Z+, prove that
a

b
+ b

a
≥ 2.

1.4 Exam questions

Question 1 (3 marks) TECH-FREE

Suppose x, y∈R. If x+ y> 20 prove that x> 10 or y> 10.

Question 2 (3 marks) TECH-FREE

Prove that log2 (5) is irrational.

Question 3 (3 marks) TECH-FREE

Prove using a contradiction that if n is an integer and n3 + 5 is odd, then n is even.

More exam questions are available online.

26 Jacaranda Maths Quest 12 Specialist Mathematics VCE Units 3 & 4 Second Edition

UNCORRECTED PAGE PROOFS



“c01LogicAndProof_PrintPDF” — 2022/8/11 — 8:58 — page 27 — #27

1.5 Proof by mathematical induction

LEARNING INTENTION

At the end of this subtopic you should be able to:
• prove statements using mathematical induction.

1.5.1 What is mathematical induction?
Mathematical induction is a method of proof involving
inductive reasoning. It is a step by step process for proving
propositional statements involving natural numbers
n∈N. The first step involves verifying that a propositional
statement P(n) is true for the base case (usually when
n= 1). The next step is called the inductive step and
involves assuming that the statement is true when n= k
and then showing that this assumption implies that it is
true when n= k+ 1, we can then conclude that P(n) is true
for all natural numbers n greater than or equal to the value
used in the base case.

It is a bit like climbing a set of stairs, first we need to get
to the first step, then we need to be able to get from one
step to the next. If you can do both of those things you can
climb the stairs, no matter how many there are.

Proof by mathematical induction

Let P(n) be a propositional statement regarding natural numbers, n.

The steps which can be used to prove P(n) by mathematical induction are:

Step 1 (Base step): Prove that P(n) is true for the first allowable value of n (usually n= 1).
Step 2 (Inductive step): Assume that P(k) is true and then use this assumption to prove that P(k+ 1) is

also true.

You can now conclude that the statement P(n) is true ∀n∈N which are greater than or equal to the
value used in the base step.

Summation notation
The symbol ∑ is called sigma and is used in mathematics to represent ‘the sum of the following’. In general
n

∑
i=1

f (i) means f(1)+ f(2)+ ... + f(n). The variable i is called a dummy variable and could be replaced with

any other letter.

For example:
4

∑
j=1

(−1) jxj

j2
=

4

∑
r=1

(−1)r xr

r2
= (−1)1 x1

12
+ (−1)2 x2

22
+ (−1)3 x3

32
+ (−1)4 x4

42

= −x+ x2

4
− x3

9
+ x4

16
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The symbol ∏ is called product and is used in mathematics to represent ‘the product of the following’. In

general
n

∏
i=1

f(i) means f(1)f(2) ... f(n).

For example:
5

∏
j=3

(
1− xj

j!

)
=
(

1− x3

3!

)(
1− x4

4!

)(
1− x5

5!

)

1.5.2 Proofs using mathematical induction

Induction proofs using sigma notation
Many proofs using mathematical induction, are logically set out and can be simplified using sigma notation, the

expression,
k+1

∑
r=1

f(r)=
k

∑
r=1

f(r)+ f(k+ 1) will be used extensively.

WORKED EXAMPLE 21 Proof by mathematical induction (1)

Use mathematical induction to prove that 12 + 22 + 32 + ... + n2 = 1

6
n (n+ 1) (2n+ 1), ∀n∈N.

THINK WRITE

1. State the propositional
statement P(n) which we are
looking to prove.

Proof:
P(n) is the propositional statement:

12 + 22 + 32 + ... + n2 = 1

6
n(n+ 1)(2n+ 1), ∀n∈N.

2. Verify that P(1) is true. LHS ofP(1) = 1

RHS ofP(1) = 1

6
× 1× 2× 3= 1

P(1) is true.

3. Assume that P(k) is true. 12 + 22 + 32 + ... + k2 = 1

6
k(k+ 1)(2k+ 1)

4. Write a statement for P(k+ 1). 12 + 22 + 32 + ... + (k+ 1)2 = 1

6
(k+ 1)

(
(k+ 1)+ 1

)(
2(k+ 1)+ 1

)
5. Consider the LHS of P(k+ 1). 12 + 22 + 32 + ... + (k+ 1)2 =

(
12 + 22 + 32 + ... + k2

)
+ (k+ 1)2

6. Use the fact that P(k) is true. = 1

6
k(k+ 1)(2k+ 1)+ (k+ 1)2

7. Factorise the expression until
it looks like the RHS of
P(k+ 1).

= 1

6
(k+ 1)

[
k(2k+ 1)+ 6(k+ 1)

]
= 1

6
(k+ 1)(2k2 + 7k+ 6)

= 1

6
(k+ 1)(k+ 2)(2k+ 3)

= 1

6
(k+ 1)

(
(k+ 1)+ 1

)(
2(k+ 1)+ 1

)
= RHS ofP(k+ 1)

8. State what has been
demonstrated and concluded.

We have shown that if P(k) is true, P(k+ 1) is also true. P(1) is true,
therefore by the principle of mathematical induction

P(n): 12 + 22 + 32 +…+ n2 = 1

6
n(n+ 1)(2n+ 1) is true ∀n∈N.
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WORKED EXAMPLE 22 Proof by mathematical induction (2)

Use mathematical induction to prove that
1

1× 3
+ 1

3× 5
+ 1

5× 7
+ ... + 1

(2n− 1)(2n+ 1)
= n

2n+ 1
, ∀n∈N.

THINK WRITE

1. State the propositional
statement P (n) which we
are looking to prove.

Proof:
Using sigma notation

1

1× 3
+ 1

3× 5
+ 1

5× 7
+ ... + 1

(2n− 1)(2n+ 1)
=

n

∑
r=1

1

(2r− 1)(2r+ 1)
Let P(n) be the propositional statement:
n

∑
r=1

1

(2r− 1)(2r+ 1)
= n

2n+ 1

2. Verify that P(1) is true. LHS of P(1) = 1

1× 3
= 1

3

RHS of P(1) = 1

2× 1+ 1
= 1

3
P(1) is true.

3. Assume that P(k) is true.
k

∑
r=1

1

(2r− 1)(2r+ 1)
= k

2k+ 1

4. Write a statement for
P(k+ 1).

k+1

∑
r=1

1

(2r− 1)(2r+ 1)
= k+ 1

2(k+ 1)+ 1

5. Consider the LHS of
P(k+ 1).

k+1

∑
r=1

1

(2r− 1)(2r+ 1)
=

k

∑
r=1

1

(2r− 1)(2r+ 1)
+ 1(

2 (k+ 1)− 1
)(

2 (k+ 1)+ 1
)

6. Use the fact that P(k) is
true.

= k

2k+ 1
+ 1

(2k+ 1)(2k+ 3)

7. Add the fraction, forming
the lowest common
denominator.

= k (2k+ 3)+ 1

(2k+ 1)(2k+ 3)

8. Expand the numerator. = 2k2 + 3k+ 1

(2k+ 1)(2k+ 3)

9. Factorise the numerator
and simplify by
cancelling the common
factor.

= (2k+ 3)(k+ 1)
(2k+ 1)(2k+ 3)

= k+ 1

2k+ 3

10. Write the expression so
that it is clearly the same
as the RHS of P(k+ 1).

= k+ 1

2(k+ 1)+ 1

11. State what has been
demonstrated and
concluded.

We have shown that if P(k) is true, P(k+ 1) is also true. P(1) is true,
therefore by the principle of mathematical induction,

P(n):
n

∑
r=1

1

(2r− 1)(2r+ 1)
= n

2n+ 1
is true ∀n∈N.
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Mathematical induction proofs involving powers

WORKED EXAMPLE 23 Proof by mathematical induction (powers)

Use mathematical induction to prove that 4+ 42 + 43 + ... + 4n= 1

3

(
4n+1 − 4

)
, ∀n∈N.

THINK WRITE

1. State the propositional statement P(n) which
we are looking to prove.

Proof:
Using sigma notation

4+ 42 + 43 + ... + 4n=
n

∑
r=1

4r

Let P(n) be the propositional statement:
n

∑
r=1

4r= 1

3

(
4n+1 − 4

)
2. Verify that P(1) is true. LHS of P(1)= 4

RHS of P(1) = 1

3

(
42 − 4

)
= 4

P(1) is true.

3. Assume that P(k) is true.
k

∑
r=1

4r= 1

3

(
4k+1 − 4

)
4. Write a statement for P(k+ 1).

k+1

∑
r=1

4r= 1

3

(
4(k+1)+1 − 4

)
5. Consider the LHS of P(k+ 1).

k+1

∑
r=1

4r=
k

∑
r=1

4r+ 4k+1

6. Use the fact that P(k) is true. = 1

3

(
4k+1 − 4

)
+ 4k+1

7. Take out the common factor and simplify. = 1

3

((
4k+1 − 4

)
+ 3× 4k+1

)
= 1

3

(
4× 4k+1 − 4

)
8. Simplify using index laws. = 1

3

(
4k+2 − 4

)
9. Write the expression so that it is clearly the

same as the RHS of P(k+ 1).
= 1

3

(
4(k+1)+1 − 4

)

10. State what has been demonstrated and
concluded.

We have shown that if P(k) is true, P(k+ 1) is also true.
P(1) is true, therefore by the principle of mathematical

induction, P(n):
n

∑
r=1

4r= 1

3

(
4n+1 − 4

)
is true ∀n∈N.

Mathematical induction proofs involving divisibility
Mathematical induction proofs involving divisibility are common and can be quite tricky; the proof involves
manipulating the expression for P(k+ 1) so that it contains the expression for P(k) plus some other terms which
are also divisible by the required number.
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WORKED EXAMPLE 24 Proof by mathematical induction (divisibility)

a. Prove that 4n− 1 is divisible by 3, ∀n∈N.
b. Prove that 5n+ 2× 11n is divisible by 3, ∀n∈N.
c. Prove that n3 + 2n is divisible by 3, ∀n∈N.

THINK WRITE

a. 1. State the propositional statement
P(n) which we are looking to
prove.

a. Proof:
Let P(n) be the propositional statement:
4n− 1 is divisible by 3, ∀n∈N.

2. Verify that P(1) is true. P(1): 41 − 1= 3 is divisible by 3, P(1) is true.

3. Assume that P(k) is true. 4k− 1 is divisible by 3.

4. Write a statement for P(k+ 1). 4k+1 − 1 is divisible by 3.

5. Manipulate the expression from
P(k+ 1) so that it contains the
expression from P(k).

4k+1 − 1 = 4× 4k− 1

= (3+ 1)× 4k− 1

= 3× 4k+
(
4k− 1

)
6. State what has been demonstrated. Since we have assumed that 4k− 1 is divisible by 3, and

3×
(
4k
)

is also divisible by 3,
4k+1 − 1= 3× 4k+

(
4k− 1

)
also has 3 as a factor and is

divisible by 3.

7. State what has been concluded. We have shown that if P(k) is true, P(k+ 1) is also true.
P(1) is true. therefore by the principle of mathematical
induction, P(n): 4n− 1 is divisible by 3, is true ∀n∈N.

b. 1. State the propositional statement
P(n) which we are looking to
prove.

b. Proof:
Let P(n) be the propositional statement:
5n+ 2× 11n is divisible by 3, ∀n∈N.

2. Verify that P(1) is true. P(1): 51 + 2× 111 = 5+ 22= 27 is divisible by 3, P(1) is
true.

3. Assume that P(k) is true. 5k+ 2× 11k is divisible by 3.

4. Write a statement for P(k+ 1). 5k+1 + 2× 11k+1 is divisible by 3.

5. Manipulate the expression from
P(k+ 1) so that it contains the
expression from P(k).

5k+1 + 2× 11k+1 = 5× 5k+ 2× 11× 11k

= 5× 5k+ 22× 11k

= 5
(
5k+ 2× 11k

)
+ 12× 11k

= 5
(
5k+ 2× 11k

)
+ 3×

(
4× 11k

)
6. State what has been demonstrated. Since we have assumed that 5k+ 2× 11k is divisible by 3,

and 3×
(
4× 11k

)
is also divisible by 3,

5k+1 + 2× 11k+1 = 5
(
5k+ 2× 11k

)
+ 3×

(
4× 11k

)
also

has 3 as a factor and is divisible by 3.

7. State what has been concluded. We have shown that if P(k) is true. P(k+ 1) is also true.
P(1) is true, therefore by the principle of mathematical
induction,
P(n): 5n+ 2× 11n is divisible by 3, is true ∀n∈N.
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c. 1. State the propositional statement
P(n) which we are looking to
prove.

c. Proof:
Let P(n) be the propositional statement:
n3 + 2n is divisible by 3, ∀n∈N.

2. Verify that P(1) is true. P(1): 1+ 2= 3 is divisible by 3, P(1) is true.

3. Assume that P(k) is true. k3 + 2k is divisible by 3.

4. Write a statement for P(k+ 1). (k+ 1)3 + 2 (k+ 1) is divisible by 3.

5. Manipulate the expression from
P(k+ 1) so that it contains the
expression from P(k).

(k+ 1)3 + 2 (k+ 1) = k3 + 3k2 + 3k+ 1+ 2k+ 2

= k3 + 3k2 + 5k+ 3

=
(
k3 + 2k

)
+ 3

(
k2 + k+ 1

)
6. State what has been demonstrated. Since we have assumed that k3 + 2k is divisible by 3, and

3
(
k2 + k+ 1

)
is also divisible by 3,

(k+ 1)3 + 2 (k+ 1)=
(
k3 + 2k

)
+ 3

(
k2 + k+ 1

)
also has 3

as a factor and is divisible by 3.

7. State what has been concluded. We have shown that if P(k) is true. P(k+ 1) is also true.
P(1) is true, therefore by the principle of mathematical
induction, P(n): n3 + 2n is divisible by 3, is true ∀n∈N.

Mathematical induction proofs involving factorial and inequalities
Recall some properties of factorials and combinations:

n! = n (n− 1) (n− 2) ... 3× 2× 1
n! = n(n− 1) !
0! = 1(
n
r

)
= n!
r! (n− r) !

=
(

n
n− r

)
These properties can be very useful in proofs by mathematical induction.

WORKED EXAMPLE 25 Proof by mathematical induction (factorials)

Use mathematical induction to prove that n! > 2n for natural numbers n≥ 4.

THINK WRITE

1. State the propositional statement P(n) which
we are looking to prove.

Proof:
Let P(n) be the propositional statement:
n! > 2n for natural numbers n≥ 4.

2. Verify that for the base step this time when
n= 4, P(4) is true.

LHS of P(4) = 4! = 24,
RHS of P(4)= 24 = 16, so P(4) is true.

3. Assume that P(k) is true. k! > 2k for natural numbers k≥ 4.

4. Write a statement for P(k+ 1). (k+ 1)! > 2k+1 for natural numbers k≥ 4.

5. Consider the LHS of the propositional
statement P(k+ 1).

(k+ 1) ! = (k+ 1) k!

6. Use the fact that P(k) is true. (k+ 1) k! > (k+ 1)× 2k

7. Now when k≥ 4, k+ 1> 2. (k+ 1) ! > 2× 2k
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8. Simplify using index laws. (k+ 1) ! > 2k+1

9. State what has been demonstrated. (k+ 1) ! > 2k+1

10. State what has been concluded. We have shown that if P(k) is true, P(k+ 1) is also
true. P(4) is true, therefore by the principle of
mathematical induction, P(n): n! > 2n is true for
natural numbers n≥ 4.

Mathematical induction proofs involving sequences

WORKED EXAMPLE 26 Proof by mathematical induction (Fibonacci numbers)

The Fibonacci numbers are defined by f1 = f2 = 1 and fn+2 = fn+1 + fn for all natural numbers n≥ 1.

Use mathematical induction to prove that
n

∑
r=1

fr
2 = fn fn+1.

THINK WRITE

1. State the propositional statement P(n) which
we are looking to prove.

Proof:
Let P(n) be the propositional statement:
n

∑
r=1

f 2
r = fn fn+1 where fn are the Fibonacci numbers

and n≥ 1.

2. Verify that P(1) is true. LHS of P(1) = f 2
1 = 12 = 1

RHS of P(1)= f1f2 = 1× 1= 1
P(1) is true.

3. Assume that P(k) is true.
k

∑
r=1

f 2
r = fk fk+1

4. Write a statement for P(k+ 1).
k+1

∑
r=1

f 2
r = fk+1 fk+1+1

5. Consider the LHS of the propositional
statement P(k+ 1).

k+1

∑
r=1

f 2
r

6. Determine the sum of the first k+ 1 terms by
adding in the next term.

k+1

∑
r=1

f 2
r =

k

∑
r=1

f 2
r + f 2

k+1

7. Use the fact that P(k) is true.
k+1

∑
r=1

f 2
r = fk fk+1 + f 2

k+1

8. Considering the RHS, take out the common
factor and use the Fibonacci property,
fn+2 = fn+1 + fn.

k+1

∑
r=1

f 2
r = fk+1

(
fk+ fk+1

)
k+1

∑
r=1

f 2
r = fk+1fk+2

9. Write the expression so that it is clearly the
same when n= k+ 1.

k+1

∑
r=1

f 2
r = fk+1fk+1+1
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10. State what has been concluded. We have shown that if P(k) is true, P(k+ 1) is also
true. P(1) is true, therefore by the principle of

mathematical induction, P(n):
n

∑
r=1

f 2
r = fn fn+1, n≥ 1.

Mathematical induction proofs involving matrices

WORKED EXAMPLE 27 Proof by mathematical induction (matrices)

Let A=
[
3 −1
0 2

]
. Prove by mathematical induction that An=

[
3n 2n− 3n

0 2n

]
, ∀n∈N.

THINK WRITE

1. State the propositional statement
P(n) which we are looking to
prove.

Proof:

If A=
[

3 −1
0 2

]
Let P(n) be the propositional statement:

An= [
3n 2n− 3n

0 2n
]

2. Verify that P(1) is true. A1 =
[

31 21 − 31

0 21

]
=
[

3 −1
0 2

]
=A

P(1) is true.

3. Assume that P(k) is true. Ak= [
3k 2k− 3k

0 2k
]

4. Write a statement for P(k+ 1). Ak+1 = [
3k+1 2k+1 − 3k+1

0 2k+1
]

5. Consider the matrix Ak+1. Ak+1 =AkA

6. Substitute for the matrices on the
RHS assuming that P(k) is true.

Ak+1 =
[

3k 2k− 3k

0 2k

][
3 −1
0 2

]

7. Perform the matrix multiplication. Ak+1 =
[

3k × 3+
(
2k− 3k

)
× 0 3k × (−1)+

(
2k− 3k

)
× 2

0× 3+ 2k × 0 0× (−1)+ 2k × 2

]
Ak+1 =

[
3× 3k 2× 2k− 3× 3k

0 2× 2k

]

8. Use index laws to write the
expression so that it is clearly the
same as the RHS of P(k+ 1).

Ak+1 =
[

3k+1 2k+1 − 3k+1

0 2k+1

]
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9. State what has been demonstrated
and concluded.

We have shown that if P(k) is true, P(k+ 1) is also true. P(1) is
true, therefore by the principle of mathematical induction,

P(n): If A=
[

3 −1
0 2

]
then An= [

3n 2n− 3n

0 2n
] is true ∀n∈N.

Induction proofs involving trigonometry
Before looking at trigonometric proofs, we must recall some trigonometric identities, which you have seen in
Year 11.

Compound angle formulas

sin (A+B)= sin (A) cos (B)+ cos (A) sin (B)

sin (A−B)= sin (A) cos (B)− cos (A) sin (B)

cos (A+B)= cos (A) cos (B)− sin (A) sin (B)

cos (A−B)= cos (A) cos (B)+ sin (A) sin (B)

tan (A+B)= tan (A)+ tan (B)
1− tan (A) tan (B)

tan (A−B)= tan (A)− tan (B)
1+ tan (A) tan (B)

Double angle formulas

sin (2A)= 2 sin (A) cos (A)

cos (2A)= cos2 (A)− sin2 (A)

cos (2A)= 1− 2 sin2 (A)

cos (2A)= 2 cos2 (A)− 1

tan (2A)= 2 tan (A)
1− tan2 (A)
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WORKED EXAMPLE 28 Proof by mathematical induction (trigonometric)

Prove by mathematical induction that sin
( (2n+ 1)𝜋

2

)
= (−1)n, ∀n∈Z+ ∪ {0}.

THINK WRITE

1 State the propositional statement
P(n) which we are looking to
prove.

Proof:
Let P(n) be the propositional statement:

sin

(
(2n+ 1)𝜋

2

)
= (−1)n

2 Verify that for the base step this
time when n= 0, P(0) is true.

LHS of P(0)= sin

(
𝜋
2

)
= 1

RHS of P(0)= (−1)0 = 1
P(0) is true.

3 Assume that P(k) is true. sin

(
(2k+ 1)𝜋

2

)
= (−1)k

4 Write a statement for P(k+ 1). sin

(
(2 (k+ 1)+ 1)𝜋

2

)
= (−1)k+1

5 Consider the LHS of P(k+ 1). sin

(
(2 (k+ 1)+ 1)𝜋

2

)
= sin

(
(2k+ 3)𝜋

2

)

6 Simplify. = sin

(
(2k+ 1+ 2)𝜋

2

)
= sin

(
(2k+ 1)𝜋

2
+𝜋

)

7 Use the compound angle formula

with A= (2k+ 1)𝜋
2

, B=𝜋 and

using cos (𝜋)=−1, sin (𝜋)= 0.

= sin

(
(2k+ 1)𝜋

2

)
cos (𝜋)+ cos

(
(2k+ 1)𝜋

2

)
sin (𝜋)

= (−1)× sin

(
(2k+ 1)𝜋

2

)
+ 0× cos

(
(2k+ 1)𝜋

2

)
=− sin

(
(2k+ 1)𝜋

2

)
8 Use the fact that P(k) is true and

index laws.
=− (−1)k= (−1)k+1

9 State what has been demonstrated
and concluded.

We have shown that if P(k) is true, P(k+ 1) is also true. P(0) is
true, therefore by the principle of mathematical induction, it is
true ∀n∈Z+ ∪ {0}.
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1.5 Exercise

Students, these questions are even better in jacPLUS

 

Receive immediate 
feedback and access 
sample responses

Access 
additional 
questions

Track your 
results and 
progress

Find all this and MORE in jacPLUS 

Technology free

1. WE21 Use mathematical induction to prove that 1+ 2+ 3+ ... + n= 1

2
n (n+ 1), ∀ n∈N.

2. Use mathematical induction to prove that 1× 2+ 2× 3+ 3× 4+ ... + n (n+ 1)= 1

3
n (n+ 1) (n+ 2), ∀ n∈N.

3. WE22 Use mathematical induction to prove that
1

2× 5
+ 1

5× 8
+ 1

8× 11
+ ... + 1

(3n− 1) (3n+ 2)
= n

6n+ 4
, ∀ n∈N.

4. WE23 Use mathematical induction to prove that

1× 4+ 2× 42 + 3× 43 + ... + n× 4n= 1

9
(4 (3n− 1)× 4n+ 4), ∀ n∈N.

5. WE24 Prove that each of the following are all divisible by 5 for all n ∈ N.

6n− 1a. 6n+ 4b. 23n− 3nc.

6. Prove that each of the following are all divisible by 6 for all n ∈ N.

17n3 + 103na. n (n+ 1) (2n+ 1)b.

7. Prove that each of the following are all divisible by 7 for all n ∈ N.

2n+2 + 32n+1a. 82n+1 + 62n−1b.

8. Use mathematical induction to prove that 1+ 3+ 5+ ... + (2n− 1)= n2 ∀n∈N.

9. Prove by mathematical induction that 32n−1 + 1 is divisible by 4, ∀n∈N.

10. Use mathematical induction to prove that a+ a2 + a3 + ... + an= 1

a− 1

(
an+1 − a

)
, ∀ n∈N, and for a> 1.

11. WE25 Use mathematical induction to prove that 1× 1! + 2× 2! + 3× 3! + ... + n× n! = (n+ 1) ! − 1, ∀ n∈N.
12. Use mathematical induction to prove that (1+ x)n ≥ 1+ nx for x>−1 and ∀ n∈N.

13. Use mathematical induction to prove that

(
1− 2

3

)(
1− 2

4

)(
1− 2

5

)
...
(

1− 2

n

)
= 2

n (n− 1)
for natural

numbers n≥ 3.

14. Use mathematical induction to prove that

(
1− 1

4

)(
1− 1

9

)
...
(

1− 1

n2

)
= n+ 1

2n
for natural numbers

n≥ 2.

15. WE26 The Fibonacci numbers are defined by f1 = f2 = 1 and fn+2 = fn+1 + fn, ∀n∈N. Use mathematical
induction to prove that f1 + f3 + f5 + ... + f2n−1 = f2n, ∀ n∈N.

16. Use mathematical induction to prove that f2 + f4 + f6 + ... + f2n= f2n+1 − 1, ∀ n∈N.
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17. Use mathematical induction to prove that if a= 1+
√

5

2
and b= 1−

√
5

2
then fn=

an− bn√
5

, ∀ n∈N.

18. The Fibonacci numbers are defined by f1 = f2 = 1 and fn+2 = fn+1 + fn, ∀n∈N. Prove the following
by mathematical induction.

n

∑
r=1

fr = fn+2 − 1

19. WE27 Let A=
[

4 0
−1 5

]
. Prove by mathematical induction that An=

[
4n 0

4n− 5n 5n

]
, ∀n∈N.

20. Let A=
[

2 1
−1 0

]
. Prove by mathematical induction that An=

[
n+ 1 n
−n 1− n

]
, ∀n∈N.

21. Let B=
[

2 b
0 1

]
. Prove by mathematical induction that Bn=

[
2n b (2n− 1)
0 1

]
, ∀n∈N.

22. a. Prove by mathematical induction that the sum of three consecutive natural numbers is divisible by 3.
b. Prove by mathematical induction that the product of three consecutive natural numbers is divisible by 3

23. WE28 Prove by mathematical induction that cos (n𝜋)= (−1)n, ∀n∈Z+ ∪ {0} .

24. Use mathematical induction to prove that tan (x+ n𝜋)= tan (x), ∀n∈Z+ ∪ {0} and x∈R.
25. Use mathematical induction to prove that cos (x+ 2n𝜋)= cos (x), ∀n∈Z+ ∪ {0} and x∈R.
26. Use mathematical induction to prove that sin (x+ 2n𝜋)= sin (x), ∀n∈Z+ ∪ {0} and x∈R.
27. Use mathematical induction to prove that cos (x+ n𝜋)= (−1)n cos (x), ∀n∈Z+ ∪ {0} and x∈R.
28. Use mathematical induction to prove that sin (x+ n𝜋)= (−1)n sin (x), ∀n∈Z+ ∪ {0} and x∈R.

29. a. Show that tan

(
x+ 𝜋

2

)
= −1

tan (x)
.

b. Hence prove by mathematical induction that tan

(
(2n+ 1)𝜋

4

)
= (−1)n, ∀n∈Z+ ∪ {0} and x∈R.

30. Chebyshev (1821–1894) was a famous Russian mathematician.
Although known more for his work in the fields of probability,
statistics, number theory and differential equations, Chebyshev
also devised recurrence relations for trigonometric
multiple angles.
(1) cos (nx)= 2 cos (x) cos ((n− 1) x)− cos ((n− 2) x)
(2) sin (nx)= 2 cos (x) sin ((n− 1) x)− sin ((n− 2) x)
a. Assuming (1) is true use mathematical induction to show that

(2) is true ∀n∈N, n≥ 2.
b. Assuming (2) is true use mathematical induction to show that

(1) is true ∀n∈N, n≥ 2.
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1.5 Exam questions

Question 1 (4 marks) TECH-FREE

Use mathematical induction to prove that

1× 2× 3+ 2× 3× 4+ 3× 4× 5+ ... + n (n+ 1) (n+ 2)= 1

4
n (n+ 1) (n+ 2) (n+ 3), ∀n∈N.

Question 2 (4 marks) TECH-FREE

Use mathematical induction to prove that 52n+1 + 22n+1 is divisible by 7, ∀n∈N.

Question 3 (4 marks) TECH-FREE

Use mathematical induction to prove that
1

2!
+ 2

3!
+ 3

4!
+ ... + n

(n+ 1) !
= 1− 1

(n+ 1) !
, ∀n∈N.

More exam questions are available online.
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1.6 Review

1.6.1 Summary
doc-37055

Hey students! Now that it's time to revise this topic, go online to:

Access the  
topic summary  

Review your  
results

Watch teacher-led 
videos 

Practise VCAA 
exam questions

Find all this and MORE in jacPLUS 

1.6 Exercise

Technology free: short answer
1. a. Prove that the following is a tautology.

((p∨ q)∧¬p)→ q
b. Prove that the following is a tautology.

(p↔ q)↔ (p→ q)∧ (q→ p)

2. Let p and q be the propositions, ‘I will study hard’ and ‘I pass the test,’ respectively. Write the implication,
p→ q, the contrapositive, inverse, converse and negation statements in words.

3. Write the following propositions in words and state whether they are true or false.

∃x∈Z, 3x= 2a. ∀x∈Z, x2 ≥ 0b. ∀x (x∈N → x∈Z)c.

4. Consider the propositions, F (x): ‘x is my friend’ and S (x): ‘x is sincere’.
Write each of the following in words.

∀x (F (x)∧ S (x))a. ∃x (F (x)∧ S (x))b. ∃x (¬F (x)∧ S (x))c.
∃x (F (x)∧¬S (x))d. ∃x (¬F (x)∧¬S (x))e. ∃¬x (F (x)∧ S (x))f.

5. a. Prove that the sum of an even and an odd integer is an odd integer.
b. Prove that the product of an even and an odd integer is an even integer.

6. Use proof by contradiction to show that 2
√
x
√
y≤ x+ y, ∀x, y∈R+.

7. Prove the following by mathematical induction. ∀n∈N, 13 + 23 + 33 + ... + n3 = 1

4
n2(n+ 1)2

8. Prove by mathematical induction that the sum of three consecutive even numbers is divisible by 6.

Technology active: multiple choice
9. MC The propositional statement (p∧¬p)∧ q is

A. a tautology.
B. sometimes true and sometimes false.
C. always false.
D. used to prove a contradiction by cases.
E. used to prove mathematical induction by cases.

10. MC The propositional statement ((p∨¬p)→ r)↔ ((p→ r)∨ (q→ r)) is

A. a tautology.
B. sometimes true and sometimes false.
C. always false.
D. used to prove a contradiction by cases.
E. used to prove mathematical induction by cases.
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11. MC The statement below which is true is

∀x∈Q, ∃y∈Q, y= x2A. ∃y∈Q, ∀x∈Q, y= x2B. ∃y∈Q, ∀x∈Q, y=
√
xC.

∀x∈Q, ∃y∈Q, y=
√
xD. ∀y∈Z, ∃x∈Q, x=√

yE.

12. MC The negation of the converse of p→ q is

¬q→ pA. ¬q→¬pB. q∧¬pC.
¬q∧ pD. q∨¬pE.

13. MC The statement below which is false is

A. The sum of two even numbers is even.
B. The product of two even numbers is even.
C. The sum of two odd numbers is even.
D. The sum of an even and an odd number is even.
E. The product of an even and an odd number is even.

14. MC The statement below which is true is

A. There is a finite number of prime numbers.
B. All prime numbers are odd.
C. If n is a prime number then n2 + 1 is also a prime number.
D. If n is a prime number then 2n− 1 is also a prime number.
E. No function p:N→N to determine the nth prime number exists.

15. MC To prove p→ q using a direct proof, we

A. assume p is true and show that q is true.
B. assume p is true and show that q is false.
C. assume ¬p is true and show that ¬q is true.
D. assume ¬q is true and show that ¬p is true.
E. assume ¬p is false and show that ¬q is false.

16. MC To prove p→ q using a proof by contraposition, we

A. assume p is true and show that q is true.
B. assume p is true and show that q is false.
C. assume ¬p is true and show that ¬q is true.
D. assume ¬q is true and show that ¬p is true.
E. assume ¬p is false and show that ¬q is false.

17. MC To prove p→ q using a proof by contradiction, we

A. assume ¬p is true and show that this implies ¬q.
B. assume ¬q is true and show that this implies ¬p.
C. assume ¬q is true and show that this implies r∧¬r.
D. assume ¬p∧ q is true and show that this implies r∧¬r.
E. assume p∧¬q is true and show that this implies r∧¬r.

18. MC If n∈N, to prove a proof by mathematical induction about P(n) we show a base case and that

A. P(n) and P(n+ 1) are both true.
B. ¬P(n) and ¬P(n+ 1) are both false.
C. P(n)∨P(n+ 1) is true.
D. P(n)→P(n+ 1).
E. P(n+ 1)→P(n).
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Technology active: extended response
19. Use mathematical induction to prove the following ∀n∈N.

a. 1× 3+ 2× 32 + 3× 33 + ... + n× 3n= 3

4
[(2n− 1)× 3n+ 1]

b.
1

1× 2
+ 1

2× 3
+ 1

3× 4
+ ... + 1

n (n+ 1)
= n

n+ 1

20. a. Peter claimed that the function p∶N→N, p (n)= n5

20
− 5n4

8
+ 17n3

6
− 43n2

8
+ 307n

60
generates a formula for prime numbers. Determine p(1), p(2), p(3), p(4) ...
Prove or disprove Peter’s assertion.

b. Quentin claimed that the function q∶N→N, q(n)= n2 − n+ 41
generates prime numbers. Determine q(1), q(2), q(3), q(4) ...
Prove or disprove Quentin’s assertion.

1.6 Exam questions

Question 1 (2 marks) TECH-FREE

If x is an even integer, prove that x2 + 5x− 11 is odd.

Question 2 (3 marks) TECH-FREE

Prove that
√

5 is irrational.

Question 3 (4 marks) TECH-FREE

The Fibonacci numbers are defined by f1 = f2 = 1 and fn+2 = fn+1 + fn, ∀n∈N. Prove the following
by mathematical induction.

fn ≥
(

3

2

)n−2

Question 4 (4 marks) TECH-FREE

Prove by mathematical induction that 4n+1 + 52n−1 is divisible by 21, ∀n∈N.

Question 5 (3 marks) TECH-FREE

Prove that the difference between the squares of any two consecutive odd numbers is divisible by 8.

More exam questions are available online.

Hey students! Access past VCAA examinations in learnON

 

Sit past VCAA 
examinations

Receive immediate 
feedback

Identify strengths  
and weaknesses

Find all this and MORE in jacPLUS 

Hey teachers! Create custom assignments for this topic

 

Create and assign 
unique tests and exams

Access quarantined 
tests and assessments

Track your 
students’ results 

Find all this and MORE in jacPLUS 
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Answers
Topic 1 Logic and proof
1.2 Logic

1.2 Exercise
1–5. Sample responses can be found in the worked solutions in

the online resources.
6. Implication p→ q. If it is raining then I take an umbrella.

Contrapositive ¬q→¬p. If I do not take an umbrella then it
is not raining.
Inverse ¬p→¬q. If it is not raining then I will not take an
umbrella.
Converse q→ p. If a take an umbrella then it is raining.
Negation¬

(
p→ q

)
↔ p∧¬q. It is raining and I do not take

an umbrella.
7–10. Sample responses can be found in the worked solutions in

the online resources.
11. a. All natural numbers satisfy x>−1, True.

b. All natural numbers are positive, True.

12. a. There are natural numbers that satisfy x<−1, False.

b. There is a rational number which satisfies 3x= 2, True,

x= 2

3
.

13. a. There is an integer which satisfies 3x+ 6= 0, True,
x=−2. 

b. There is an integer whose square is less than 1, True,
x= 0.

14. a. The sum of every two natural numbers is positive, True.

b. The sum of the squares of every two real numbers is
positive, False, x= 0, y= 0.

15. a. For every integer, there is a negative integer, such that
their sum is zero, True.

b. For every integer, there is an integer greater than it, True.

16. a. The multiplicative reciprocal of every rational number is
rational. False, not true when y= 0.

b. The square of every rational number is rational. True.

c. There is a real number which is the reciprocal of the
square root of a rational number. True.

17. a. For every integer, there is an integer which is half of it,
False.

b. For every integer, there is a rational number which is half
of it, True.

18. There is an integer such that its sum with all integers is
zero, False.

19. For every non-zero rational number there is a multiplicative
reciprocal, True.

20. Every quadratic has rational solutions, False.

1.2 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.

1. Sample responses can be found in the worked solutions in the
online resources.

2. Sample responses can be found in the worked solutions in the
online resources.

3. Every quadratic with a positive discriminant and real
coefficients has a real solution, True.

1.3 Direct proofs

1.3 Exercise
1. a. {2, 3, 5, 7, 11, 13, 17, 19}

b. {1, 3, 5, 7, 9, 11, 13, 15, 17, 19}
c. {3, 6, 9, 12, 15, 18}
d. {3, 5, 7, 11, 13, 17, 19}
e. {3}

2–13. Sample responses can be found in the worked solutions in
the online resources.

14. a. Sample responses can be found in the worked solutions
in the online resources.

b. The statement is false.

15. Sample responses can be found in the worked solutions in
the online resources.

16. a. 4|12, 6|12 are both True but 24|12 is False.

b. Sample responses can be found in the worked solutions
in the online resources.

17. Sample responses can be found in the worked solutions in
the online resources.

18. 9a. 12b. 1c.
54d. 60e. 77f.

19–22. Sample responses can be found in the worked solutions
in the online resources.

23. 4a. 3b. 25c.
130 476d. 113 841e. 18 450f.

24. Peter’s assertion is wrong.

Natural numbers Number of prime numbers

1−100 25

101−200 21

201−300 16

301−400 16

401−500 17

501−600 14

601−700 16

701−800 14

801−900 15

901−1000 14

1−1000 168

1001−2000 135

1.3 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.

1. Sample responses can be found in the worked solutions in the
online resources.

2. The statement is false.

3. Sample responses can be found in the worked solutions in the
online resources.
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1.4 Indirect proofs

1.4 Exercise
Sample responses can be found in the worked solutions in the
online resources.

1.4 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.

Sample responses can be found in the worked solutions in the
online resources.

1.5 Proof by mathematical induction

1.5 Exercise
Sample responses can be found in the worked solutions in the
online resources.

1.5 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.

Sample responses can be found in the worked solutions in the
online resources.

1.6 Review

1.6 Exercise
Technology free: short answer
1. Sample responses can be found in the worked solutions in the

online resources.
2. Implication p→ q. If I study hard then I will pass the test.

Contrapositive ¬q→¬p. If I do not pass the test then I did
not study hard.
Inverse ¬p→¬q. If I do not study hard then I will not pass
the test.
Converse q→ p. If I pass the test then I study hard.
Negation ¬(p→ q)↔ p∧¬q. I study hard and I do not pass
the test.

3. a. There is an integer x which satisfies 3x= 2, False.

b. The square of all integers is positive or zero, True.

c. All natural numbers are integers, True.

4. a. All of my friends are sincere.

b. Some of my friends are sincere.

c. There are some people who are not my friends who are
sincere.

d. Some of my friends are not sincere.

e. There are some people who are not my friends and who
are not sincere.

f. There isn’t any person who is my friend and sincere.
5–8. Sample responses can be found in the worked solutions in

the online resources.

Technology active: multiple choice
9. C

10. B

11. E

12. C

13. D

14. E

15. A

16. D

17. E

18. D

Technology active: extended response
19. Sample responses can be found in the worked solutions in

the online resources.

20. a. p(6)= 28 is not prime.

b. p(41)= 1681= 412 is not prime.

1.6 Exam questions
Note: Mark allocations are available with the fully worked
solutions online.

Sample responses can be found in the worked solutions in the
online resources.
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